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Abstract

Paraconsistent mathematics explores whether mathematical theories can admit contradictions
without every statement becoming provable. One strategy, pursued in Weber’s programme and
Ripley’s related logic subDMQ, is to block paradoxical derivations by restricting contraction while
recovering ordinary mathematics. This note shows that Ripley’s number-restricted induction
schema nevertheless restores contraction over a positive fragment of subDMQ: with elementary
facts about the first three numerals, it yields A ⇒ A ⊗ A for every formula A to which
induction applies. The proof uses a single induction instance and no quantifier-splitting principle.
Consequently, the guarded arithmetic also derives the restricted quantifier-splitting principle
that Ripley and Weber’s proposed response to paradox is intended to avoid. A second argument
obtains contraction from unrestricted quantifier splitting and a separated partition of the domain;
in unguarded arithmetic, the partition needs only an induction with a closed step. Both routes
to contraction yield the standard triviality consequence when suitable Curry fixed points are
available.

1 Introduction
A paraconsistent foundation must meet two demands that pull in different directions. It must
permit enough inference to recover mathematics, while blocking the inferences that turn paradox
into triviality. A system that tolerates contradictions but cannot support mathematical arguments
does not meet the first demand. A system in which every mathematical assertion is provable does
not meet the second. The significance of a proposed foundation therefore depends on how its logical
and mathematical principles behave together.

Weber (2021) undertakes an unusually sustained attempt to meet both demands. His starting
point is naive set theory, and the intended development extends through arithmetic, algebra, analysis,
and topology. The project revises the logic of inference rather than restricting the comprehension
principles responsible for the familiar paradoxes. For any condition P (x), comprehension supplies
a collection {x | P (x)} whose members are exactly the objects satisfying P . On this approach,
Russell’s paradox is a reason to reject the inference from contradiction to everything, rather than to
abandon unrestricted set formation (Weber, 2021, Chs. 1–3).

Blocking that inference is not sufficient, however. Curry’s paradox poses a threat that does
not depend on negation. Its familiar derivation uses a detachable conditional and contraction: the

∗Ryan Simonelli initiated and guided the research conversation that produced this note. The argument emerged from
repeated unsuccessful attempts, at his prompting, to find an elegant sequent calculus with syntactic cut elimination
for Ripley’s reconstruction of Weber’s mathematics. He then requested an investigation of the argument’s applicability
to that programme. The context label identifies the local workspace.
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permission to replace two uses of an assumption by one. In the notation used here, the corresponding
formula is

A ⇒ A ⊗ A,

where ⇒ is the external conditional and ⊗ is multiplicative conjunction, or fusion. Unlike ordinary
idempotent conjunction, fusion keeps track of separately available assumptions. A theory that
proves this formula for arbitrary A loses that distinction (Weber, 2021, pp. 111–114, 129–134).

Weber’s original logic, developed with Guillermo Badia, was subDLQ, the quantified extension of
subDL. It was intended to support useful hypothetical reasoning without unrestricted contraction.
Slaney (2025, Theorem 1) showed that subDL nevertheless proves contraction through its distribution
principles for disjunction and fusion. Removing just one distribution axiom is insufficient, since the
other strong distribution equivalence restores it through De Morgan duality. Contraction is thus
available in the logical base, making naive theories with the appropriate fixed points trivial.

Ripley’s subDMQ is a close relative of the original logic that removes the problematic distribution
axioms and reconstructs as much of Weber’s mathematics as possible (Ripley, 2026).1 It retains
two conditionals: a relevant conditional supporting a strong notion of equivalence, and the external
conditional supporting BCK reasoning, with weakening but without contraction as an intended
general principle. But excluding contraction from the logical base does not establish that an
arithmetic formulated in that logic also excludes it. Nonlogical axioms can restore the very
inferential strength that the logical revision was meant to remove.

A further threat comes from Fjellstad (2025), whose work on ω-inconsistency examines the
interaction of multiplicative quantification and transparent truth in noncontractive theories. This
motivates the July 2026 proposal of Ripley and Weber (2026). Their presentation develops the threat
by iterating fusion and using induction to assemble its iterates. The point is that controlling the
propositional Curry argument need not control what arithmetic and quantification make available
together. Their proposed answer turns on distinguishing quantification over all objects from
quantification over numbers.

That distinction also has an independent foundational motivation. Although arithmetic is
developed axiomatically, the aim is to fit it into a naive set-theoretic framework containing objects
other than numbers (Ripley and Weber, 2026, PDF pp. 31–34). Induction should therefore concern
numbers, not every object indiscriminately. Ripley and Weber introduce a number predicate N and
define restricted universality by

∀n ∈ N P (n) := ∀n
(
Nn ⇒ P (n)

)
.

They correspondingly restrict the arithmetic axioms and induction. In answering Fjellstad, they
retain unrestricted quantifier splitting but seek to avoid its number-restricted counterpart: the
inference from a restricted universal product to a product of two restricted universals. They also
derive contraction for numberhood, while observing that this alone does not duplicate an arbitrary
conditional (Ripley and Weber, 2026, PDF pp. 48–49, 58–64).

The question is whether the full guarded arithmetic can sustain that distinction. The principal
result of this note is that it cannot. Its induction schema, together with elementary successor
arithmetic, proves A ⇒ A ⊗ A for every formula A in the language to which induction applies. The
proof uses only 0, S0, and SS0, whose numberhood is provable, and makes no assumption that
every object is a number. Restricted splitting then follows in the arithmetic itself. With suitable
Curry fixed points, contraction yields the standard triviality consequence.

Ghosh (2024, Proposition 3.35 and Remark 3.36) obtains contraction from an induction schema
in a different contraction-free arithmetic and emphasizes the significance of side assumptions in

1Ripley presented subDMQ under that name in 2023 (Ripley, 2023, PDF p. 11).
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induction rules. The contribution here is a direct disjunctive construction for subDMQ, its application
to the particular number guards in the current proposal, and the resulting derivation of restricted
splitting. A second argument isolates an independent interaction between an arithmetic partition
and unrestricted quantifier splitting.

Section 2 gives the induction argument. Section 3 derives restricted splitting and explains its
significance for the guarded proposal. Section 4 proves the partition result. Section 5 records
the standard triviality consequence and distinguishes the changes required to block the two argu-
ments. Source correspondence and the scope of the accompanying syntactic checks are recorded in
Appendix A.

2 Induction restores contraction

2.1 The principles used

The argument uses only a positive fragment of subDMQ. The external conditional supports modus
ponens and the BCK principles, with identity:

(B ⇒ C) ⇒ (A ⇒ B) ⇒ A ⇒ C, B
(A ⇒ B ⇒ C) ⇒ B ⇒ A ⇒ C, C
A ⇒ B ⇒ A, A ⇒ A. K, I

Implications associate to the right. For fusion, additive disjunction, and absurdity we use

A ⇒ B ⇒ A ⊗ B,

A ⊗ B ⇒ A, A ⊗ B ⇒ B,

A ⇒ A ∨ B, B ⇒ A ∨ B,

(A ⇒ C) ⇒ (B ⇒ C) ⇒ (A ∨ B ⇒ C),
⊥ ⇒ A.

Universal quantification supports generalization of closed theorems and

∀x P (x) ⇒ P (t), UI (1)
∀x

(
A ⇒ P (x)

)
⇒

(
A ⇒ ∀x P (x)

)
, All-cons (2)

where t is free for x and, in All-cons, x is not free in A. A closed theorem may have free object
parameters, but no undischarged formula assumptions. The displayed laws are axioms or named
theorems of subDMQ and specify the positive fragment used below.

Throughout, an assumption occurrence is used at most once. Such affine modus-ponens deriva-
tions can be discharged using B, C, K, and I; no general deduction theorem for subDMQ is assumed.2
Case analysis with a further assumption A is handled by first proving the closed conditionals
X ⇒ (A ⇒ D) and Y ⇒ (A ⇒ D). The curried disjunction law gives (X ∨ Y ) ⇒ (A ⇒ D), to
which a single occurrence of A can then be supplied. Closed proofs may be repeated.

The arithmetic principle at issue is(
F (0) ⊗ ∀n

(
Nn ⇒ F (n) ⇒ F (Sn)

))
⇒ ∀n

(
Nn ⇒ F (n)

)
. (IndN )

2For an assumption variable a, bracket abstraction is given by [a]a = I and [a]u = Ku when a is absent. For an
application uv, use Bu([a]v) when a occurs only in v, and C([a]u)v when it occurs only in u. There is no clause for
occurrence in both. Generalization is applied after discharge. See Øgaard (2026) for the broader difficulties with
deduction theorems in this setting.
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This is a schema with formula parameters permitted. Write 1 := S0 and 2 := S1. Apart from the
relevant induction instance, the proof needs only the following closed facts:

0 = 0, N2, n = 0 ⇒ Sn = 1, (3)
2 = 0 ⇒ ⊥, 2 = 1 ⇒ ⊥. (4)

The last two assert explosive separation of these numerals, not merely their inequality under a
paraconsistent negation.

For the application to Ripley’s arithmetic, these facts follow from equality reflexivity, symmetry,
successor congruence, and the source axioms

N0, Nx ⇒ N(Sx),
Nx ⊗ Ny ⇒ (Sx = Sy ⇒ x = y),
Nx ⇒ (0 = Sx ⇒ ⊥).

The first line gives numberhood of 0, 1, and 2. If 2 = 0, symmetry and zero–successor separation
give ⊥. If 2 = 1, guarded injectivity gives 1 = 0, and separation again gives ⊥. Every guard in these
two derivations is supplied by a closed numberhood theorem.

2.2 The construction

Fix A and take n fresh for A. Put

FA(n) := (n = 0) ∨
(
((n = 1) ⊗ A) ∨ (A ⊗ A)

)
. (5)

At zero the first disjunct needs no A; at the first successor the middle disjunct needs one; at the
second successor numeral separation leaves only A ⊗ A. One extra A suffices to move from any case
to the next. Induction turns that conditional availability of the step into conditional availability of
all its iterates.

Theorem 2.1 (Contraction from guarded induction). Over the positive fragment and (3)–(4), a
single instance of (IndN ) for FA proves A ⇒ A ⊗ A. Consequently, Ripley’s guarded arithmetic
proves contraction for every formula in the language of its induction schema.

Proof. Abbreviate FA(n) by F (n) and A ⊗ A by A2.
Base. From 0 = 0, disjunction introduction gives the closed theorem F (0).
Step. In each of the three cases of F (n), allow one additional assumption occurrence A.

(i) From n = 0, obtain Sn = 1, pair this with the additional A, and inject the result into F (Sn).

(ii) From (n = 1) ⊗ A, project its A, pair it with the additional A, and inject A2 into F (Sn).

(iii) From A2, inject directly into F (Sn), discarding the additional A by weakening.
Discharge to obtain three closed case conditionals with common conclusion A ⇒ F (Sn). Twice
applying the curried disjunction law gives

F (n) ⇒ A ⇒ F (Sn).

Use C to exchange the antecedents and K to insert the unused guard:

A ⇒ Nn ⇒ F (n) ⇒ F (Sn).
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Generalization and All-cons, with n fresh for A, yield

A ⇒ ∀n
(
Nn ⇒ F (n) ⇒ F (Sn)

)
. (6)

From one A, detach this step formula, pair it with the closed base, and apply (IndN ). Discharging
A gives

A ⇒ ∀n
(
Nn ⇒ F (n)

)
.

Instantiate at 2 and detach the closed theorem N2:

A ⇒ F (2). (7)

Extraction. In F (2), the first disjunct 2 = 0 gives ⊥, hence A2. From the middle disjunct
(2 = 1) ⊗ A, project 2 = 1 and again obtain ⊥, hence A2. The third disjunct is A2 itself. Case
analysis therefore gives F (2) ⇒ A2. Composition with (7) completes the proof.

The only two occurrences of A combined in the step have distinct sources: one is the extra
assumption and the other comes from the middle disjunct. No logical contraction is used. The
problematic move is (IndN ): it makes the consequences of iterating a step conditional on the same
single assumption that supplied the step.

The guard does not block this construction because the step is available without using Nn,
and the final instantiation is at a known number. The corresponding unguarded result follows by
omitting the number guards and using(

F (0) ⊗ ∀n
(
F (n) ⇒ F (Sn)

))
⇒ ∀n F (n). (Ind)

3 Restricted splitting follows
The unrestricted splitting principle retained in subDMQ is

∀n
(
P (n) ⊗ Q(n)

)
⇒

(
∀n P (n) ⊗ ∀n Q(n)

)
. (Split)

With number restriction defined using the external conditional, the corresponding principle is

∀n(Nn ⇒ P (n) ⊗ Q(n)) ⇒
(
∀n(Nn ⇒ P (n)) ⊗ ∀n(Nn ⇒ Q(n))

)
. (SplitN )

Applying (Split) to formulas containing number guards does not immediately give (SplitN ): it does
not separate the consequent of Nn ⇒ (P (n) ⊗ Q(n)) into two conditional resources.

This distinction is central to the proposal of Ripley and Weber (2026). They retain (Split), seek
to avoid (SplitN ), and establish contraction for numberhood. They observe that Nn ⇒ Nn ⊗ Nn
does not by itself duplicate an arbitrary conditional (Ripley and Weber, 2026, PDF pp. 48–49,
58–64). The difficulty is that full guarded induction gives contraction for that conditional as well.

We use here one further positive theorem of subDMQ, importation:

(A ⇒ B ⇒ C) ⇒ (A ⊗ B ⇒ C). (Import)

Corollary 3.1 (Restricted splitting). The guarded arithmetic with full induction proves (SplitN ),
without using (Split) or comprehension.
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Proof. Write

U := ∀n(Nn ⇒ P (n) ⊗ Q(n)), V := ∀n(Nn ⇒ P (n)), W := ∀n(Nn ⇒ Q(n)).

There are closed affine maps U ⇒ V and U ⇒ W . For the first, use separate assumptions U and Nn
to obtain P (n) ⊗ Q(n) and project P (n). Discharge, generalize n, and apply All-cons; the second
map uses the other projection. Applying the maps to independent assumptions U, U and pairing
the outputs, then discharging and importing, gives

U ⊗ U ⇒ V ⊗ W.

Theorem 2.1 supplies U ⇒ U ⊗ U , with an induction variable fresh for U . Composition yields the
result.

Thus the distinction between unrestricted and number-restricted quantification does not preserve
the intended distinction between the two splitting principles in the full arithmetic. The source’s
induction predicate is a parameter of type i ⇒ o; no syntactic restriction to a smaller class of
arithmetic predicates is imposed. In particular, the schema admits FU .

The target is the guarded arithmetic over full subDMQ, in which the reported mathematical
reconstructions are carried out. The proof uses additive disjunction and therefore does not by itself
apply to the smaller disjunction-free BCK fragment also used to simplify the 2026 presentation
(Ripley and Weber, 2026, PDF pp. 22–24, 65).

4 A second route through quantifier splitting
The induction proof uses a predicate containing the arbitrary formula A. One might therefore
restrict induction to a smaller language, or require a closed step proof. A separate argument shows
why these changes alone do not suffice in the unguarded setting: unrestricted splitting and a simple
partition already restore contraction.

4.1 The partition argument

Theorem 4.1 (Contraction from a separated partition). Suppose the positive fragment with (Import)
and (Split) proves

∀x
(
Z(x) ∨ R(x)

)
, (8)

R(x) ⇒ Z(x) ⇒ ⊥, (9)
Z(c0), Z(c1) ⇒ ⊥, (10)

as closed theorems, with (9) uniform in x. Then it proves A ⇒ A ⊗ A for every A for which x can
be chosen fresh.

Proof. Fix A and take x fresh. Define

P (x) := Z(x) ∨ A, Q(x) := Z(x) ⇒ A, H(x) := P (x) ⊗ Q(x).

We first prove A ⇒ ∀x H(x) by cases on the partition.
In the Z(x) case, the assumption Z(x) supplies P (x), and a separate assumption A supplies

Q(x) by K. Pairing and discharge give Z(x) ⇒ A ⇒ H(x).
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In the R(x) case, the assumption A supplies P (x). The separate assumption R(x) supplies Q(x):
assuming Z(x) gives ⊥ by (9), hence A; discharge Z(x). This use of absurdity does not consume
the external assumption A. Pairing and discharge give R(x) ⇒ A ⇒ H(x).

The closed case conditionals, the disjunction law, and the cover theorem yield A ⇒ H(x).
Generalization and All-cons then give

A ⇒ ∀x
(
P (x) ⊗ Q(x)

)
.

Compose with (Split):
A ⇒

(
∀x P (x) ⊗ ∀x Q(x)

)
. (11)

Each universal factor has a closed map to A. Instantiate the first at c1, obtaining Z(c1) ∨ A,
and eliminate the false case. Instantiate the second at c0, obtaining Z(c0) ⇒ A, and detach the
closed theorem Z(c0). Applying these maps to independent assumptions ∀x P (x), ∀x Q(x), pairing,
discharging, and importing gives (

∀x P (x) ⊗ ∀x Q(x)
)

⇒ A ⊗ A.

Compose with (11).

Before splitting, one occurrence of A supplies the pointwise product by occupying a different
factor in each case. After splitting, the factors are separately universal and can be instantiated at
different points, each recovering A. It is the splitting principle that provides these two resources.

4.2 Application to unguarded arithmetic

Take
Z(n) := (n = 0), R(n) := ∃y(n = Sy), c0 := 0, c1 := S0.

The cover theorem is Weber’s Proposition 24 and Ripley’s prop_24:

∀n
(
n = 0 ∨ ∃y(n = Sy)

)
. (Cover)

For separation, use unguarded zero–successor separation

0 = Sy ⇒ ⊥, (ZS)

together with the external form of equality substitution and the existential principle

s = t ⇒
(
E(s) ⇒ E(t)

)
, (12)

∀y
(
E(y) ⇒ D

)
⇒

(
∃y E(y) ⇒ D

)
, y /∈ FV(D). (All-ante)

The source proves (12) by its substitution principle and the bridge from the relevant to the external
conditional.

From distinct assumptions n = Sy and n = 0, substitution yields 0 = Sy, hence ⊥. Discharge,
generalize y, and apply All-ante:

∃y(n = Sy) ⇒ (n = 0 ⇒ ⊥).

Reflexivity gives Z(c0), and symmetry with (ZS) gives Z(c1) ⇒ ⊥. The partition theorem therefore
applies.
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Corollary 4.2 (Unguarded arithmetic). With the preceding equality and quantifier principles, the
positive fragment with (Import), (Split), (Cover), and (ZS) proves A ⇒ A ⊗ A. No induction
instance containing A is needed.

Only a closed-step induction is needed to establish (Cover). Put D(n) := (n = 0) ∨ ∃y(n = Sy).
Reflexivity gives D(0). For arbitrary n, the identity Sn = Sn, existential introduction, and
disjunction introduction give D(Sn) as a closed theorem; K gives D(n) ⇒ D(Sn). Induction on
this purely arithmetic predicate yields (Cover).

This argument does not transfer automatically to the guarded theory. (Cover) classifies every ob-
ject, whereas the restricted theorem classifies only numbers; (ZS) is likewise unguarded. Theorem 2.1
is what establishes contraction without those stronger assumptions.

5 Consequences
The standard further consequence of contraction is triviality in the presence of suitable Curry fixed
points. In the positive fragment with importation, if a sentence C satisfies the closed directions

C ⇒ (C ⇒ B), (C ⇒ B) ⇒ C,

then contraction for C yields B (Weber, 2021, pp. 111–114). Naive comprehension supplies such
fixed points, as can transparent truth with appropriate diagonal sentences.

For the guarded induction argument, this application requires the instance FC : induction must
extend to the language containing the fixed-point sentence. Number guards restrict the objects
covered by induction; its schematic scope determines the predicates to which it applies. Weber
keeps axiomatic arithmetic separate from its attempted set-theoretic construction (Weber, 2021,
p. 191 n. 8), and the repository has separate arithmetic and set files. Their combination with full
schematic induction is trivial.

Requiring a closed step proof blocks the displayed induction argument: (6) supplies the step
only conditionally on A. Restricting the language of induction can likewise exclude particular
FA. Neither change by itself answers the unguarded partition argument, whose induction is purely
arithmetic and has a closed step. Conversely, deleting unrestricted splitting leaves the guarded
induction proof intact.

A revised foundation must control both interactions while retaining the arithmetic it is intended
to support.3

3I thank Ellie Ripley for confirming that the argument poses a problem for the intended programme, and for
feedback on an earlier draft that helped to clarify and shorten this note.
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A Sources and verification
The source comparison uses Ripley (2026), commit 5d717c32d5b293384655efb811fc837a6a8ae882,
consulted on 9 September 2026. The logical file is subDMQ.thy; the arithmetic files are subDMQ-r
estricted-arithmetic.thy and subDMQ-arithmetic.thy. In them, ⇒ is impl and the relevant
conditional is entl; both are distinct from the surrounding framework’s arrow.

The principal source names are:

Principle Source theorem or axiom

B, C, K, I implB, implC, implK, implI
Fusion introduction, projections impl_conj_in, impl_cel, impl_cer
Disjunction introduction, cases impl_disj_inl, impl_disj_inr, impl_disj_left
Absurdity; importation efq_impl; conj_import
UI; All-cons; generalization impl_ui; all_cons; ug
Reflexivity; symmetry; congruence refl; eq_sym_entl with entl_impl; eqsub_context
Numberhood zero_is_number, succ_preserve_number
Successor axioms; induction succ_inj, zero_succ_kaboom; induction
Split; All-ante; substitution all_conj_dist; all_ante; equals_sub_impl with

entl_impl
Cover prop_24

The guarded and unguarded axioms have the same names in their respective arithmetic files. The
list includes both primitive axioms and derived theorems. The standard set-theoretic consequence
uses abstraction from subDMQ-sets.thy and the relevant-to-external bridge.

The companion archive contains a Python Hilbert checker and finite proof certificates. Each
node is a source-schema instance, an application of external modus ponens, or generalization of
a closed theorem. Assumption discharge is expanded into B, C, K, I, and modus ponens. The
contraction derivations contain 180 nodes for guarded induction, 150 for unguarded induction, and
147 for the arithmetic partition. The restricted-splitting derivation contains 248 nodes. The archive
also includes derivations of the Curry consequences.

The certificates have been replayed, including controls rejecting direct duplication of an open
assumption and corrupted conclusions. This checks derivations against the encoded schemas;
correspondence with the source was checked manually. The program does not verify the source’s
derivations of its named theorems. The supplied Isabelle replay scripts have not been executed in
Isabelle.
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