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Abstract

Logical expressivism takes logical vocabulary to make explicit the inferential norms implicit
in our use of nonlogical vocabulary. The formal framework developed in Hlobil and Brandom’s
Reasons for Logic, Logic for Reasons, however, is restricted to the propositional level, whereas
our ordinary statements of inferential connections typically involve quantification. Extending
the framework raises a further problem: an exceptionless generalization need not express an
indefeasible inference. I develop a proof-theoretic account of quantifiers and necessity that
addresses both issues. The quantifier rules directly specify the contributions of quantified
assertions and denials to normative incoherence. A distinction between assumptions confined
to a local assessment and assumptions retained throughout further assessments supplies a
role for necessity. The material base remains an ordinary relation among atomic positions;
the additional proof structure records the scope of the commitments assessed through it. The
resulting calculus conserves the underlying material relations and has exactly 54 as its finite
pure propositional modal fragment.

1 Introduction

Inferentialism aims to understand the meanings of linguistic expressions in terms of the inferential
norms governing their use. The ambition is a general theory of meaning, covering nonlogical
expressions as well as logical vocabulary. To grasp the concept of redness, for instance, is to
master a role in reasoning that includes the propriety of inferring that something is colored
from its being red, and the impropriety of taking something to be both red and green all over.
These inferential relations are material: their standing depends on the particular contents of
the expressions involved. Someone can grasp these relations, and reason in accordance with
them, without possessing the logical vocabulary needed to state them. According to the logical
expressivism developed by Sellars and Brandom, one of the distinctive functions of logical
vocabulary is to make these implicit inferential commitments explicit (Sellars, 1953; Brandom,
2008). The conditional, for instance, enables someone who reasons from a ball’s being red to
its being colored to say that if the ball is red, then it is colored. An inferential connection that
previously governed what the speaker did can now become something the speaker says.

In Reasons for Logic, Logic for Reasons (henceforth RLLR), Hlobil and Brandom (2025) develop this
philosophical proposal into a formal framework. They begin with a body of material inferential
relations and give rules for introducing logical vocabulary into the language in which those
relations obtain. A crucial feature of the framework is that these material relations can be
defeasible. Something’s being a bird can be a reason to take it to fly, even though its being a bird
and a penguin is no such reason. The logical extension must respect this difference. Otherwise,
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acquiring the vocabulary to express a material inference would have the effect of changing that
inference into one it was not. Their framework succeeds in accommodating such relations while
giving the logical connectives their familiar pure classical behavior.

This is a substantial achievement, but it leaves an important part of the expressivist project
unfinished. As Hlobil and Brandom explicitly acknowledge, their treatment remains at the
propositional level (2025, 282). Our ordinary ways of making inferential connections explicit,
however, typically involve quantificational vocabulary. To articulate the connection between
redness and color, we say that everything red is colored. We do not normally enumerate claims
about this red ball, that red book, and each other red thing. An account of how logical vocabulary
expresses material inferential relations should explain this generality. It should tell us how one
claim can articulate a connection that applies across the objects of our discourse.

There is a further difficulty. Consider Quine’s familiar example of creatures with hearts and
creatures with kidneys (1953, §1). Suppose that the two predicates happen to apply to just the
same creatures. We can then truly say that every creature with a heart has a kidney, just as we can
truly say that everything red is colored. Yet the two claims concern quite different connections.
Having a heart need not necessitate having a kidney: we can suppose that a creature’s kidneys
have been removed while its heart remains. Being red, by contrast, necessitates being colored.
Whatever else we learn about a red thing, its being red remains incompatible with its not being
colored. The universality of the first connection does not give it the necessity of the second.

This contrast has particular significance for an inferentialist. If we understand the generality
in each case simply as expressing an inference that holds no matter what further information is
supplied, we will make the heart-kidney claim too strong. An ordinary universal can be true
even though further information would defeat the material inference associated with it. If, on the
other hand, we understand both claims merely in terms of their actual instances, we have yet to
explain how the second can articulate an indefeasible connection. Quantification and necessity do
different expressive work, and the framework needs resources to make that difference intelligible.

Hlobil’s recent First-Order Implication-Space Semantics (2026) makes a major advance on the first
problem. It extends the implication-space semantics of RLLR to quantified languages, interpreting
universals and existentials through generalizations of conjunction and disjunction. Like the
propositional semantics, the extension accommodates material relations without imposing the
structural principles that defeasible reasoning violates. Hlobil also explains why familiar first-
order proof rules cannot simply be appended to the original calculus. His examples will be central
to the account developed below.

What the paper does not provide is a direct proof-theoretic specification of the norms governing
quantified assertions and denials. Hlobil explicitly sets aside the rules that generate the inferential
relations with which his semantics works (2026, §2, n. 1). From an inferentialist perspective,
this leaves something important to be done. Assigning a quantified sentence an inferential role
through operations on semantic values can tell us which relations the sentence stands in. A
proof-theoretic account can additionally make explicit the normative principles in virtue of which
it stands in those relations: what asserting or denying the quantified sentence contributes to the
coherence of a position in discourse. These principles are what an inferentialist ultimately appeals
to in explaining the sentence’s meaning.



The issue is especially pressing when the semantic operations are unfamiliar. One can follow
an operation on sets of inferential roles without yet understanding why that operation articulates
the use of a universal. Simonelli (2026) argues that the bilateral interpretation of implication-
space semantics makes its propositional operations intelligible by understanding them in terms
of the contributions assertions and denials make to normative incoherence. Here I pursue the
corresponding proof-theoretic development for quantifiers. The point is to give the rules a direct
normative interpretation, so that the mathematical construction answers to an account of what
the vocabulary does.!

I then extend the account to a necessity operator. The starting idea is an attractive one already
explored in RLLR: necessity has something to do with an inference’s surviving additions of
further information. I argue that this idea must be developed with care. A claim’s support from
an assumption can survive every addition of information even though the claim is contingent.
To articulate necessity, we must attend to how we reason under different suppositions. An
assumption can belong to the case presently being considered or remain fixed throughout further
cases considered within an argument. Holding the assumption fixed does not, however, make
every material inference from it indefeasible. I distinguish the scope of the assumption from
the material norms used to assess its consequences. This yields an account of necessity that
works alongside ordinary quantification, retains the original material base, and uses the same
conditional throughout.

The paper’s aim is thus to extend the expressivist framework in two connected directions.
The quantifier rules explain how we can make general claims without making every warrant for
them indefeasible. The modal rules explain how we can make indefeasibility itself explicit. The
substantial proofs are in the appendices. In the main text, I concentrate on what the rules say, why
an inferentialist should find them plausible, and what follows from adopting them.

2 Material inference and logical expression

Let us begin with the feature of the framework that makes the extension difficult: its accommo-
dation of defeasible material inferences. A familiar example is the inference from Bella’s being
a bird to her flying. In the absence of further information, asserting that Bella is a bird while
denying that she flies calls for some explanation. Asserting that she is a penguin provides one.
The additional assertion removes the conflict between the original assertion and denial. An
inferentialist framework for these expressions must make room for this difference.

The sequent calculus provides a particularly useful framework for doing so. Following the
bilateral interpretation proposed by Restall (2005) and adopted in RLLR, we read a sequent of the
form

I>~A

IThis is compatible with Hlobil’s own normative interpretation of implication frames. He allows atomic sentences
as their bearers and explicitly discusses interpreting their relations in terms of social norms governing assertion
and denial (2026, §3.1, n. 7). The claim is that a direct specification of the generating norms has explanatory value,
not that implication-space semantics lacks inferential or normative subject matter. An uninterpreted proof calculus
would not improve on an uninterpreted semantic algebra. On the relation between inferentialist and model-theoretic
developments, see also Stovall (2026).



as saying that the position consisting in asserting everything in I' and denying everything in A
is incoherent. Here I and A are sets of sentences. The claim concerns the combination of these
assertions and denials. It does not require that some particular assertion or denial, considered on
its own, be incorrect.2

Writing B, F, and P for birdhood, flight, and penguinhood, and b for Bella, the example is
represented by
B(b) > F(b), B(b),P(b) # F(D).

The first position is incoherent; the second need not be. In what follows, saying that a position
supports a sentence means that adding a denial of that sentence makes the position incoherent.?
Consequently, the following structural rule cannot hold without restriction:

I'=A

_— kening.
O~AZ Weakening

Weakening would take us straight from the first Bella sequent to the second. The value of a
sequent framework is that it makes such structural steps explicit. We can ask whether they are
justified by the rules we have given, rather than building their unrestricted use into the framework.
A calculus that does not license Weakening can contain material inferences for which it fails.

Leaving out Weakening is not enough, however, if the rules for logical vocabulary reintroduce
its effect. Suppose, for instance, that we used a left-conjunction rule that allowed A A C to replace
A in any antecedent. From Bella’s birdhood supporting her flight, it would follow that her being
a bird and a penguin supports her flight. The defeating information would be present inside the
conjunction, but the rule would allow us to ignore it. The appropriate left rule instead considers

both conjuncts together:

IA,B>~A
F,A/\B>AL/\' @

On its bilateral interpretation, this rule has a straightforward rationale. Asserting a conjunction
contributes the assertions of both conjuncts. If we want to know whether that contribution is
incoherent with the rest of a position, we must assess the position containing both assertions.
The calculus NMMS, developed by Hlobil and Kaplan and presented in RLLR, treats the other
propositional connectives in the same spirit (Hlobil, 2016; Kaplan, 2018; Hlobil and Brandom,
2025). It begins with a material base
B = (L, 1),

where Ly is a language of atomic sentences and I specifies the incoherent atomic positions.
Thus I(E, D) says that asserting the atoms in E and denying the atoms in D is incoherent. Each
such position supplies an initial sequent, E >~ D. These entries specify material licenses for
assessing combinations of commitments; they are distinct from the premises currently assumed
in a particular argument. We impose Containment: 1(E, D) whenever EN D # @. A position that

2This is Restall-style bilateralism, which interprets ordinary multiple-conclusion sequents through assertion and
denial. Rumfitt-style bilateralism instead constructs explicitly signed proof systems. Simonelli (forthcoming) distin-
guishes these approaches and their respective concerns with normative incoherence and committive consequence. The
present account concerns incoherence. It does not by itself determine the positive commitments a speaker incurs, or
provide a complete theory of epistemic entitlement.

31n the material case, “incoherent” includes a defeasible normative tension that further moves can resolve. It need
not amount to an unrepairable contradiction. See the discussion of defeasible incoherence in Simonelli (2026).
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both asserts and denies the very same atom is incoherent regardless of what else it contains. Apart
from this requirement, the material relation is unrestricted.*

From these initial sequents, the logical rules generate an extended relation over sentences
containing the connectives. The point of beginning with a base is that the material norms are
inputs to the logical theory. The logical rules should tell us how to articulate those norms without
deciding in advance that they must all be monotonic, transitive, or otherwise structurally uniform.
Accordingly, neither Mixed Cut nor Shared-Context Cut is assumed. These rules authorize the
elimination of intermediate assertions in different forms of composed reasoning, and an arbitrary
material base need not license either. Their exact statements and counterexamples appear in
Appendix E.

Negation exchanges the roles of assertion and denial. Its rules are

I'-AA I A=A

T,-A-A_  Tx=A-A = )

An asserted disjunction can be specified by asserting its first disjunct, its second, or both. A denied
disjunction contributes denials of both disjuncts together. The corresponding rules are

IA>A I'B>~A IA,B>~ A

IAVB>A Lv. ®)
I'-AAB
1">-A,A\/BR\/' @

For LV, all three resulting positions must be incoherent. In each rule the rest of the position is
retained in full. The corresponding three-premise rule for a denied conjunction will be important
in the quantifier extension below.

The role of the conditional is particularly important. Its right rule, together with its inversion,
gives the following Deduction-Detachment equivalence:

r-ANA—-B < TI,A>AB. 5)

To deny A — B has the same significance for incoherence as asserting A and denying B. This
explains how the conditional makes a material inference explicit. The sequent B(b) >~ F(b) yields
>~ B(b) — F(b), while the failure of B(b), P(b) > F(b) yields the failure of P(b) > B(b) — F(b).
The conditional’s warrant preserves the original inference’s defeasibility.

An asserted conditional admits the complementary specifications: denying its antecedent,
asserting its consequent, or doing both. Its left rule is therefore

r-AA I''B>A I'B>~AA

TASBsA L= ©)

Here too the joint specification matters: without Weakening, its coherence cannot be settled by
assessing the two separate specifications.

“The notation follows the presentation of bases and implication frames in RLLR, especially pp. 108-109 and 212.
I use E, D for atomic contexts and I', A when compound sentences may occur. Contexts are sets, so Exchange and
Contraction are built in. A base is called proper when —I(@, &); the empty position is then coherent. Properness
is required for the later characterizations of closed modal warrants, though not for the basic construction or its
conservation results.



Consider, however, what happens when the conditional is actually asserted. The calculus
validates
I',B(b) — F(b),B(b) = F(b), A,

including when P(b) occurs in I'. Someone who retains the conditional together with Bella’s
birdhood cannot coherently deny her flight. Learning that she is a penguin may provide a reason
to withdraw the conditional. It does not make its antecedent and the denial of its consequent
compatible with retaining it.

This difference between the warrant for a conditional and the significance of its assertion is a
consequence of the framework’s structural freedom. We cannot freely replace an explicit premise
by whatever material inference originally warranted it, because doing so can require Cut. The
distinction is philosophically intelligible: making a commitment explicit can change what else
one can coherently maintain. Simonelli (2025) defends the consequentiality of explicitation; here
the distinction will be important in understanding how ordinary universals can be warranted
defeasibly while excluding counterinstances when asserted.

We now have the propositional basis for the extension. Logical vocabulary articulates the
contributions of assertions and denials to incoherence, and its rules must preserve the effects
of defeating information. The question is how to extend this account to a sentence such as
“Everything red is colored,” where the material connection is expressed across an entire range of
instances.

3 Quantifiers and the norms governing their use

3.1 Why the familiar rules will not do

One might expect the quantifier extension to be straightforward. A universal assertion gives us
each of its instances, and a derivation concerning an arbitrarily chosen object gives us a universal.
These familiar ideas underlie ordinary first-order proof rules. But both become problematic when
the derivations can begin with arbitrary material inferences.

Consider universal instantiation first. Suppose a refrigerator contains two bottles, a and b, both
initially full. For this example, take the domain under discussion to consist of those two bottles.
The information that 4 is now empty can leave good grounds for saying that beer remains in the
refrigerator. The information that both bottles are empty removes those grounds. Writing E for
being empty and T for beer’s remaining, we can have

E(@)=T,  E(a),E(b)#T.

An unrestricted left-universal rule would allow us to replace the premise of the first sequent by
the claim that every bottle is empty:

[LA(c/x) > A

T,VxA = A LY (unrestricted).

The result would be VxE(x) > T. Yet the universal contributes just the information that defeats

the material inference. The rule is unacceptable for the same reason as the left-conjunction rule
that allowed us to ignore penguinhood inside a conjunction.
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This refrigerator example comes from Hlobil’s discussion of the obstacles to a first-order
extension (2026, §2). It does not show that a universal fails to imply its instances. It shows that a
premise cannot always be replaced by something that implies it. In a defeasible inference, the
additional information supplied by the stronger premise can matter. A rule that assesses the
universal’s contribution must take that information into account.

The usual appeal to an arbitrary object raises a different problem. Suppose that the greatness of
Romeo and Juliet supports the claim that Shakespeare is an important writer. Shakespeare’s name
need not occur in the premise. A freshness condition checking that the name in the conclusion
does not occur in the remaining assumptions would therefore license the conclusion that everyone
is an important writer. But the material inference concerns Shakespeare in particular. The absence
of his name from the premise does not turn it into a schematic inference about anyone whatsoever.

Hlobil’s Shakespeare example exposes the difference between a name’s being fresh relative
to a context and the genuinely arbitrary use of that name in a derivation (2026, §2). In a purely
logical derivation, the surrounding proof rules can ensure the latter. An arbitrary material leaf
supplies no such assurance. One could enrich the material base with explicitly schematic licenses
and require derivations to respect them. The present task, however, is to give quantifier rules that
work over any material base of the kind already admitted.’

Both examples point towards the same requirement. We need to say directly what the quan-
tified sentence contributes to a position, rather than assuming that familiar replacement or
generalization procedures preserve every material inference in which the sentence might figure.

3.2 Universal assertion and universal denial

The left-conjunction rule suggests an answer. An assertion of A A B contributes both conjuncts
together. An assertion of VxA should likewise contribute all its instances together. To state this
precisely, fix a countable, equality-free, function-free first-order language, with a nonempty set
of predicates of finite arity and a nonempty countable set N of names. Formulas are finite, but
contexts may be arbitrary sets of sentences. The connectives are -, A, V, —, to which we add V, 3
and, below, [J and its defined dual . Write

InstyA = {A(c/x) :c € N}.

Here A has no free variable other than, possibly, x. The notation denotes the set of closed sentences
obtained by substituting names for its free occurrences of x. We work with a fully named domain:
every object has a name, though different names may name the same object. The rule for universal

assertion is
I, Inst,A = A

T,VxA = A
On the bilateral reading, asserting the universal makes the same contribution to incoherence
as asserting all its instances. In the refrigerator example, its assessment therefore includes both

Lv. ()

5Shimamura (2019) develops an earlier first-order sequent calculus for logical inferentialists and expressivists. The
objection concerns unrestricted eigenvariable and instantiation metarules in the presence of arbitrary material leaves.
It does not undermine appropriately formulated eigenvariable rules for a purely logical calculus. Nor does a collection
of ground instances, by itself, record whether those instances arise from a genuinely schematic license. That further
distinction requires information about the licenses or derivations generating the collection.



emptiness assertions. The rule cannot generate the bad inference from the information that just
one bottle is empty.

Ordinary instantiation remains valid. The sequent VxA(x) >~ A(c) is derivable because the
assertion of all the instances includes an assertion of A(c), which conflicts with its denial. Formula
Containment follows from the atomic principle and the logical rules. Thus the theory preserves
the universal’s familiar implication while rejecting a metarule that would misuse that implication
in defeasible contexts.

The denial of a universal has a different role. Denying that every bottle is empty leaves
open which bottles are not empty. One can make the denial more specific by denying that a is
empty, denying that b is empty, or denying both. We can understand the significance of the less
specific denial through the positions that result when it is specified in these ways. If every such
position is incoherent, so is the position containing the universal denial. Conversely, if some such
specification is coherent, the original position containing the universal denial is coherent too.

This account extends the NMMS treatment of a denied conjunction. Its right-conjunction rule
has three premises:

I'-AA I'-A,B F%A,A,BR
I'-AAANB
The third premise is essential. A denial of both conjuncts is one way of sustaining a denial of the
conjunction, and a nonmonotonic material relation can distinguish that joint denial from either
denial taken separately. We therefore assess all three possibilities. Universal denial generalizes
the same pattern:

A. )

{T>AX:a#XClnst,A}
> A VxA
There is one premise for every nonempty set X of instances. For two distinct instances, this
means the three sequents with A(a), A(b), and A(a), A(b) on the right. For an infinite name set,
it includes infinite collections of denials as well.

RY. )

Why consider collections of counterinstances when a single counterinstance is sufficient? The
answer depends on what is being specified. A single counterinstance suffices for the falsity of a
universal. But the rule concerns the coherence of a position in which the universal is denied. The
material norms might make it incoherent to deny A(a) in a particular context and also incoherent
to deny A(b) in that context, while permitting their joint denial. In that case, the denial of the
universal still has a coherent specification. A rule with only singleton premises would declare it
incoherent by ignoring that specification.

This possibility may not arise in a particular domain of reasoning. When Weakening holds,
it cannot arise: each joint premise follows from any singleton premise it contains. The extra
premises then become redundant. Over the unrestricted material bases at issue here, however,
each nonempty set of instances can make an independent difference. Proposition B.3 shows that,
for an atomic matrix, omitting any such premise admits a base on which the shortened rule gives



the wrong result. The powerset-indexed form is therefore required by this account of quantified
use together with the freedom allowed to the material base.®

Notice that the rule tests denials of the universal’s own instances. It does not test arbitrary
additional assertions and denials. In particular, it does not require a warrant for the universal to
survive information that defeats an instance. This distinction will enable us to derive ordinary
contingent universals without treating the associated material inferences as indefeasible.

3.3 The existential rules and their inferential interpretation

Existential quantification is the bilateral dual. To assert that something is A leaves open which
instances hold; to deny that anything is A excludes all the instances together. We accordingly

have
{T,X>A:2# X ClnstyA}

I,39xA - A L3, (10)
I'> A, lInst A
I' = A,IxA R3. (1)

These rules stand to the NMMS disjunction rules as the universal rules stand to its conjunction
rules. The family in L3 assesses the different positive specifications of the existential assertion.
The single premise in R assesses the contribution of denying every instance together.

The appeal to specifications does not require a speaker to choose one. Someone can assert that
there is a nonempty bottle while being unable to say which bottle it is, just as someone can deny
that every bottle is empty without identifying a particular counterinstance. The rules concern
what can coherently be maintained alongside the assertion or denial. They explain the significance
of a less specific stance through all its permitted specifications, without reducing the act of taking
that stance to an act of choosing one of them.

This is the substantive inferentialist proposal. A quantified stance contributes no further
obstacle to coherence beyond those determined by its specifications. For universal assertion and
existential denial, all instances contribute jointly. For universal denial and existential assertion,
every permitted nonempty collection must be considered. The significance of the quantified
sentence is fixed through these contributions to normative incoherence.

The idea of construing the quantifiers as generalized conjunction and disjunction, including the
nonempty-set operation, is already present in Hlobil’s semantics (2026, §3.2). The proof-theoretic
account brings its normative rationale into view. We can now ask whether someone who uses the
quantifiers according to these rules thereby treats quantified assertions and denials as they should
be treated, and we can locate a disagreement at the relevant norm. A disagreement about whether
all nonempty specifications matter, for example, becomes a disagreement about the significance
of a quantified denial under nonmonotonic conditions. It need not remain a disagreement about
which set-theoretic operation to apply to semantic values.

®The independence result includes infinite bundles and has an existential dual. It is a claim about this specification
over arbitrary bases; it does not show that every possible quantifier theory must literally display a powerset of premises.
A more restrictive class of bases, or a different primitive representation of the same tests, may permit a more economical
presentation. The joint-instance condition differs from Cumulativity in nonmonotonic logic: the latter requires that
adding an already supported conclusion to the premises leave their consequences unchanged. See Kraus et al. (1990,
§3.1, Lemma 1).



For the rules to provide this account, their displayed implications must hold in both directions.
Otherwise the calculus might establish a quantified position’s incoherence even when one of the
specifications meant to determine its standing remained coherent. We achieve this by resolving
every compound stance into its complete contributions, simultaneously when the context is
infinite. For a rule with several premises, each premise gives one permitted specification; we
consider every combination of specifications across the position. In the nonmodal fragment, the
position is incoherent just when every resulting atomic position belongs to I. Section 5.4 extends
this same procedure to modal commitments. The conclusion of each quantifier rule has exactly
the complete resolutions supplied by its premises. A proof of the conclusion therefore gives
proofs of every premise, and proofs of all the premises give a proof of the conclusion. The rules
are syntactically invertible.”

Syntactic inversion verifies that the calculus realizes the proposed normative biconditionals. It
does not establish those biconditionals independently of their interpretation. Nor would a proof
that the rules preserve classical validity establish them. A semantic inversion theorem concerns
which positions are ruled out by a given class of models; an inferentialist specification concerns
what makes a position normatively incoherent. The proposal requires both an intelligible account
of that normative role and a formal construction that faithfully realizes it.

The resulting calculus has the expected conservation and adequacy properties. It preserves the
atomic material relation exactly, agrees with NMMS on finite quantifier-free nonmodal sequents,
and, over the pure Containment base with infinitely many names, derives precisely the finite
nonmodal sentence sequents of classical first-order logic. The last result checks that the unfamiliar
rule format preserves the familiar logical behavior of ordinary quantification.®

Its infinitary character deserves a final comment. These rules specify norms of correctness,
not a procedure requiring speakers to check an infinite list before making a quantified claim.
Nevertheless, a theory that admits arbitrary material bases, including bases with no effective
presentation, cannot claim on that account alone to explain a finite speaker’s mastery of every
relation it permits. The infinitary rules articulate the general inferential role. Explaining how that
role is acquired and exercised requires a further account of how material norms are presented,
learned, and applied.

4 Generality without necessity

We can now return to the heart-kidney example. Write H for being a creature with a heart and K
for having a kidney. The ordinary universal is

Vx(Hx — Kx). (12)

7 Appendix A proves inversion for all the Boolean and quantifier rules. It is height-preserving in the canonical proof
format, where complete simultaneous resolution is one step. It is not a claim about height preservation in a sequential
calculus that decomposes one formula at a time. These two notions of proof height can differ substantially on infinite
contexts.

80n arbitrary infinite sequents, adequacy is for full-name classical models. With finitely many names, that
qualification applies even to finite sequents. The simultaneous construction completes the sequential calculus on
infinite compound contexts; it does not conserve the uncompleted sequential calculus there. Appendix B gives the
exact statements and proofs.
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Suppose that every creature with a heart does have a kidney, and the material norms support the
corresponding inferences. A speaker might be entitled to the universal on the basis of a thorough
investigation. Yet the information that a particular creature had undergone removal of its kidneys
would defeat the inference concerning that creature. Let J(c) express that information. Then we
can have

H(c) > K(c), H(c),J(c) % K(c).
The second judgment concerns a supposition we can entertain even if no actual creature has

undergone the operation. The contrast we want to articulate is precisely that the connection can
hold throughout the actual domain without holding under every such supposition.

The right-universal rule permits this contrast. A denial of the universal can be specified by
denying any nonempty collection of its conditional instances. By the conditional rules, each such
denial contributes a heart assertion and the corresponding kidney denial. If the material norms
license these joint applications in the absence of J-information, every required premise of RY is
derivable. Hence

>~ Vx(Hx — Kx).

Now add J(a). The specification denying just the conditional at a gives the position that asserts
J(a),H(a) and denies K(a). That position is coherent under the stipulated norms. The right-
universal rule is invertible, so the universal is no longer derivable from the enlarged context:

J(a) # Vx(Hx — Kx).

We have an exceptionless generalization with a defeasible warrant. The rule requires all the
appropriate instance combinations, but it does not require them to survive every addition of
information.’

An assertion of the universal has the expected stronger significance. The calculus derives, over

every allowed base,
I',Vx(Hx — Kx),H(a) > K(a), A. (14)

This holds even with J(2) among the additional assertions. The universal contributes its con-
ditional instances, and retaining the instance at a is incompatible with asserting its antecedent
while denying its consequent. Surgery information can undermine the warrant for accepting
the universal; it cannot make a retained universal compatible with an admitted counterinstance.
Thus the quantifier has the exceptionless role of an ordinary universal even where the norms
supporting its assertion are defeasible.!”

The stronger claim that having a heart necessitates having a kidney would require more. Using
a box for necessity, we can express it as

VxO(Hx — Kx). (15)

oA precise base realizing the example is
I(E,D) <= END#@or(3ceN)[H(c) €E, K(c) €D, J(c) ¢ E]. (13)

The base licenses every required nonempty bundle when no defeating surgery assertion is present. It is an illustrative
specification of material norms, not a biological claim established by the calculus. Quine’s coextension is stipulated
throughout. Proposition E.1 gives the full separation proof.

19This concerns what the universal’s assertion excludes. The calculus does not guarantee that an arbitrary material
base warrants only true universals: no distinguished actual interpretation of that base has been supplied. The pure-base
classical adequacy theorem verifies the logical role without certifying the factual reliability of every material input.
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I'initially place the box inside the quantifier to distinguish the two contributions. The quantifier
concerns all the objects; the box concerns the force of the connection at each object. The wide-scope
formulation, OVx(Hx — Kx), will also be available. For now, the question is what inferential role
to give the box.

An attractive answer is already suggested by the example. A material inference is stable when
it remains good under every addition of assertions and denials. Officially, A > B is stable just in
case

I',A > B,A for all additional contexts I, A. (16)

The red—colored inference can have this property. Unusual lighting may undermine the claim that
something is red, but it does not make it coherent to retain its redness while denying its being
colored. The heart-kidney inference lacks the property, since the surgery supposition defeats it.
Sellars’s and Brandom’s modal expressivism connects modal vocabulary with such differences
in inferential robustness (Sellars, 1953; Brandom, 2008).!! Brandom emphasizes that robustness
comes in different ranges: even an accidental regularity can survive some counterfactual varia-
tions. The contrast is not between possessing and wholly lacking counterfactual significance (2008,
104-109). The box considered here concerns the limiting case of stability under all represented
collateral information. It aims to express indefeasible material connections such as red—colored.

We might therefore introduce the box through the following contextual clause:
I -A0OA <= (VIII)[L,Z>AATL (17)

On this account, [JA is supported by a position when that position’s support for A survives every
addition. This is the sort of expressive function served by the monotonicity box of RLLR (2025,
132-136). It makes the robustness of a contextual inference explicit.

As Hlobil and Brandom themselves acknowledge, such a box validates A — [1A. The reason
is simple. SetT' = {A} and let A be empty. Every test on the right of (17) contains an assertion
and a denial of A. Containment rules out each test position, so we obtain

A = OA.

No appeal to Weakening or Cut is involved. The result follows from the expressive role specified
by the clause.

This is just what we should expect of an operator expressing contextual monotonicity: an
assumption supports itself no matter what else is assumed. But that is also why the operator
cannot do the work we now want. From the assumption that Bella has a heart, it would follow
that she necessarily has one. Stability of the support supplied by that assumption would have
become necessity of its content.

To avoid that result, we need to explain why an ordinary assumption can remain available for
reasoning about the actual case without automatically settling what could have been otherwise.
The issue concerns the scope of a supposition.

HSee also Sellars (1958, §§80-83), who distinguishes the use of modal statements in explaining and justifying from
reports of linguistic habits, and distinguishes a material inference license from an enthymeme whose missing premise
is a universal generalization.
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5 Local and persistent commitments

5.1 What is held fixed in an argument?

Suppose that a patch is red. We can infer that it is colored. If we now ask whether it must be
colored, however, we cannot settle the question by continuing to assume its actual redness. That
would repeat the mistake of the contextual box: the assumption would settle a question about
what could have been otherwise simply by remaining among the premises.

There is a different question we can ask. What follows throughout the cases in which the
patch’s redness is held fixed? Here we allow other features of the case to vary, but retain the
redness assumption as a condition on the further reasoning. The inference to color survives
these variations because redness excludes being uncolored. These two arguments use the same
assumption with different scopes. In the first, redness belongs to the case currently being assessed.
In the second, it also constrains every further case considered within the argument.

The distinction is familiar independently of any modal notation. When introducing a suppo-
sition, we need to keep track of which assumptions it replaces and which remain conditions of
the investigation. Suppose, for example, that we hold Bella’s birdhood fixed while considering
further information about her. We may then suppose that she is a penguin. Birdhood still applies,
but the material inference to flight is defeated. Holding an assumption fixed does not require
holding fixed every conclusion previously supported by it. The scope belongs to the assumption;
whether an inference from it remains good depends on the material norms and the rest of the
case.

I propose to make this difference in scope explicit in the proof judgments. An assertion is local
when it belongs to the position currently being assessed. It is persistent when it also remains in
force in every further suppositional assessment opened from that position, including assessments
opened within those. A persistent assertion is active in the current position as well. Denials have
the same two scopes: we can exclude a content from the present case, or require its exclusion
throughout the further cases considered in an argument. '

The resulting judgment has four contexts:
AN; T =A; Q. (18)

It says that the position consisting in persistently asserting A, locally asserting I', locally denying
A, and persistently denying () is incoherent. The semicolons mark the difference in scope. When
a further assessment is opened, the outer contexts remain in force and the inner contexts are
replaced. The four contexts therefore describe one position with commitments of two scopes,
not four separate suppositions. The earlier judgment I' = A abbreviates @; I' = A; &. All the
Boolean and quantifier rules apply in the local contexts, with the same persistent contexts retained
in every premise and conclusion.

The persistent contexts contain assumptions, just as the local contexts do. Placing redness in a
persistent context does not establish that the patch is necessarily red. It specifies an argument

12Restall (2012) motivates modal hypersequents through assertions and denials under distinct suppositions. The
present proposal uses the scope of commitments to organize such reasoning, with a further all-context requirement to
accommodate material defeasibility. For other proof-theoretic treatments separating ordinary and modal contexts, see
Pfenning and Wong (1995) and Kavvos (2020).
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in which redness is to govern the further cases considered. We must still distinguish the conse-
quences of adopting that assumption from a warrant for adopting it. Likewise, a persistent denial
is a standing exclusion within an argument, not a proof that the excluded content is impossible.
Modal vocabulary will enable us to articulate precisely these commitments.

5.2 The same material base

The change in proof judgment does not change the material inputs. The base is still
B=(Ly,I),

where I has two arguments, a set of asserted atoms and a set of denied atoms. We do not supply a
separate collection of material licenses for semicolon-separated sequents. Instead, the extended
calculus determines their standing from this same I and the logical rules.

The connection is especially simple when all four contexts are atomic. Write L, M for the
persistent atomic contexts and E, D for the local ones. Then the exact clause is

L;E-D;M <= I(LUE,DUM) (L,E,D,MC Lgy). (19)

Every commitment currently in force contributes to the material assessment. Both persistent and
local assertions enter the first argument of I; both kinds of denial enter its second argument. The
semicolons record what will happen in further reasoning, while the present material conflict is
assessed by the original two-place relation. This is the exact atomic closure clause of the enriched
calculus. Appendix B proves it and the more general fact that, when every formula is nonmodal,
erasing the semicolons preserves derivability.

The same point applies when a persistent commitment is compound. Holding a conjunction
fixed makes both conjuncts relevant to the current assessment. We must be able to work out that
contribution without losing the conjunction’s scope. The following rules make its local availability
explicit:

NAT,A-A;Q

AAT-AQ Local assertion, (20)
A;T=NANA; QA .
AT-A QA Local denial. (21)

Read from conclusion to premise, each rule makes an already persistent commitment available
for local decomposition. The persistent occurrence remains, so the commitment also governs
subsequent assessments. Both rules preserve derivability in either direction: making explicit a
commitment already in force contributes nothing new to the position. They do not authorize
promoting a merely local assumption into a persistent one.

Local availability must also be distinguished from permission to ignore the other commitments.
If Bella’s birdhood and penguinhood are both held fixed, both enter the assessment. We cannot
use the first locally while leaving the defeating contribution of the second unexamined. The
complete assessment specified below requires the contributions of every commitment, in either
scope.

The bird example makes the point concrete. Take distinct atoms b, f, p for Bella’s being a bird,
flying, and being a penguin. Suppose the base licenses b > f but withholds b, p = f. Then

;b f,; 0, b; s~ f, @
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are both licensed, because both have I({b}, {f}) as their material assessment. But

b;p# f; Q.

The persistent bird assertion is still present when penguinhood is added locally. The base
nevertheless withholds the flight inference, because it assesses birdhood and penguinhood
together. Moving p to the persistent context would not restore that inference. Nothing in the
scope distinction authorizes us to ignore a defeating assertion.

The same holds for stable material inferences. If » and c say that the patch is red and colored,
the base can make r > c good in every collateral atomic context. Both a local and a persistent
assertion of r then support c in the local position. The two placements differ when a further
assessment is opened: local r is replaced, while persistent r remains available. We will shortly see
how the modal rules make this difference consequential.

This also locates the information needed to distinguish the heart-kidney connection from
red—colored. I must record norms for positions we can consider under suppositions, including
positions containing defeating information. The same I is used throughout a proof. Opening a
further assessment changes its arguments, not the material relation itself. A collection recording
only which predicates are actually coextensive does not supply this information.'®

5.3 The modal rules

We can now give the box an inferential role. To assert [JA is to undertake a commitment to A that
governs every further suppositional assessment made under that assertion. The left rule makes
this scope explicit:

NA;T =N Q o 22)

A;T,0A = A; O

The premise and conclusion express the same incoherence judgment in different ways. In the
premise, the location of A specifies its persistent scope; in the conclusion, the box does so. The
rule is invertible. It concerns what an assertion of necessity commits us to, rather than a procedure

that promotes an ordinary assertion into a necessity.

For example, C(p A q) > p is derivable. The left-box rule places p A g in the persistent context;
local availability and LA make both p and g contribute to the current assessment. The assertion of
p then conflicts with its denial. The conjunction remains held fixed throughout this reasoning. Its
persistent scope does not prevent us from using its ordinary conjunctive content.

A persistent denial has a corresponding modal expression. To deny LJA leaves open that A
holds in the present case; it disputes that A must hold. Persistently denying A instead excludes A
throughout the further cases under consideration. That is the force of denying ¢A, where

QA == —~0-A. (23)

The symmetric rule is
A;T=A;,0A
A;T=AQA; Q

RO. (24)

13Nor can the logic restore contingency to an input already stipulated to be stable. For instance, the proper base
I(E,D)Mf END # @ or p € D gives p a warrant in every atomic context; the closed-box theorem then yields > Op. An
ordinary fact used as a local premise has a different role from an unconditional material license applying throughout
all the represented suppositions.
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This rule is also invertible. Accordingly, the enriched judgment can be expressed entirely with
ordinary modal formulas:

A;T=A Q0 < OAT= A0, (25)

where OJA = {OA : A € A} and similarly for Q). The semicolons display in the proof structure
the scope that the operators articulate in the language.'*

The remaining task is to say when a denial of [JA conflicts with the persistent commitments.
Such a denial requires room for a further case in which A is denied. We assess that possibility by
retaining the persistent commitments, replacing the original local position, and considering the
denial of A with arbitrary collateral assertions and denials. Each resulting position is a modal test.
If every such position is incoherent, the denial of necessity cannot be sustained on those terms.

The tests include collateral information because the material norms can be defeated by it.
Establishing H(a) — K(a) with no collateral assumptions does not suffice: a test asserting J(a)
must also be considered. Conversely, the original local premises cannot simply remain in every
test, for that would reproduce the inference from A to LJA. These requirements give the right rule:

{A; 2= AT Q:5T11C Ly}

A; T =A0A; O RO (26)

There is one premise for every pair of atomic contexts X, IT. Each premise asserts X and denies
A together with IT, with the same persistent assertions A and denials (). The whole persistent
context is retained; the original local T, A is replaced.'®

Here the difference between local and persistent redness becomes visible. In a base whose only
additional license is the stable red—colored connection, we have

;v Uc; 9, r; @ > Uc; @. (27)

In the first case, the empty local test denies ¢ without assuming r, and the base does not rule out
that position. The local redness assumption supplies no independent conflict either. In the second
case, every test retains r, so denying c conflicts with it under the stable material norm. The result
says what follows under a persistent redness assumption. It does not establish that an actually red
thing must be red.

Persistent birdhood behaves differently. In the illustrative bird base, birdhood alone is coherent
and penguinhood defeats the flight inference. There we have

b; o 0f,; 2.

One required test asserts p while retaining b and denying f. This is exactly the material position
the base permits. The assumption of birdhood persists, but the flight inference fails. The semicolon

14The equivalence is an exact identity of complete resolution families. Appendix A.2 also proves elimination of ¢ at
every occurrence, including inside other formulas and persistent contexts. No unrestricted substitution principle or
Cut is used.

15The reset imposes a substantive restriction. In a proper base, a coherent wholly nonmodal position with no
persistent assumptions cannot supply a new boxed warrant beyond one already derivable from no assumptions.
Proposition C.3 states the exact result. The calculus specifies the inferential roles of modal commitments; it is not a
general account of the grounds on which someone can come to accept them.
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therefore records the scope of the premise without changing its defeat profile. Appendix E verifies
these examples in a single explicit base.

Possibility assertion has the dual test:

{A;5,A-T1,Q:511C Ly}

A;T,0A=A; Q) LO. (28)

If asserting A conflicts with the retained commitments in every collateral atomic context, an
assertion of its possibility is incoherent with those commitments. This makes the role of persistent
denials concrete. A local denial that the patch is colored need not exclude its possibly being red.
A persistent denial of color does: every test asserting redness conflicts with the retained color
denial. In the same illustrative base,

;Qrtc; 9, a;0r = ;.

What is excluded throughout the further cases matters just as much as what is asserted throughout
them.

The displayed tests range over atoms because I supplies the material assessment at the atomic
level. A uniform-lifting theorem proves that success in all these tests extends to arbitrary formula
contexts, including added persistent contexts (Appendix C). Its proof reconstructs the relevant
derivations; it does not assume material Weakening. Restricting the displayed test family to atoms
therefore leaves no compound defeating context unexamined. Where I is monotonic, the empty
local test supplies the entire family by inherited Weakening. Over arbitrary bases it does not, as
Proposition D.2 proves.

These test families specify norms of incoherence. They neither require a speaker to enumerate
every premise nor presuppose that each position tested is a coherent possible world. We ask
whether the position is coherent; incoherence is one result of the assessment. The infinitary
character raises the same further question of finite mastery as the quantifier rules.

5.4 The complete incoherence judgment

The rules for asserted necessity and denied possibility exactly specify their contributions. The two
testing rules instead give sufficient conditions for incoherence. They cannot be inverted without
qualification, because a position can already conflict locally. A position asserting and denying p,
for example, is incoherent even if a denial of LA also occurs in it. Its incoherence does not require
establishing A’s necessity.

A complete account brings these assessments together in two steps: resolve the contributions of
the commitments, then assess each resulting position. A resolved position records the information
needed for the second step:

(E,D;L, M; U, V). (29)

Here E, D are the asserted and denied atoms active in the present assessment; L, M are the
sentences retained as persistent assertions and denials. The last two sets record the modal
questions still to be assessed: U contains the bodies of asserted possibilities, and V the bodies of
denied necessities. Only E, D must be atomic. These sets distinguish what is assessed now, what
remains fixed, and what requires a further test.
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Toresolve A; T = A; (), begin with L = A, M = ) and the other four sets empty. Expand
every assertion in A UT and every denial in A U (). For a Boolean or quantified stance, use the
component assertions and denials specified by its rule. Where the rule has several premises, each
premise gives one permitted alternative. Continue expanding the components in the same way.
Thus an asserted conjunction contributes both conjuncts, while a denied conjunction permits
either denial or both; a denied universal permits any nonempty set of denied instances. An atomic
assertion is entered in E, and an atomic denial in D.

The modal contributions follow the scope distinction. An asserted [JA adds A to L and
contributes a local assertion of A, which is expanded in turn. A denied ¢ A adds A to M and
similarly contributes the local denial of A. An asserted (A instead puts A in U, and a denied
[JA puts A in V; neither contributes a local stance towards A. To allow that something could be
otherwise does not yet say how it is in the case presently considered.

Every persistent commitment therefore has its local contribution assessed as well as being
retained. The retained sentence itself stays intact. For example, resolving a persistent assertion of
pV q by asserting p does not require p in every further case. It is p V g that remains fixed, and its
contribution is assessed afresh in a subsequent test. Recording the persistent scope of a newly
expanded body does not initiate a second local expansion of it.

A complete resolution makes a permitted choice wherever one is called for and combines
all the contributions by set union. Every combination of choices is considered. This applies to
infinite contexts as well: expand each finite formula through its finite complexity, then collect
the contributions of all the formulas together. We do not require infinitely many successive
decompositions along a proof branch. Nor may we stop after examining just those commitments
that produce a conflict; further commitments might defeat it.

There are exactly three ways to close a resolved position:
(i) Base: its present atomic position is incoherent, I(E, D).
(ii) Necessity test: for some denied necessity with body A € V, every test
L; 2> AI11; M, 2,11 C Ly,
has a proof of incoherence.

(iii) Possibility test: for some asserted possibility with body A € U, every test
L; X, A>1I; M, LIIC Ly,

has a proof of incoherence.

The atomic check uses the whole pair (E,D); each modal test retains the whole pair (L, M),
including commitments contributed by other modal formulas during resolution. One successful
way of closing a resolution suffices, and different resolutions may close in different ways. The
original sequent has a proof just when every complete resolution can be closed.

This gives the local conflict its proper place. The position p > p, g closes by Containment,
without a test establishing g4’s necessity. The denied box contributes a question to be tested,
but does not remove the existing assertion and denial of p. A defeasible material license must
nevertheless be applied to the entire resolved atomic position. From b > f alone we cannot close a
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position also asserting a conjunction containing penguinhood: that conjunction’s full contribution
must first enter the assessment.

Finally, proofs must be well-founded: each modal test is proved by the same resolution
and closure rules, and every branch must ultimately end with an application of I. Reopening
a question indefinitely cannot establish its answer. Complete resolution may have infinitely
many alternatives, and a test may have infinitely many premises; neither permits an infinite
branch. These clauses define the calculus. The previously displayed formula rules, including
local availability and the two modal testing rules, are derived rules of this complete specification;
the appendices prove their admissibility and the results below. The material base still decides
only atomic positions, while the proof structure records how compound commitments contribute
to them and which commitments survive a further supposition.

5.5 Making an indefeasible connection explicit

The full construction yields an exact characterization of a necessity warranted without assump-
tions. In a proper base,

-0A <<= (VI,IIC Lyg)Z > AIL (30)

There is no independent local conflict and no persistent assumption to settle the position. Every
collateral test denying A must be incoherent. Combining this result with the conditional’s role
gives

-0(A—B) <«<— (VL IIC Ly)X A= B,IL (31)

By uniform lifting, the collateral contexts can equivalently contain arbitrary sentences. Thus a
closed boxed conditional is warranted exactly when the corresponding inference is stable. This is
the expressive result the modal extension was designed to obtain.

The antecedent A occurs in every test because denying A — B contributes an assertion of A
and a denial of B. It is part of the connection being tested. This does not require an independently
warranted [JA, or license retaining unrelated local assumptions. In the red—colored case, each
test assumes redness and denies color because those are the conditional’s own contributions. The
stable material norm rules out every such position, giving > O(r — ¢) without the persistent
redness assumption used in (27).

Universal quantification extends this expression across objects. If the base makes each red-
colored inference stable, then

>~ VxO(Red(x) — Colored(x)).
The heart-kidney base instead permits the test asserting H(a), J(a) and denying K(a), so
# VxO(Hx — Kx),

even though its ordinary universal is derivable without surgery information. Both patterns can
occur in one base. Adding stable red—colored norms leaves the defeating heart-kidney position
coherent, since that position contains no red or colored atoms.
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The narrow-scope formulation relates to the customary wide-scope box as follows:
VxOA(x) = OVxA(x), OVxA(x) > VxOA(x). (32)

If all instances are persistent, the universal can be tested with them available. If the universal is
persistent, each instance can be tested with it available. The range of names and objects remains
fixed through the tests.!

Ordinary universality and necessity therefore articulate different features of a commitment.
The ordinary universal excludes admitted counterinstances in the position where it is asserted.
The modal universal makes the connection govern every further assessment conducted under
it. Their warrants differ accordingly: the ordinary universal’s can depend on the absence of
defeating information, while a closed modal warrant requires stability across all collateral tests.

The formal equivalences establish what these expressions do given the material norms. They
do not decide which material norms are correct. Saying that redness necessitates color concerns
red and colored things, not a speaker’s disposition to draw an inference. The inferentialist
explains that claim through the commitment it expresses; expressing a commitment is distinct
from reporting its endorsement (Brandom, 2008, 100-101). How the norms governing those
commitments are answerable to the world remains a substantive philosophical question. An
arbitrary base is an input to the logical construction, not a guarantee that its material licenses
correctly articulate the necessary structure of things.

6 The logical fragment and the material extension

6.1 The logical force of persistence

The motivation for persistent contexts was expressivist: they enable the box to articulate an
indefeasible connection without turning every local assumption into a necessity. The proposal
also yields a familiar modal logic. A persistent assertion is active locally, available alongside other
persistent assertions in further tests, and persistent through tests within tests. These features
validate

OA = A, (33)
O(A — B),0JA = OB, (34)
OA = OOA. (35)

The first is T. The second is K: the persistent conditional and antecedent rule out denying B in
every test. The third is 4: the persistent assertion of A remains in force when the test is repeated.
All three derivations survive arbitrary additional local and persistent contexts.

Deriving these principles is not yet enough to identify the pure logic as S4. The calculus
does not assume unrestricted Cut, so we cannot simply import the derivations that connect the
characteristic 54 axioms. This issue matters for modal sequent systems, where the treatment

16Both sequents survive arbitrary added local and persistent contexts. Theorem C.4 separately proves equality
of closed derivability, without inferring it by Cut. The fixed-domain assumption carries the corresponding Barcan
commitments. No varying-domain semantics or unrestricted substitution of interderivable formulas is claimed.
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of retained assumptions can affect completeness even when the familiar modal principles are
available (Fjellstad, 2026). The required theorem concerns the whole consequence relation:

Pure S4. In the calculus specified in Section 5.4, if I(E, D) holds exactly when EN D #
&, the derivable finite propositional modal sequents are exactly those valid in S4.

No extra Weakening or Cut is needed for this result. Containment is itself monotonic, and
material monotonicity lifts to admissibility of Weakening throughout the construction. In the
pure case, the additional joint premises of the Boolean rules become redundant, and the all-
context modal tests can be supplied from their empty local case. Together with the persistent
treatment of boxed assertions, this yields the modal rules needed for S4. Appendix D proves
completeness by deriving the rules of the standard cut-free S4 sequent calculus, without assuming
Cut. Soundness interprets persistent assertions as boxed antecedents and persistent denials as
denied possibilities.!”

Every pure 54 validity also remains derivable over every allowed material base, with arbitrary
added contexts. Its warrant rests on Containment, which all the bases include. Thus the material
extension preserves the stable inferential role of the logical vocabulary even when the added
material inferences are defeasible.

6.2 The scope of further suppositions

The S4 result also identifies a limit of the proposed inferential role. Restall’s S5 rules allow
necessities to act between any of the relevant alternative components. Our contexts have a
directed organization: a persistent commitment governs the position where it is undertaken and
the tests opened from it. A necessity assumed inside a further test does not thereby govern the
originating position. Symmetry between assertion and denial does not settle this difference in the
scope of suppositions.

A concrete consequence is that the pure calculus does not derive
p = OOp.

The inference is valid in S5. It says that if p holds, its possibility survives every modal variation.
Its attraction is clear: whatever else might have been the case, the present p-situation still seems to
be one way things could have been. That reasoning treats the originating situation as an available
alternative from the further situation. Our rules do not in general preserve it in that role. When
we test the necessity of p, the original local assertion of p is set aside. A subsequent test of p’s
possibility has no permission to recover it from the originating position.'®

The expressivist aim so far established does not require that additional permission. Forward
persistence suffices to articulate the stability of a material inference and to distinguish it from

7The theorem concerns finite propositional modal end-sequents, even when their proofs use the full language in
intermediate positions. It yields semantic admissibility of both Cut rules in that pure fragment, not a height-preserving
cut-elimination theorem. It does not identify the entire infinitary first-order relation with a standard quantified modal
logic.

18For an explicit 54 countermodel, take two worlds w, v, with reflexive accessibility and wRv but not vRw. Make p
true only at w. At v, Op is false, so OOp is false at w despite p. Theorem D.3 therefore establishes underivability. On
symmetric frames the originating p-world is accessible from each of its alternatives, which validates the sequent.
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an ordinary universal. I adopt that discipline here. It does not follow that S4 captures every
commitment of unrestricted metaphysical necessity. Someone who regards the original situation as
necessarily remaining available has a reason to demand a stronger account of inter-suppositional
scope. The present proposal makes that demand identifiable: it concerns how suppositions are
related, beyond the requirement that a necessary connection survive every collateral test. The
calculus’s 54 adequacy establishes the consequences of the adopted discipline; it does not settle
that further philosophical question.

6.3 Structural principles and material warrants

What happens if we add the structural rules to the calculus as a whole? Adding Weakening and
Cut leaves the pure finite propositional modal fragment exactly S4. It can nevertheless change
the material extension substantially. Weakening suppresses defeat, and Cut permits composition
of material warrants whose composite the base may withhold. In that extension, even material
theorems become necessitable once Weakening supplies every contextual test. The structural
result therefore tells us which familiar modal logic we obtain, while also showing what is lost if
its structural discipline is imposed on all material inference.

One consequence deserves particular attention. Consider a monotonic but nontransitive
material base that makes both p > g and q > r stable while withholding p > r. Atomic
conservation and the closed-box characterization require

-0(p—9q), =0(g—r), #O(p —r).

The two necessary links are separately derivable, yet their composite is not. By contrast, the
logical sequent
O(p —q),0(q = 7) = 0Olp = 1)

is derivable: with the two boxed conditionals explicitly retained, every test of the composite has
the conditional contents available persistently.

The difference is exactly the permission supplied by Cut. The last sequent establishes what
can be maintained alongside the explicit boxed premises. To eliminate those premises using their
separate material warrants would require a further structural principle. Stability alone does not
supply it. Consequently, the box expresses immunity to added collateral information, not every
structural property that one might associate with an idealized notion of consequence.

An inferentialist who requires all stable material warrants to compose must restrict the bases
accordingly or adopt a stronger calculus. That is a principled alternative. What cannot be done
is to preserve arbitrary nontransitive material relations exactly while retaining the closed-box
characterization and requiring their boxed explications to compose freely as closed theorems.
The distinction between warranted assertions and explicit premises, already present in the
propositional account, remains consequential at the modal level.
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7 Conclusion

An inferentialist account of logical vocabulary must make its rules intelligible as norms of
reasoning. The quantifiers express the generality of a commitment through the contributions of its
instances. Necessity concerns how a commitment governs reasoning under further suppositions.
Keeping track of those suppositions lets us see why the stability of an assumption’s support
for itself does not establish its necessity, and why an inference that holds without defeating
information need not remain good when that information is supplied. The proof theory gives
these distinctions an exact expression.

We can therefore distinguish two ways of making the red—colored connection explicit. The
universal states that everything red is colored. Asserting that the connection is necessary gives
it the further significance of governing reasoning throughout the relevant suppositions. The
scope of the commitment is thereby made explicit without changing the material norms by which
its consequences are assessed. We can now state and assess a general inferential connection,
distinguish it from a merely exceptionless pattern, and make its proposed necessity itself a subject
of rational assessment. That is the expressive advance an inferentialist account should explain.
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A The calculus and its basic properties

We prove the results for the language, base, and complete proof specification given in the body. For
a sequent s, let N (s) be the set of its complete resolutions as defined in Section 5.4. A resolution
is written r = (E, D; L, M; U, V) as in (29); E, D are atomic, while L, M, U, V are sets of sentences.
Write L for the set of all sentences. No Weakening or Cut is assumed.

A.1 Decomposition and Containment

Lemma A.1 (Decomposition). Every Boolean rule, every ordinary quantifier rule, LU, and RO is
invertible. For a Boolean or quantifier rule with conclusion s and premises s;,

N(S) = UN(SZ)

The local-availability rules (20)—(21), the transfer rules LU, RO, and the unpacking equivalence (25) have
identical resolution families on both sides.

Proof. First observe that the resolutions of any one stance are closed under nonempty compo-
nentwise unions. Induct on the formula: unite the selections at a choice clause and unite the
component resolutions at an all-components clause. The atomic and modal clauses preserve the
property. It follows that resolving a repeated stance any positive number of times gives the same
possibilities as resolving it once.

The expansion clauses now give the displayed identity. For example, a denied conjunction
contributes a denial of its first conjunct, its second, or both: exactly the three RA premises. A
denied universal contributes exactly one of the nonempty instance sets indexing RV. The other
Boolean and quantifier cases are the same readings of their expansion clauses. The union property
handles overlapping contexts and repeated instances. An asserted box supplies precisely a
persistent assertion of its body together with its local expansion; the dual observation applies
to a denied diamond. This also proves unpacking. Local availability does not change either
the retained contexts or the unions of stances to be expanded, so it leaves the resolution family
unchanged.

Restrict a proof’s closure subtrees to the records of any premise to obtain a proof of that
premise. Conversely, the premise proofs together close every conclusion record. Restricting these
subtrees does not increase proof height. No Cut is involved. O

Lemma A.2 (Formula Containment). Every row that both asserts and denies A, in either scope, is
derivable. A record also closes whenever LNV # @or MNU # @.

Proof. Induct on A. Opposing atomic stances close by Containment. For a Boolean or quantified
formula, the all-components expansion opposes at least one component selected by the other
expansion; apply induction to that component. For [IB, the assertion stores B and the denial
requests it. Testing that request produces opposing stances towards B in every premise, so
induction applies to the strictly simpler B. The diamond case is dual. Additional contributions
cannot remove this particular conflict. Finally, any store-request match on B closes by testing it
and using the formula Containment just proved. O
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A.2 Possibility as a defined operator

Proposition A.3 (Modal duality). Replacing O A by ~UJ—A, at any occurrences, preserves derivability,
including inside persistent contexts. A persistent denial of A can likewise be replaced by a persistent
assertion of = A.

Proof. Here is a direct way to compare the proofs. Recursively expand diamonds in every formula.
In each record, encode its persistent denials as asserted negations, and its possibility challenges as
necessity challenges to negations. Thus the stored and challenged formulas become, respectively,

L*U{-B*:Be M}, V*U{-B*:BelU},

where * denotes recursive diamond expansion; E, D are unchanged. Applying the expansion
clauses before or after this encoding gives the same records. In particular, denying ¢B and
asserting (1B both contribute a local denial of B and the same encoded persistent commitment.

A possibility test with B asserted becomes a necessity test with =B denied. Their local ex-
pansions are identical by negation inversion. Base is unchanged. Consequently well-founded
induction translates closure proofs in both directions: in the reverse direction, choose an originat-
ing challenge whenever encodings coincide. At each test the induction uses its proper child proofs.
The same comparison applies recursively to stored formulas, so it covers embedded occurrences
as well as outermost diamonds. It proves the final persistent-negation equivalence too, without a
substitution principle or Cut. O

B Conservation and ordinary quantification

Theorem B.1 (Conservation and scope erasure). Atomic derivability agrees exactly with I. Finite
nonmodal quantifier-free derivability agrees with NMMS. The modal extension conserves the entire
simultaneously resolved nonmodal calculus. Moreover, when every formula is nonmodal,

AN, T =AM 0 = AT >AQ.
In particular an entirely atomic row is derivable exactly when I(AUT, AU Q).

Proof. Nonmodal expansions generate no modal challenges, so only Base can close their records.
Persistent nonmodal formulas are locally expanded exactly as ordinary assumptions; their stores
do no further work. This proves scope erasure and modal conservation. An atomic row has just
the stated atomic pair, proving exact atomic conservation. For a finite Boolean sequent, ordinary
backward application of the NMMS rules terminates and produces exactly the records specified
by complete resolution. Closing these leaves is therefore equivalent to an NMMS proof. O

Simultaneous expansion is a genuine convention, not an admissibility result for sequential
decomposition on infinite contexts. For example, let the only material leaf beyond Containment
be {b; : i € N} = {f; : i € N}, with all atoms distinct. Simultaneous expansion proves
= {b; — fi : i € N}. Sequential decomposition leaves infinitely many conditionals after every
finite number of steps, so never reaches a leaf.
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Theorem B.2 (Classical adequacy). Over pure Containment, a nonmodal ordinary sequent is derivable
exactly when valid in classical models whose domain is covered by the names. If N is infinite and the
sequent is finite, this is equivalent to ordinary first-order validity over nonempty domains.

Proof. In a full-name model, a position is realized when all its assertions are true and all its
denials false. Complete resolution has two elementary properties: every realized record realizes
its original position, and every realized position has a realized record. Induct on formulas. All-
components clauses require all their contributions; choice clauses permit a true disjunct or a false
conjunct as a singleton choice. Full naming supplies the witness for a true existential or false
universal. The choices combine across the context.

If every atomic record clashes, no model realizes the position. If some record does not clash,
take domain N, interpret each name as itself, and assign ground predicates to make its asserted
atoms true and its denied atoms false. Complete the remaining assignments arbitrarily. This
realizes the record and hence the original position, giving a countermodel.

Finally, an ordinary countermodel to a finite sequent has a countable elementary submodel.
Infinitely many names are absent from the sequent; reinterpret those names to cover this sub-
model, preserving the sequent’s truth values. Thus an ordinary countermodel yields a full-name
countermodel. The converse is immediate. O

The qualifications matter. With finitely many names, only full-name adequacy is claimed. For
infinite sequents, even infinitely many names do not remove the restriction: 3xP(x) > {P(c) :
¢ € N} holds here but can fail in a model with an unnamed P-object.

Proposition B.3 (Independent instance bundles). Every nonempty bundle in RV for P(x) is indepen-
dently necessary over arbitrary bases; dually for L3.

Proof. Fix nonempty X, C N. Add to Containment exactly the leaves > {P(c) : ¢ € X} for
nonempty X # X.. Every retained premise holds, but the omitted one fails by atomic conservation.
Inversion therefore prevents > VxP(x). Interchanging assertion and denial proves the dual. [

Universal instantiation follows from Containment: the asserted universal supplies the denied
instance. Vacuous quantifiers make exactly the contribution of their body, by the union observation
in Lemma A.1. The two motivating counterexamples are equally short. Containment plus the
single leaf g >~ W(s) leaves g > W(c) open for ¢ # s, blocking generalization. With two names,
Containment plus E(a) > T leaves E(a), E(b) > T open, blocking its replacement by VxE(x) > T.

C Stability and modal expression

One proof transformation supplies the substantive connection between atomic tests and arbitrary
collateral formulas.
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Lemma C.1 (Uniform lifting). If A; I, E = A, D; Q) is derivable for every atomic E, D, then, for all
formula contexts N/, ©,E, (Y,
AAN;T,0=AE; 0,0

is derivable.

Proof. Choose proofs Pg,p and induct on a = sup ,,(h(Pg,p) + 1), where h(P) = sup{h(Q) +1:
Q is an immediate subproof of P} and a Base leaf has height zero. Ordinal heights allow arbitrary
well-founded trees.

Each target record is an original record together with contributions from the added contexts.
Let e, d be the added atomic contributions. In P, 4, the corresponding record has exactly the same
atomic pair as the target. If its closure uses Base, so does the target. Otherwise it selects a modal
challenge. The family of its test subproofs has uniform height strictly below a. Apply induction
to that family, adding the target’s extra persistent commitments. This supplies every test needed
for the same challenge with the target’s full stores. Hence that challenge closes the target record.
All target records close. The argument never weakens a material leaf. O

Corollary C.2 (Modal introduction and stability). The rules RU, LO in the body are admissible. In a
proper base,

~0A <= (VE,DC Lg)E>AD,
-0(A—B) <= (VE,DC Lyg)E A>B,D.

In both equivalences, the additional contexts can equivalently range over arbitrary sentences. Dually,
QA > holds exactly when every E, A > D holds.

Proof. Each resolution of an RUJ conclusion has the requested body in V. Its stores may exceed
the displayed persistent contexts because side formulas can contribute further commitments.
Uniform lifting adds those commitments to the given test family. Test and resolution then prove
the conclusion. The L) argument is dual.

The closed sequent > [JA has just one record, with empty atomic components and stores and
sole challenge A € V. Properness excludes Base, leaving exactly the displayed tests. Conditional
inversion proves the second equivalence; uniform lifting replaces atomic additions by arbitrary
formula additions. The possibility claim uses the sole challenge A € U. Without properness, each
closed characterization has the additional disjunct I(&, @). O

Proposition C.3 (Local reset). For a proper base, nonmodal I', A, and any sentence A,
I -AOA << (I'>Aor =0A).

Proof. Each resolution of I > A has no stores or challenges. Adding the denied box adds the same
sole challenge to each record. Thus each closes by its original Base condition or by one common
test condition, independent of the record. All close exactly when all the original records close or
that common condition holds. O
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Theorem C.4 (Modal principles and quantified scope). The T, K, 4 sequents (33)—(35) and both scope
sequents (32) hold with arbitrary added local and persistent contexts. Moreover,

> VxOA(x) << > 0OvxA(x).
Every ordinary classical finite validity is stable, and every ordinary classical theorem has a boxed theorem.

Proof. For T, the asserted box supplies its body locally, opposing its denial. For K, the boxes retain
A — Band A. Every test denying B closes: the conditional contributes denial of A, assertion of B,
or both. For 4, retaining A answers every subsequent request for A, including inside the test of
UA. Formula Containment supplies each closure; arbitrary collateral contributions leave these
conflicts intact.

For VxOA(x) = OVxA(x), the antecedent stores every instance. Each denial bundle in the
universal test therefore opposes a retained instance. Conversely, [VxA(x) stores the universal.
Any resolution of the denied Vx[JA (x) requests at least one instance; test that instance against the
retained universal. These arguments also tolerate arbitrary collateral contexts.

Closed derivability needs its own argument, since Cut is unavailable. In a proper base,
singleton resolutions of > Vx[JA(x) require each instance to be stable; stable instances conversely
close every nonempty request bundle. Stability of VxA(x) likewise implies instance stability
by inversion. Conversely, in any nonempty denial bundle, choose one stable instance and use
uniform lifting to add the other denials. This proves the universal’s stability and hence the
displayed equivalence. In an improper base both closed formulas have records closed by I(@, @).

Finally, each resolution of an ordinary classical validity has an atomic clash, by Theorem B.2.
Atomic additions preserve the clash, and uniform lifting gives all further contexts. The closed-box
characterization then supplies the box of each theorem. O

D The pure modal fragment is S4

The 54 proof needs only inherited Weakening and a comparison with the standard cut-free sequent
calculus.

Lemma D.1 (Inherited Weakening). If I is monotonic, adding formulas to any of the four contexts
preserves derivability. In particular this holds over pure Containment.

Proof. Induct simultaneously on row proofs and record-closure proofs. An enlarged record still
closes by Base when its original closes by Base, using monotonicity. If the original record closes
by a test, retain the same challenge and apply induction to add the extra persistent commitments
in each test premise. Every resolution of an enlarged row contains a resolution of the original
row, so these transformed closure proofs prove the enlarged row. The transformation does not
increase proof height. Conversely, atomic conservation shows that unrestricted local Weakening
requires monotonicity of I. [
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Proposition D.2 (Empty tests). Over a monotonic base, the all-context test family in RO or L is
equivalent to its empty atomic case.

Proof. The empty case is among the premises; inherited Weakening supplies all the others from: it.
For failure over arbitrary bases, take Containment plus the single leaf - p. Then > p holds but
q = p fails for a distinct atom ¢, so > Up fails. ]

Theorem D.3 (Pure S4). Over I(E, D) iff EN D # @, the derivable finite ordinary propositional modal
sequents are exactly the S4-valid sequents. This remains true if Weakening and Cut are explicitly adjoined,
even allowing infinite contexts and quantified formulas in intermediate steps.

Proof. Completeness. Inherited Weakening supplies the extra joint premise of each NMMS Boolean
rule. Thus the ordinary classical Boolean rules are admissible. The following four modal rules are
admissible too:

[ADA-A | T'-AAO0A
[,OA = A rets I-AOA
OA = A, 00

UOA, T > A 0A, 0O

OA, A > OQ
OA,T,0A = A, 00

R<>retr

ROy,

LOs.

The first two have identical resolution families above and below: a positive box already contributes
its body, and a negative diamond already contributes its denied body. For the last two, unpack the
modal side formulas into persistent contexts, supply every test from the empty case by Weakening,
apply RO or L, and unpack again.

These are the standard cut-free S4 sequent rules, together with the classical Boolean rules
and atomic identity; see Troelstra and Schwichtenberg (2000, §9.1). Their cut-free completeness
therefore translates every finite S4-valid sequent into a proof here. This uses no admissibility of
Cut for the material calculus.

Soundness. Interpret a row at a world by requiring LA, T true and A, Q) false. Interpret
a record by requiring E,UJL, QU true and D, OM, IV false. On a reflexive, transitive frame,
every realized row has a realized resolution: choose a realized alternative at each choice clause;
reflexivity makes persistent contents locally active. Containment closes no realized record. A
denied [JA or asserted (A has a witnessing successor. Transitivity carries [JL and the falsity of
QM to that successor, which realizes the selected test’s empty-atomic premise. Thus no realized
record has a valid test closure. Well-founded induction proves soundness.

To cover quantified and infinitary intermediate rows, use constant domains fully covered
by rigid names. The quantifier expansion clauses have the usual truth conditions in those
models. Every propositional Kripke valuation extends to such a model by taking domain N,
interpreting names as themselves, and interpreting ground predicates according to the valuation.
Hence soundness still excludes every propositional S4 countermodel. Weakening and either
Cut rule preserve validity under the same interpretation, so adjoining them adds no finite pure
propositional consequences. Completeness gives the converse inclusion. O
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Corollary D.4 (Stable logical validity). Both Cuts are admissible in the finite pure propositional modal
fragment, including finite enriched rows. Every finite S4-valid sequent is derivable over every allowed
material base with arbitrary added contexts.

Proof. Cut preserves validity, so pure completeness gives its admissibility; use unpacking for
enriched rows. For stability, prove the sequent over pure Containment and add the desired
contexts by inherited Weakening. Every leaf of that proof remains available in every allowed
base. ]

This is semantic admissibility of Cut, not a height-preserving cut-elimination theorem. Nor is
the pure system S5: on the reflexive two-world frame with wRv and no return edge, make p true
only at w. Then p > OOp fails at w.

E The material examples and structural limits

Proposition E.1 (Generality without necessity). The base (13) has
>~ Vx(Hx — Kx), J(a) %# Vx(Hx — Kx), % VxO(Hx — Kx).

It can also support a necessary red—colored connection. The retained-universal inference (14) holds over
every base.

Proof. Each negative resolution of the ordinary universal supplies a nonempty bundle of heart
assertions and corresponding kidney denials, without surgery assertions. The base closes every
bundle. Adding J(a) leaves the singleton bundle H(a), J(a) > K(a) open. That same position
defeats the test of H(a) — K(a), so the universal of boxes has an unsuccessful singleton request.

An asserted universal, however, supplies its conditional instance at 4. That instance contributes
denial of H(a) or assertion of K(a), or both; each conflicts with the retained H(a) and denied
K(a). This proves (14) in arbitrary contexts. Adding stable red—colored licenses closes every
corresponding boxed-conditional test and hence their universal. It leaves the displayed heart—
kidney counterpositions open because they contain no red or colored atoms. O

For the scope examples, take
I(E,D) <= END#@or[reEceD]or[beE feD,p¢E|.

Both local and persistent r support local ¢, and persistent b supports local f. Adding p defeats the
latter, by atomic scope erasure. Local r does not support Llc: its sole modal test family includes the
open > c. Persistent r does support Uc, since every test retains r. Persistent b does not support LIf,
since the test asserting p remains open. Dually, Or > c fails because its possibility test includes
the open r >; a persistent denial of c instead closes every such test by the red—colored license.

These are exactly the contrasts in Section 5.
For clarity, the two Cut rules at issue are
Ir-ANA T,A>-A r-ANA AO>-E
= A Shared-Context Cut, O~ AL Mixed Cut.

For enriched rows, the two persistent contexts are held fixed across the premises and conclusion.
When Weakening is available, differing persistent contexts can first be united.

30



Proposition E.2 (Structural limits). Weakening, both Cuts, and necessitation of arbitrary material
theorems fail in general. Restricting Cut to stable premises, or to eliminating a boxed theorem, does not

suffice.
Proof. Weakening fails at H(a) > K(a) versus H(a), J(a) % K(a). For Cut take the monotonic base

I(E,D) <= END #@or[pcEgeD]or[geEreD].

Mixed Cut has premises p > g and g > r but false conclusion p > r. Shared-Context Cut has
premises p >~ q,r and p,q > r with that same false conclusion. All these premises are stable
by inherited Weakening. The closed-box characterization consequently gives > O(p — g) and
>~ (g — r) butnot = O(p — r). The inference with both boxed conditionals as explicit premises
remains valid by the stable 54 result.

Containment plus just > p refutes necessitation, as in Proposition D.2. Pure Containment
refutes p > Up: its atomic position is open, and its only challenge requires the open > p.

Finally, take I(E, D) iff Containment holds or p € D or [p € E,q € D]. All tests of p close, so
= Up; and Op > g closes by its local p contribution. But > g is an open atomic position. Thus
even elimination of a boxed theorem can violate conservation. O

If structural rules are explicitly added, Weakening supplies every modal test from its empty
case, including for newly obtained proofs. In particular every closed material theorem becomes
necessitable. The resulting material changes coexist with the pure 5S4 conservativity established
above.
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