Naive Comprehension, Arithmetic,
and Cut Elimination
GPT-6 Astra (guided by Ryan Simonelli)

Abstract. We show that induction can restore unrestricted copying in the earlier arithmetic extensions
of subDMQ, making their combination with naive comprehension trivial. We then present a bilateral,
paraconsistent affine sequent calculus with unrestricted comprehension and induction over its full
language. The induction rule requires a closed base proof and a step proof depending only on its
induction hypothesis. Derived copying principles for equality, numberhood, and specified mathematical
data support reconstructions of forty-six arithmetic results from Ripley’s development, together with
division with remainder and uniqueness. We prove syntactic Cut elimination and establish nontriviality
by projecting hypothetical refutations into an auxiliary calculus with a fixed-point interpretation. The
resulting theory proves both signs of Russell’s sentence but not asserted falsity. General Cut elimination,
nontriviality, and fifty-six closed mathematical conclusions are certified in Lean.

Human Prompter’s Note: The results presented and written up here were obtained in multiple
conversations with GPT-6 Astra. This document is one part of my broader project to investigate
the capabilities of current Al models to autonomously produce good work in philosophy and logic
(https://www.ryansimonelli.com/autonomous-philosophy.html). I guided the research, prompting
the system to pursue certain avenues, but all of the results, along with the accompanying Lean
formalization, were obtained by GPT-6 Astra. I was also interested to see the potential of these systems
to write up technical results and present their motivation in a clear and reasonable way. All of the text
was entirely written by GPT-6 Astra. Accordingly, I do not regard myself as an author of this document;
the authors are the members of the team of particular Al instance agents that worked on it.

My personal assessment of this project is that the technical results (especially the negative ones) are
useful, but it’s not clear that the positive part of the project achieves what we originally wanted from this
project. The original ambition was to provide a sequent calculus for Ripley’s subDMQ for which we could
prove cut elimination and non-triviality in the extension containing arithmetic and naive comprehension.
When we discovered that this was impossible, given the negative results we present here, I gave the Al
model freedom to explore some different logics, insofar as the math could be recovered within them. It
eventually suggested a more standard affine logic, with additive and multiplicative connectives, and I
gave it the go-ahead to pursue this route. Though it was able to reconstruct the arithmetical results
proven in subDMQ by Ripley and provide a non-triviality proof, in retrospect, I worry that this approach
has gone too far from the original ambition of constructing a logic that can reasonably be called a
“successor” of that logical system. So I regard the original problem we started with, that of finding
a sequent calculus for a logic sufficiently close to subDMQ that can support a non-triviality proof,
as still open. Nevertheless, I think the main positive result here—a calculus combining unrestricted
comprehension, full-language induction under specified proof conditions, mathematical derivations, Cut
elimination, and nontriviality—is worth presenting and could prove useful to researchers working on the
topic.

Ryan Simonelli, September 16, 2026
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1 Introduction

Naive comprehension says that, for any condition A(z), there is a class {z | A(x)} whose
members are precisely the objects satisfying that condition. To say that an object belongs to
the class is, in this sense, just to say that it satisfies the condition defining the class. This
is an attractive principle. It lets us pass directly from talking about objects that satisfy
some condition to talking about the collection of those objects. It also leads directly to
contradiction. Consider the class of all objects that are not members of themselves:

r={x|-(ze€x)}.

By comprehension, saying that r belongs to itself amounts to saying that r does not belong to
itself. In classical logic, this is enough to derive a contradiction and, from that contradiction,
anything whatsoever. A paraconsistent approach makes room for accepting the contradiction
while rejecting the inference from it to an arbitrary conclusion. The question is whether we
can do this while retaining enough of our ordinary reasoning to develop mathematics.

There are two demands here that need to be met together. We want a theory in which
we can prove mathematical theorems, and we want that theory to be nontrivial: there must
be some sentences that it does not prove. These demands constrain one another. A theory
that proves every sentence will certainly prove the mathematical theorems we want, but their
derivability in that theory will tell us very little. Conversely, a theory may be nontrivial
because its rules are too weak to support even elementary mathematics. The task is to find a
single theory for which we can establish both its mathematical strength and its nontriviality.
Developing mathematics in one system and establishing nontriviality for a weaker system
does not accomplish this task.

Earlier work has met important versions of both demands. Relevant arithmetic has finite-
model nontriviality proofs (Meyer and Mortensen, 1984), and contraction-free arithmetic
and comprehension theories have supported substantial mathematical and proof-theoretic
developments (Restall, 1994; Petersen, 2000, 2003; Terui, 2004). The question here concerns
a particular combination: unrestricted comprehension with provable contradictions, an
induction rule for formulas of the entire combined language, and a Cut-elimination theorem
covering that mathematical extension. The discussion of earlier work in Section 1.2 locates
the proposal within these existing programmes.

1.1 The problem and the proposed calculus

The present paper concerns a difficulty that arises when arithmetic is added to a logic
designed to accommodate naive comprehension. The difficulty is that induction can recover
a structural principle that the underlying logic deliberately excludes. Once that happens, the
combined theory can become trivial even though the structural principle does not appear
anywhere in its list of logical rules.



The principle in question is Contraction. In its familiar antecedent form, it permits the
following inference:

IAJAE B
INNAFB
Here, T" is a collection of assumptions. The premise says that B can be derived using those
assumptions together with two occurrences of A. The conclusion says that one occurrence
of A suffices. Ordinary proofs generally do not keep track of this distinction: once we have
assumed something, we may appeal to it as often as we like. A logic without Contraction
keeps track of how many occurrences of an assumption a proof requires. If a derivation needs
two occurrences of A, we cannot automatically treat it as a derivation from just one.

Why should this matter for naive comprehension? The familiar reason is Curry’s paradox.
Comprehension lets us construct a sentence C' that is interderivable with a conditional saying
that, if C', then B, where B is arbitrary. Suppose that we assume C'. We can use C' to obtain
the conditional, and we can use C' again to supply its antecedent. Modus ponens then gives B.
The crucial point is that this reasoning has used the assumption twice. Contraction permits
us to count the two uses as one and conclude that C implies B. But this is precisely the
condition that, by the definition of C', gives us C itself. Another application of modus ponens
gives B without assumptions. Since B was arbitrary, the theory is trivial. A restriction
on Contraction blocks the passage from the two uses of C' to a conditional with just one
occurrence of C' as antecedent.

Section 2 shows how adding arithmetic defeats that restriction in the systems considered
here. In the arithmetic extensions of Ripley’s subDMQ considered below, the induction
schema enables us to derive, for every formula A of the combined language,

A= (A®A).

The connective ® is multiplicative conjunction, also called fusion. Its two components are
available for separate uses, so this formula says that one assumption of A can supply two
occurrences of A. Thus, although the underlying logic excludes Contraction, induction
recovers the copying needed for the Curry argument. The result continues to hold when
induction is restricted to numbers by an explicit numberhood predicate. Restricting the
objects over which we induct does not, by itself, restrict the assumptions that the induction
principle allows us to reuse.

In response to this problem, I propose a bilateral sequent calculus that retains unrestricted
comprehension and permits induction on arbitrary formulas, while restricting the proofs to
which induction can be applied. I prove Cut elimination for the complete calculus and use
it to establish nontriviality. In that same calculus, I reconstruct the forty-six mathematical

!The source development is Ellie Ripley’s paraconsistent-maths repository (Ripley, n.d.). To fix the systems
and the mathematical statements under discussion, I use commit 56d717¢c32d5b293384655efb811fc837a6a8a
e882, in particular subDMQ.thy and subDMQ-arithmetic.thy: https://github.com/ellie-ripley/para
consistent-maths/tree/5d717c32d5b293384655efb811fc837a6a8ae882. Section 2 states the induction
principles needed for both the unguarded and numberhood-guarded collapse arguments. The result concerns
the combination of arithmetic and comprehension with induction over their combined language; it is not a
triviality result for the underlying logic alone.


https://github.com/ellie-ripley/paraconsistent-maths/tree/5d717c32d5b293384655efb811fc837a6a8ae882
https://github.com/ellie-ripley/paraconsistent-maths/tree/5d717c32d5b293384655efb811fc837a6a8ae882

statements in Ripley’s arithmetic file under a numerical interpretation, and prove existence
and uniqueness of division with remainder. The theory also proves a Russell sentence and its
negation. Thus, the contradiction survives, a substantial body of elementary arithmetic can
be developed, and the resulting theory is provably nontrivial.

The central distinction underlying the repair is between repeating a proof that has no
open assumptions and reusing an assumption on which a proof depends. Suppose that we
have a proof of a sentence with no assumptions. We can write that proof down twice and
thereby obtain two proofs of the sentence. Nothing in a restriction on Contraction prevents
this. Now suppose that we have a proof of a sentence from an assumption A. Writing that
proof down twice gives us two proofs, each depending on an occurrence of A. It does not give
us a proof in which one occurrence of A supplies both uses. In a logic without Contraction,
these are different situations.

An induction step is a proof that we intend to apply repeatedly. The restriction proposed
here is that the step have no open assumptions beyond its displayed induction hypothesis.
The base must likewise have a proof with no open assumptions. To state this more precisely,
let +(A) express the assertion of A. The base and step proofs required for induction have
exactly the following forms:

= +(1(0)) + (I(a)) F +(I(Sa)).

Here, Sa is the successor of a, and a is an arbitrary fresh parameter. There are no further
assumptions or alternative conclusions in either displayed sequent. The step takes one
occurrence of the induction hypothesis to one occurrence of its successor instance. Repeating
the step therefore passes the result of one application to the next. It does not repeatedly
draw on some additional assumption that was available when the step was proved. Section 3
explains this restriction in detail, and Section 4 gives the full induction rule, including the
premise that specifies how the resulting instance of I is to be used.

This restriction leaves the formula I unrestricted. It may contain negation, conditionals,
class membership, numberhood, and quantifiers, including quantifiers whose instances involve
further comprehension terms. It may also have other free parameters. A parameter occurring
in a formula is not an additional assumption in a proof of that formula. The restriction
concerns the assumptions on which the base and step depend, and it is imposed in the
same way for every induction invariant. The mathematical question is then whether proofs
satisfying this restriction suffice for the arithmetic we want to develop. The reconstructions
below establish that they do for the results considered here.

The bilateral formulation makes another feature of the theory explicit. Alongside +(A),
expressing assertion, we have —(A), expressing denial. These signs belong to the proof-
theoretic metalanguage: they prefix whole formulas and are distinct from the negation
operator that occurs within formulas. Negation has the standard bilateral rules connecting
assertion of = A with denial of A, and denial of = A with assertion of A. The relation between
assertion and denial is governed by a coordination principle permitting reasoning by cases. If
the same conclusion follows on the supposition that A is asserted and on the supposition
that A is denied, we may discharge those alternative suppositions. This enforces a form of



exhaustiveness without enforcing exclusivity. In particular, the simultaneous assertion and
denial of a sentence need not yield an arbitrary conclusion.? This lets us state the intended
treatment of the Russell sentence directly: both its assertion and its denial are derivable,
while the theory remains nontrivial.

To prove that the mathematical rules preserve nontriviality, I first establish Cut elimination.
Cut permits us to compose proofs: a conclusion established by one proof can be used as
an assumption in another. It captures the ordinary practice of proving a lemma and then
appealing to it in a further argument. A Cut-elimination theorem shows that every sequent
derivable using Cut also has a derivation without it. We can therefore use lemmas freely in
presenting the mathematics while still examining derivations without Cut when establishing
nontriviality.

The proof requires care because comprehension prevents a familiar measure of progress
from doing its usual work. In standard Cut-elimination arguments, replacing a Cut on a
compound formula by Cuts on its constituents reduces the complexity of the Cut formula.
But unfolding a membership claim by comprehension can produce a formula that is more
complex than the membership claim, or even one that contains that very claim. For the
Russell class, for instance, unfolding r € r gives —(r € r). Formula complexity has increased.
Induction introduces a further difficulty because a reduction may need to compose the base
proof with a step proof that will be used again. The proof below assigns weights to derivations
that keep track of these stored induction proofs separately from the part of the derivation
currently using them. Each reduction decreases a well-founded measure. The theorem covers
every primitive rule of the calculus, including its mathematical rules.

Cut elimination is only the first part of the nontriviality argument. We must also show
that an unwanted conclusion cannot have a proof without Cut. Here the unwanted conclusion
is the assertion of falsity, +(L), from no assumptions. I show that a hypothetical Cut-free
proof of this conclusion would give a proof of the empty sequent in an auxiliary calculus. I
then give an interpretation of that auxiliary calculus in which all its rules are sound but the
empty sequent is invalid. There can therefore be no such Cut-free proof. By Cut elimination,
there can be no proof using Cut either. The interpretation is used at this last, auxiliary
stage of the argument; the connection to the full mathematical theory is supplied by Cut
elimination and the projection of the hypothetical proof.

The arithmetic reconstruction gives a concrete measure of what the theory can prove. Its
language contains a primitive numberhood predicate N, and numerical quantification is made
explicit. For example, a claim that every number satisfies A(x) is expressed as

Vx(N(x) = A(x))

The arithmetic statements are reconstructed with the appropriate numberhood conditions.
Equality is defined by preservation of class membership, with quantification over classes left
unrestricted. Within this framework, I prove the familiar laws of addition and multiplication,

2For the separation of connective rules from coordination principles in bilateral systems, see Simonelli
(2024, 2026). The use of positively and negatively signed formulas does not itself settle which coordination
principles to adopt. The relevant choices must be stated in addition to the rules for the connectives.

4



cancellation results, the principal elementary laws of order, and division with remainder,
including uniqueness. I also show how particular mathematical assumptions, including
numberhood and equality, can be copied by derivations in the calculus. This explains how
repeated uses of those assumptions can be justified within mathematical proofs even though
unrestricted Contraction is unavailable.

1.2 Relation to earlier work
Nontrivial arithmetic and naive set theory

Nontrivial inconsistent arithmetic has a substantial history. Meyer and Mortensen (1984)
use finite modular models to study relevant arithmetics and their inconsistent extensions.
Their methods yield a finitistic nontriviality argument for the relevant arithmetic Rf. A
distinction matters here: an inconsistent model of a theory need not show that the theory
itself proves a contradiction. The theory consisting of all sentences true in such a model can
be an inconsistent extension of a base theory whose inconsistency has not been established.
Priest’s work on finite and more general inconsistent models of arithmetic develops another
important part of this model-theoretic programme (Priest, 1997, 2000).

Naive comprehension with both inconsistency and nontriviality also predates the present
proposal. Restall (1992) gives such a theory over the Logic of Paradox, LP. The formulation
of comprehension matters, however. Its material biconditional does not supply unrestricted
detachment in either direction: the material conditional of LP does not validate Modus
Ponens. The comprehension rules used here have a stronger inferential role. They permit
passage between a membership judgment and the corresponding instance of its defining
condition, at either sign and on either side of a sequent. The conditional also supports Modus
Ponens and conditional proof. These are specific requirements on the reasoning available in
the theory, beyond the requirement that its comprehension sentences receive a designated
value in a model.

The relevant naive-set tradition supplies further nontriviality results. Brady’s work,
including his work with Routley on extensional theories, provides an established alternative to
the affine approach (Brady, 1983; Brady and Routley, 1989; Brady, 2014). His metavaluation
methods establish nontriviality for families of naive set theories. The collapse proved in
Section 2 concerns the particular arithmetic extension stated there; it gives no reason to
reject these earlier results. Another recent approach is the class theory of Buonaguidi and
Nicolai (2025), which combines the paraconsistent logic HYPE with a usable conditional and
restricted classes of comprehension formulas. Here the aim is to leave the comprehension
formula unrestricted and control the use of assumptions instead.

Comprehension and mathematics without Contraction

The central structural strategy comes from the tradition initiated by Grishin: unrestricted
comprehension can be accommodated by withholding Contraction (Grishin, 1982). This
tradition also identifies a limit on the resulting theory of classes. Adding suitable extensionality



principles can restore the structural power that was removed. The present theory shares this
limit: its comprehension terms are not identified merely because their members coincide.
Its starting point is therefore an intensional theory of classes, or properties, rather than an
extensional set theory.

Cut elimination for affine comprehension is itself established prior work. A particularly
useful treatment is that of Nicolai, Piazza, and Tesi (2024). Their proof measures derivations
by taking a maximum at additive branching and a sum at multiplicative branching. This per-
mits a reduction argument even when comprehension unfolding increases formula complexity.
Section 7 explains how the present measure extends this approach to the additional rules.

Recovering useful instances of copying also has close precedents. White (1993) presents
a type-free theory of attributes with unrestricted comprehension in which Contraction is
derivable for a substantial class of formulas. Its finitary theory is proved simply consistent
by an embedding into an infinitary system with a normalization argument. In linear set
theory, Shirahata (1999) derives copying for equality, develops ordered pairs, and obtains
numeralwise representation of total recursive functions. Thus, equality copying and the
use of comprehension for mathematical coding are established parts of this programme.
Numeralwise representation must be distinguished from an internal theorem that a function
is total: separate proofs about each tuple of numerals do not automatically supply one
universally quantified proof. Shirahata’s earlier linear conservative extension of ZF without
regularity has a different and substantially broader set-theoretic target, together with a
partial Cut-elimination theorem (Shirahata, 1996).

There are also systematic results about the strength of theories with unrestricted ab-
straction. Cantini (2003) proves the undecidability of Grishin’s set theory. Petersen (2000)
addresses the difficulty that induction and recursion need a step to remain available after an
application, despite the absence of Contraction. His development uses unrestricted abstraction
without extensionality, and its sequel interprets primitive recursive arithmetic (Petersen,
2003). His later work further develops induction and examines the use of fixed points to
support limited forms of repeated reasoning (Petersen, 2022, 2024).3

Terui’s Light Affine Set Theory is especially informative (Terui, 2004). It has unrestricted
comprehension, Cut elimination, defined natural numbers, and a restricted induction principle.
Its provably total string functions are exactly the functions computable in polynomial time.
The system uses modalities to control repeated reasoning; its negation is implication into
falsity and supports explosion. Petersen’s inspected system likewise uses negation defined
through falsity. These examples already combine comprehension, mathematical development,
and metatheory. The additional demand here is that a Russell sentence be both assertible and
deniable, with denial connected to object-language negation by the bilateral rules. The case
principle that establishes those Russell judgments must itself be covered by the metatheory.

3The detailed comparison with Petersen (2000) uses the author’s corrected postprint of 12 February 2018.
For White (1993), Shirahata (1996), Petersen (2003), and Petersen (2022), the claims here are limited to the
results reported in the published abstracts. In particular, no claim about the absence of further induction or
normalization results in these works is needed for the contribution stated below.



Induction and the recent subDL programme

The distinction between an induction rule and an induction axiom is also central to earlier work.
Restall (1994, Chapter 11) requires theorem premises for induction because an unrestricted
induction axiom fails to record repeated uses of assumptions. His arithmetic and the linear
arithmetic studied by Slaney, Meyer, and Restall (1996) are direct antecedents for doing
mathematics under structural restrictions. Restall separately considers the difficulties of
adding transparent truth; the arithmetic and comprehension chapters of his thesis should not
be combined without checking the rules of the resulting extension.

Ghosh (2024, Proposition 3.35 and Remark 3.36) proves that an induction schema restores
Contraction in his contraction-free arithmetic and explains why side formulas are excluded
from its induction rule. His analysis also identifies its provably recursive functions as exactly
the primitive recursive functions (Ghosh, 2024, Theorem 4.37). The collapse argument below
develops this induction-to-copying phenomenon for the specified subDMQ principles, including
explicit numerical guards, and then combines the copying result with comprehension.

The immediate setting for that argument is the programme developed by Badia and
Weber (2019) and Weber (2021). Their proposed logic subDL, and its quantified extension,
are intended to support inconsistent mathematics with usable conditionals. Weber develops
arithmetic, algebra, analysis, and topology from naive set theory. This is a much broader
mathematical programme than the arithmetic file reconstructed here.

There are already important corrections to the proposed logic. Slaney (2025) shows that
the originally published subDL derives Contraction and that its proposed countermodel fails
to validate the logic. He also identifies repairs and proves the repaired logics contraction-free
and paraconsistent. gaard (2026) examines the claimed deduction theorem and gives a
corrected account that distinguishes reusable premises from occurrence-sensitive assumptions.
Three claims must therefore be kept separate: Contraction in the original logic, the collapse
of the particular arithmetic and comprehension extension considered below, and the positive
metatheorems for the replacement calculus. They concern different collections of principles.

Recent work also goes beyond elementary arithmetic benchmarks. Buonaguidi studies
coding, recursion, and the recovery of classical arithmetic over subDLQ), including an adap-
tation of Gentzen’s lower-bound argument using additional induction and classical identity
assumptions (Buonaguidi, 2026).* Such a result asks how strong the arithmetic becomes
under the stated additional principles. The question pursued here is which mathematical
principles can be retained together with unrestricted comprehension and the general non-
triviality theorem. A strength comparison requires checking both the translations and the
additional principles; a count of reconstructed theorems cannot settle it.

4This comparison concerns the author’s preprint dated 23 July 2025. The publication is listed under its
2026 bibliographic details; the comparison does not assume that every detail of the preprint is unchanged in
the published version.



1.3 The contribution and its limits

The contribution is the following combination of results. A single bilateral affine calculus
has unrestricted comprehension and the specified induction rule for formulas of its entire
language. Every finite derivation using Cut has a Cut-free derivation of the same end-sequent,
including derivations using induction. For its Russell sentence R, it satisfies

F+(R), - —(R), ¥ +(L1).

These are three separate claims: closed assertion, closed denial, and the underivability of
asserted falsity. In that very calculus, the specified arithmetic reconstruction and division
with remainder are derivable. The general metatheorems and these mathematical endpoints
have been certified together in Lean.

The proof-theoretic work needed for this combination is quite specific. The Cut reductions
must handle coordination and the rules for denying a conditional, as well as the familiar
affine rules. Induction requires a further extension of the proof measure: its stored base and
step can be recomposed even while the active part of the proof decreases. For nontriviality, I
project a hypothetical Cut-free refutation into an auxiliary calculus and interpret that calculus
by a monotone fixed-point construction. This makes the auxiliary interpretation sufficient
without requiring it to validate every rule of the original mathematical calculus. These are
the constructions supplied here; the underlying strategies of restricting Contraction, deriving
particular copying principles, and measuring proofs rather than formulas are inherited from
the work just discussed.

The arithmetic contributes an explicit account of how mathematical reasoning fits the
restricted rule. Numberhood and equality can be copied by derivations, and numerical side
assumptions can be built into an induction invariant. This allows the stored step to remain
closed except for its induction hypothesis. Full-language induction means that the invariant
formula is unrestricted. The exact conditions on the stored proofs remain part of the rule;
there is no additional permission to repeat an arbitrary open assumption.

The Lean formalization includes fifty-six closed mathematical statements: the forty-six
reconstructions from Ripley’s arithmetic file, eight division and supporting results, and two
further copying results. Each has a derivation in the formalized calculus, and a single theorem
combines their derivability with the underivability of asserted falsity in that calculus, even
when Cut is permitted. Its significance is that the universal metatheorem and the mathemat-
ical proofs use the same formal definition of derivation.® Appendix C explains precisely what
has been formalized and how the mathematical proofs are represented. The arguments in the
paper are presented independently of the formalization, with their assumptions, intermediate
claims, and proof transformations made explicit.

The scope of the result is fixed by the displayed calculus and translations. Numberhood is
primitive; numerical quantifiers are guarded; the class quantifier defining Leibniz equality is

5The certification uses Lean 4.19.0 and the pinned dependencies supplied with the project. Its general
metatheorems concern the replacement calculus. The earlier subDMQ collapse proof is separate from this
certification. Nor should the finite collection of copying certificates be read as a separate formalization of
every generic copying construction presented in Section 5.



unrestricted. Extensionality is not among the rules. The forty-six reconstructions concern the
pinned arithmetic file and do not amount to a reconstruction of all of Weber’s mathematics.
They also leave open the theory’s full arithmetic strength. An interpretation of a standard
arithmetic, a classification of provably total functions, and an ordinal analysis are further
tasks. The results of Ghosh, Petersen, and Terui give useful points of comparison for those
tasks; the present benchmark supplies no overall strength ordering between their theories
and this one.

The metatheory is classical and external to the calculus. In particular, finitary Cut elimi-
nation concerns finite proof trees; it should be distinguished from a finitistic metatheoretical
proof. The fixed-point argument and Lean formalization use classical resources, including
classical choice. The project therefore meets a different metatheoretical requirement from
the finitistic argument for relevant arithmetic mentioned above, or from Weber’s further
ambition of conducting the metatheory paraconsistently. What has been established is the
joint theorem about the stated inconsistent calculus and the mathematics proved within it.

The paper is structured as follows. Section 2 gives the collapse argument for the earlier
arithmetic extensions of subDMQ. Section 3 motivates the proposed repair, and Section 4 states
the entire sequent calculus, with every primitive rule and side condition. Section 5 derives its
first consequences and mathematical proof techniques, including the Russell contradiction,
equality, numerical quantification, and the copying of specified data. Section 6 then uses those
techniques in representative reconstructions, explaining commutativity, cancellation, order,
and division with remainder. Placing this mathematics before the metatheory makes clear
which derivations the metatheorems must cover. Section 7 proves syntactic Cut elimination,
and Section 8 proves nontriviality for the same calculus. Section 9 concludes by considering
the approach’s limitations and the prospects for further mathematics and logical development.

Appendix A gives the complete reconstructions of Ripley’s forty-six arithmetic state-
ments. Appendix B gives the full division and copying proofs, and Appendix C records the
formalization and its scope.



2 How the earlier arithmetic collapses

Restall’s distinction between an induction rule and an induction axiom already identifies the
risk of reusing assumptions (Restall, 1994, pp. 193-195). Ghosh proves that an induction
schema restores Contraction in his arithmetic (Ghosh, 2024, Proposition 3.35). The argument
here carries the copying mechanism through the source principles stated below, including
induction with numerical guards, and then uses comprehension to derive triviality. It is a
result about that specified mathematical extension, distinct from the logical corrections of
Slaney (2025) and Ogaard (2026).

The argument has two parts. First, I show that the induction principle allows us to derive
A= (A® A) for an arbitrary formula A. Second, I show how this copying principle combines
with naive comprehension to yield an arbitrary conclusion. The first part can be carried
out in the positive fragment stated below, without comprehension or negation. The second
part uses comprehension to construct a Curry sentence, but likewise makes no appeal to
negation. Thus, the problem cannot be addressed simply by weakening the rules that govern
contradictions. It arises in the positive reasoning that the theory retains.

I will give the copying argument first for induction restricted to numbers. This is the
more informative case, since it shows why adding numberhood conditions does not solve the
problem. The argument for the unrestricted induction principle in Ripley’s arithmetic file is
then obtained by omitting those conditions. After presenting the Curry argument, I consider
a second route to copying, using a principle that splits a universally quantified conjunction
into two universal claims. This second argument explains why a restriction on induction
must also be considered alongside the quantifier rules of the underlying logic.

2.1 The logical principles used in the argument

The source system contains two conditionals. I write = for the external conditional, called
impl in the source, and — for the relevant conditional, called entl. The copying argument
concerns the former. The relevant conditional will enter at the end, when we obtain the two
directions of the comprehension principle. Neither conditional should be identified simply by
its notation with the conditional of the replacement calculus introduced in Section 4.°

To make the uses of assumptions visible, I will use sequent notation for the positive source
reasoning. If I' lists the occurrences Ay, ..., Ag, then

I'-B

records that Ay = (A3 = -+ = (A = B)---) is a theorem. When I' is empty, it records
that B itself is a theorem. This is a way of presenting proofs in the source system, before we
introduce the new sequent calculus. The principles stated below are available as axioms or

6All references to the source concern the version fixed in Section 1. The external conditional has the
source axioms implB, implC, and implK, the rule impl_mp, and the derived identity implI. The bridge from
relevant implication is entl_impl. These names identify the source principles behind the notation used here;
no additional source axioms are being proposed.
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derived theorems of the source. The order of the assumptions can be exchanged, but their
repetitions are significant. In particular, A, A - B records a theorem with two conditional
antecedents A, and does not by itself give A - B.

The conditional supports Modus Ponens and the following laws:

A=A, A= (B=A),
(B=0C)= ((A:>B) = (A:>O)), (2.1)
(A:>(B:>C)):>(B:>(A:>C)).

The first is Identity. The second permits an assumption to go unused. The third composes
two conditional proofs, and the fourth exchanges the order of two assumptions. These laws
allow the ordinary conditional-proof reasoning below when we keep track of each occurrence of
an assumption. None permits two occurrences of an assumption to be treated as one. In this
sense, the reasoning is affine: unused assumptions are allowed, but unrestricted Contraction
is not.

For fusion, we use introduction, conditional import, and the two projections:

A= (B=(A@B)),
(A= B=0)=((A®B)=0), (2.2)
(A® B) = A, (A® B) = B.

Introduction combines separate assumptions: one supplies A and another supplies B. Condi-
tional import says that a proof which takes an A and then a B can instead take their fusion.
A projection retains one component and leaves the other unused. In the derivations below, an
application of fusion introduction combines the entire lists of assumptions of its two premises.
If an A occurs in both lists, the conclusion has two occurrences of A.

For disjunction, we use its two introductions and reasoning by cases:

A= (AV B), B = (AV B),

(2.3)
(A=C)= ((B=C)= ((AVB)=()).

There is a distinction here that will matter in the proof. If we have closed proofs of A = C'
and B = C, then we can obtain a closed proof of (AV B) = C. We are combining two
theorems about what follows in the alternative cases. We are not supposing that a single
assumption supplies both cases at once. When a further assumption is present in the branch
arguments, we will first discharge it and make it part of the common consequent C. I will
show this explicitly at the relevant point.

We also use 1. = A: from falsity, an arbitrary formula follows. This does not assume that
every contradiction yields falsity. In particular, having =B is not being treated as having
B = 1. The arithmetic separation facts used below will be conditionals with | as their
consequent, not merely negated equations.

Finally, we use universal instantiation, generalization of theorems, and the following
principle:

¥r(A= B(z)) = (A=VaB(z)), =¢FV(A). (2.4)

11



This says that, if an A suffices for B(z) for an arbitrary x, then an A suffices for the
universal claim. The side condition says that x is not free in A. Universal instantiation gives
VzB(z) = B(t), and generalization allows a theorem proved for an arbitrary parameter to
be universally quantified. In the source these principles are impl_ui, ug, and all_cons. No
principle splitting a quantified fusion will be used in the copying argument.

The second, splitting-based argument will also use existential introduction, B(t) =
JxB(x), and the principle

Vr(B(z) = C) = (JzB(z) = (), xz ¢ FV(C).

These are impl_eg and all_ante in the source. The latter permits an existential assumption
to be used by opening an arbitrary fresh witness: if the instance with that witness suffices
for a conclusion independent of it, the existential suffices for that conclusion.

2.2 Induction and the small amount of arithmetic we need

Write N(¢) for the claim that ¢ is a number. The numberhood-guarded induction schema is:
(Fanéavn(man:¢(pxn):>fxsnn)>:>vn(N@o:>fwnD. (2.5)

The first conjunct of its antecedent is the base. The second says that, for each number, the
induction hypothesis implies its successor instance. The consequent says that the property
holds of every number. The schema is available for every formula F(n) of the language under
consideration, with additional parameters permitted.

It matters that (2.5) is a formula which is available as a theorem. Once we have its
antecedent, we can apply Modus Ponens to obtain its consequent. In particular, if the
antecedent has been obtained from an open assumption A, the consequent may be obtained
from that same assumption. There is no further requirement that the step formula have been
proved without depending on A.

Let 1 stand for SO, and let 2 stand for S(S0). Apart from induction, we need only the
following closed theorems:

0=0, N2), (n=0)= (Sn=1),

(2=0)= 1, 2=1)= L. (2:6)

The variable n in the third formula is arbitrary. Let us spell out where these facts come from.
Reflexivity gives 0 = 0. Starting from N(0), two applications of numberhood preservation
under successor give N(1) and then N(2). Substitution of equals gives (n = 0) = (Sn = S0),
which is the third formula since 1 stands for SO.

For the last two facts, use symmetry of equality, successor injectivity, and zero—successor
separation:

(Sz =Sy) = (z =1y), (0=Sz)= L.
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Given 2 = 0, symmetry gives 0 = 2, that is, 0 = S1. Zero—successor separation then gives L.
Given 2 = 1, the steps are:

2=1 S1 =S50 by the numeral definitions;
S1 =50 gives 1 =0 by successor injectivity;
1=0 gives 0=1 by symmetry;
0=1 "is 0=S0 by tﬁe numeral definition;
0=S0 gives L by zero—successor separation.

is

Each step uses the equation obtained at the preceding step once. If the arithmetic principles
themselves carry numerical guards, the guards needed here concern only the displayed
numerals and are supplied by their closed numberhood proofs. Thus, (2.6) does not require
every object to be a number. It does not require addition or multiplication either.

2.3 Choosing the induction formula

We are going to use induction to obtain A® A from one assumption of an arbitrary formula A.
We will construct a formula Fj4(n) that lets us start at zero without A, then accumulate one
occurrence at the first step and a second at the next. Each individual step will require one
further A. The crucial point will be that one assumption of A proves the whole step formula
required by the induction schema. Applying the schema will then give us the instance at two,
from which we can extract the pair. We choose n so that it is not free in A.

The formula will be a disjunction with three alternatives. Each alternative will let us
establish F4(n) with a different amount of A available. The first will require no A, the second
will require one, and the third will provide the two occurrences we want. We use equations
involving n to restrict when the first two alternatives can serve this purpose.

First, at zero, we need to establish F4(0) without assuming A at all. We therefore make
n = 0 the first alternative. At zero this becomes 0 = 0, which has a closed proof. By
introducing the disjunction from this alternative, we will obtain the whole formula F4(0)
without having to prove any of the alternatives containing A.

Second, at one, we want one occurrence of A to suffice. We therefore include an alternative
containing a single A. We also include the equation n = 1, so that this alternative records the
stage at which one occurrence suffices. The resulting alternative is (n = 1) ® A. At one, it
can be established by pairing the closed theorem 1 = 1 with the available A. At two, however,
this alternative will contain 2 = 1, which implies falsity. This prevents the intermediate
alternative from allowing us to reach two with only one A and no way of obtaining the pair.

Third, once two occurrences of A are available, we have what we want. The final alternative
is therefore simply A ® A. We attach no equation involving n to this alternative. This allows
the pair to be retained at every subsequent stage: changing n to Sn will leave this alternative
unchanged.

Putting these alternatives together, we define:

Fa(n):=(n=0)V((n=1)®A) V(A A4)). (2.7)

The first alternative lets us start without A. The second lets us pass through an intermediate
stage with one A. The third supplies the desired pair and lets us retain it.
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We now construct a successor step that takes F4(n), along with one further assumption
of A, to F4(Sn). The step uses that further A to advance from one alternative to the next. If
the first alternative, n = 0, is available, successor congruence gives Sn = 1. Pair this equation
with the further A. The result, (Sn = 1) ® A, is the second alternative in F4(Sn).

If the second alternative, (n = 1) ® A, is available, project the A that it contains. Pair
that A with the further A to obtain A ® A, the third alternative in F4(Sn). Finally, if the
third alternative is available, we already have the pair. Retain it and leave the further A
unused. Every alternative therefore gives the required successor instance:

FA(TL),A F FA(SH)

In this way, the first application of the step can put a supplied A into the formula, and the
second can combine it with another supplied A. The later applications can keep the resulting
pair.

The instance at two lets us extract that pair. It is:

Fa2)=@2=0V((2=1)®A) V(A 4)).

Its first alternative gives falsity by (2 = 0) = L. Its second gives falsity by projecting
2 =1 and applying (2 = 1) = L. In either case, falsity elimination gives A ® A. The third
alternative already is A ® A. Thus, whichever alternative is available, F4(2) yields the pair.
The equations in the first two alternatives are what make this extraction possible: at two,
neither alternative can leave us with less than the required conclusion.

An ordinary proof that applied the successor step twice would require two occurrences
of the further assumption A, one for each application. The induction schema permits us to
proceed differently. Since one further A suffices for the step at an arbitrary n, we can derive
the whole step formula from one assumption of A:

AEVYn(N(n) = (Fa(n) = Fa(Sn))).

Pair this with the closed proof of F4(0) and apply induction. We obtain ¥Yn(N(n) = Fa(n)),
still from that one assumption of A. Instantiating at two and using the closed proof of N(2)
gives F4(2), from which we extract A ® A. The schema has thus allowed the step formula
supplied by one A to give the result that successive applications of the step would require
two As to obtain. The next subsection gives the derivation in full, including the passage from
the successor argument to the universally quantified step formula.

2.4 Deriving the copying principle

Proposition 2.1 (Copying from numberhood-guarded induction). The positive principles
stated above, the arithmetic facts in (2.6), and the induction instance (2.5) for Fa prove

A= (A®A).

Consequently, if the induction schema admits F 4 for every formula A of the combined language,
copying is available for every such formula.

14



Proof. There are four stages: establish the base, establish the successor step, apply induction
and instantiate at two, and extract the two occurrences of A.

Stage One: The base has a proof with no assumptions. By reflexivity and disjunction
introduction, we have:

0 Reflexivity

FO=
)V ((0=1) @A)V (4x 1)

V -introduction.

The conclusion is exactly = F4(0). Although A occurs inside this formula, we have made no
assumption of A. Introducing a disjunction does not require proving its other disjunct.

Stage Two: One further A supplies the successor step. We show:
Fa(n), At Fa(Sn). (2.8)

We consider the three alternatives in F4(n) separately.

Case One: The first alternative, n = 0. Successor congruence gives Sn = 1. Pair this equation
with the further assumption A:

n=0FSn=1 AFA
n=0,AFSn=1®A

® -introduction.

The two premises have separate assumptions. Introduce first the left disjunct of the inner
disjunction, and then the right disjunct of the outer one:

n=0,AF(Sn=1)® A
n=0,AF (Sn=1®A) V(A A)
n=0AF(Sn=0V((Sn=1®A)V(AcA4))

The conclusion is n = 0, A F F4(Sn). The further A has been used exactly once, as the
second component of the fusion.

Case Two: The second alternative, (n = 1) ® A. Project the A from this fusion and pair it
with the further A:

m=1)®AFA AFA

( H@AAFARA ® -introduction.
n= 7

There really are two occurrences of A available here. One comes from the second alternative
of Fy(n); the other is the further assumption. We have not used one occurrence twice. Two
right disjunction introductions now give

The equation n = 1 is unused. That is permitted by Weakening.
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Case Three: The third alternative, A ® A. In this case we already have the required pair.
Leave the further A unused and introduce the same two right disjunctions:

AR A AFA® A
A® A, AF Fa(Sn)

The premise follows from Identity and Weakening. No copying has occurred in this case
either.

We now combine the cases. Since this is a point at which the use of Contraction could
easily be hidden, let us write the combination out in terms of closed conditional proofs.
Discharging the further A, followed by the assumption particular to the case, gives the three
theorems:

F(n=0)= (A = FA(Sn)),
F((n=1)® A) = (A= Fu(Sn)), (2.9)
F(A®A) = (A= Fa(Sn)).

All three have the same consequent, A = F4(Sn). Apply the cases principle (2.3) to the
second and third theorems. This gives:

F((n=1)®A)V(A@A)) = (A= Fa(Sn)).

Apply the cases principle once more, using this theorem and the first theorem in (2.9). The
result is:
- Fa(n) = (A= Fa(Sn)).

This is (2.8) in conditional form. We have used closed conditional proofs to deal with the
alternative cases. We have not first used an open A to obtain three step formulas and then
combined those formulas.

Exchange the two antecedents and insert an unused numberhood assumption. We obtain:

= A= (N(n) = (Fa(n) = Fa(Sn))). (2.10)

The parameter n was arbitrary, and there are no open assumptions in this theorem. General-
ization therefore gives:

- vn(A = (N(n) = (Fa(n) = FA(Sn)))>.
Since n is not free in A, apply (2.4) to move A outside the quantifier:
= A= Vn(N(n) = (Fa(n) = Fa(Sn))). (2.11)

Thus, one assumption of A suffices for the entire universally quantified step formula required
by induction.

Stage Three: Apply induction and instantiate at two. Temporarily assume one A.
By (2.11), we obtain:
AFYn(N(n) = (Fa(n) = Fa(Sn))).
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Stage One gave us = F4(0). Pair that closed base with the step formula just obtained:
AF F(0) ®¥n(N(n) = (Fa(n) = Fa(Sn))).

There is still just one occurrence of A in the antecedent. It supplied the step formula; the
base required no assumptions. The formula on the right is the antecedent of the induction
instance (2.5) for F4. Modus Ponens gives:

AFVn(N(n) = Fa(n)).
Instantiate the universal at 2:
AFN(2) = Fa(2).
We have a closed proof of N(2), so one more application of Modus Ponens gives A = F4(2).
Equivalently,
A= Fu(2). (2.12)
No second assumption of A has been introduced during this stage.

Stage Four: Extract the two occurrences of A. Expanding the definition, we have:
Fa2)=2=0Vv((2=1)®A) V(A A)).

Again, consider each alternative.
Case One: 2 = 0. The theorem (2 =0) = L gives L. Apply L = (A® A). Hence:

2=0FA®A.

Case Two: (2 = 1) ® A. Project 2 = 1. The theorem (2 = 1) = L gives L, and falsity
elimination again gives the required pair. Hence:

2=1)AFA® A.

The A inside this alternative is unused. We are obtaining the conclusion from falsity, not
copying that A.

Case Three: A ® A. The conclusion follows by Identity. Thus every alternative gives
A ® A. Two applications of the cases principle give:

FFs(2) = (A® A). (2.13)
Compose (2.12) with (2.13). The result is - A = (A ® A), as required. O

It is useful to identify exactly what induction has accomplished. The successor argument
takes one Fl4(n) and one further A to F4(Sn). Starting with the closed base and applying that
argument twice in an ordinary affine proof would require two occurrences of the further A.
Instead, one A supplies a formula expressing the universally quantified step, and the induction
schema turns that formula, together with the closed base, into the universal conclusion. The
conclusion can then be instantiated at two. The schema has made the step available for the
successive applications without requiring a further A for each application. This is where the
copying comes from.
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2.5 The unguarded case and the recovery of Contraction

The induction axiom in the pinned arithmetic file is:
(F(0) ® Vn(F(n) = F(Sn))) = VnF(n). (2.14)

The copying proof for this axiom uses exactly the same F4. Stage One is unchanged. In
Stage Two, exchange the antecedents of the successor conditional, but omit the insertion of
N(n). Generalization and (2.4) then give:

F A= Vn(Fa(n) = Fa(Sn)).

Pair this step with the same closed base, and apply (2.14). The result is - A = VnF4(n).
Instantiation at two gives H A = F4(2) directly, with no appeal to N(2). Stage Four is
unchanged. Thus the unguarded induction axiom also gives A = (A ® A) for every formula
admitted in the induction construction.

Why is this a recovery of Contraction? Suppose that a proof requires two occurrences
of A to obtain B. Conditionalizing gives A = (A = B). By conditional import, we obtain
(A® A) = B. Now compose with A = (A ® A) to obtain A = B. The proof that required
two occurrences of A has become a proof requiring only one.

The same reasoning works with further assumptions present. In sequent notation, the
transformation is:

T A A+ B

I'A® A B
T AF B

AFA®A Import

Composition.

The right premise turns the two separate requirements into a single fusion requirement, and
the left premise supplies that fusion from one A. The conclusion is the result of antecedent
Contraction. This uses the source conditional’s composition law, not a Cut-elimination result
about the new calculus.

There is also an immediate consequence for numerical quantifiers. Write out the following
three formulas:

U= Vn(N(n) = (P(n)® Q(”))),
vV =vn(N(n) = P(n)),
W = Vn(N(n) = Q(n))

From one U, instantiate at an arbitrary n, assume N(n), and project P(n) from the resulting
fusion. Discharge N(n), generalize, and use (2.4) with U as the fixed antecedent. This gives
U = V. Projecting Q(n) instead gives U = W. Before copying is available, these are
alternative uses of the one U. After copying has been established, we have U = (U ® U).
Apply the first map to one component and the second map to the other, then introduce
fusion. The result is U = (V ® W). Thus numerical quantifier splitting is recovered as a
consequence of the copying theorem. It was not an assumption of that theorem.
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2.6 From copying to the Curry collapse

We can now add comprehension. For an arbitrary formula D(z), naive comprehension supplies
the two directions connecting t € {z | D(x)} and D(¢). In the source’s relevant conditional
notation, these are:

te{z| D)} — D(t), D(t)—te{z]|D)} (2.15)

Equivalently, they are the two components of the source’s relevant biconditional comprehension
instance. The source bridge (X — Y) = (X = Y) turns each of these closed theorems into
an external conditional. No identification of the two conditionals is needed.

Proposition 2.2 (Curry collapse). Suppose that the positive fragment has copying for every
formula and comprehension supplies (2.15) for formulas of the combined language. Then
every formula is a theorem.

Proof. Let B be an arbitrary formula. Choose x fresh for B and form the class:
d={z]|(x € x = B)}.

Let C stand for the sentence d € d if B is closed, or for the corresponding formula with the
parameters of B otherwise. Substituting d for x in the defining condition gives d € d = B,
which is C' = B. The two comprehension directions therefore give:

FC — (C= B), H(C = B)—C.
Apply the bridge to each. We obtain the two closed theorems:
FC = (C= B), H(C = B)=C. (2.16)

The first takes us from the membership claim to its defining condition. The second takes us
back from the defining condition to the membership claim.
The rest of the proof can be given in six steps.

Step One. Copying for C' gives the theorem - C = (C @ ().

Step Two. The first theorem in (2.16), by conditional import, gives - (C ® C') = B. To
see what this does, suppose that two occurrences of C' are available. Use the first to obtain
C = B, and use the second as the antecedent of that conditional:

CHFC=2_B CrC

CCFEB Modus Ponens.

Import packages those two assumptions into C' ® C'. There is no copying in this step; the
two occurrences are both recorded.

Step Three. Compose the theorem from Step One with the theorem from Step Two:

FC= (C®C) FC®C)=1B
HC =B '
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We have obtained a closed theorem, not a conclusion that still depends on an assumption of

C.
Step Four. The second theorem in (2.16) is - (C' = B) = C.
Step Five. Apply Modus Ponens to Steps Three and Four. This gives - C.

Step Six. Apply Modus Ponens to - C and the theorem = C' = B from Step Three.
This gives = B. Appealing again to the theorem from Step Three does not reuse an open
assumption: it repeats a closed proof. Since B was arbitrary, every formula is a theorem. [

Corollary 2.3 (Triviality of the combined theory). The source positive fragment with naive
comprehension and either of the induction schemas (2.5) and (2.14) is trivial, provided that
induction admits the formulas Fo arising from its Curry formulas and the small arithmetic
facts required for the relevant variant hold.

Proof. Fix the arbitrary conclusion B and its Curry formula C. The induction construction
gives C' = (C' ® C'). Proposition 2.2 then gives B. O

The condition on the induction language is essential. Arithmetic by itself need not contain
a Curry formula. Once comprehension terms are added and induction is allowed over the
combined language, however, the formula

Fo(n)=m=0)v((n=1)@C)V(CC())

is an admissible induction invariant. It is copying for this particular formula C' that the final
argument needs. Neither extensionality nor an inference from a contradiction to an arbitrary
conclusion has been used.

2.7 A second obstruction: quantifier splitting

The induction argument does not use the source axiom all_conj_dist:
Va(P(x) ® Q(x)) = (VoP(z) ® VaQ(x)). (2.17)

Nevertheless, this axiom matters for the proposed repair. In the presence of suitable arithmetic
facts, it provides another route to copying. That route can survive a restriction of induction
to proofs with a closed base and a step having no additional assumptions.

Consider the following all-object cover:

H V:c((a: =0)VIy(z = Sy)). (2.18)

This is the source theorem prop_24. It says that every object is either zero or a successor.
Its proof has a closed induction base and a step with no additional assumptions. For the
base, use 0 = 0 to introduce the first alternative. For the successor stage, reflexivity gives
Sz = Sz. Choose = as the existential witness, obtaining Jy(Sz = Sy), and introduce the
second alternative. This proves the successor instance without using even the induction
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hypothesis. An unused induction hypothesis may then be inserted by Weakening. Thus, an
all-object induction rule with the proposed restrictions on its base and step would still suffice
for this particular cover.

The two alternatives in the cover are incompatible in the following strong sense:

Jy(z =Sy),r =0F L. (2.19)

To see this, open the existential with a fresh witness y. From x = 0, obtain 0 = z by
symmetry. Combine it with x = Sy by equality substitution to obtain 0 = Sy. Zero—successor
separation gives . Each of the two equations has been used once, and the witness does not
occur in the conclusion. We also have the closed theorem 0 = 0 and the closed conditional
(1=0)= L.

Proposition 2.4 (Copying from splitting and an all-object cover). The positive fragment,
(2.17), (2.18), and the separation facts just described prove A = (A® A) for every formula
A.

Proof. Choose x fresh for A, and define:
Py(z) = (x =0) V A, Qa(z) :=(z=0)= A.

We first show that one A suffices for Pa(z) ® Qa(x) for an arbitrary . Instantiate the closed
cover (2.18) at x and reason by cases.

Case One: x = 0. Use this equation to obtain P4(z) by left disjunction introduction. Use the
assumption A to obtain Qa(z) by introducing the conditional with an unused antecedent
xr = 0. The equation supplies the first component and A supplies the second. Fusion
introduction gives Pa(z) ® Qa(x).

Case Two: Jy(x = Sy). Use A to obtain Ps(x) by right disjunction introduction. To obtain
Qa(z), assume x = 0. Together with the successor alternative, this gives L by (2.19), and
then A by falsity elimination. Discharge the assumption z = 0. The resulting conditional
Qa(z) depends on the successor alternative alone. Fuse it with P4(x), which depended on
the original A. Again the assumptions supplying the components are separate.

Discharge A inside each branch before combining the closed branch conditionals, as in
Stage Two of Proposition 2.1. Apply the resulting case conditional to the closed cover instance.
We obtain - A = (Ps(z) ® Qa(x)). Generalization, followed by (2.4), gives:

FA= Ve (Pa(zr) @ Qa(x)).
Now apply the splitting axiom. We obtain:
FA= (VxPA(x) ® VJUQA(J:)).

The two universal claims are separate components of a fusion. We can therefore use one
component to obtain an A and the other component to obtain a second A.
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From Vx Ps(x), instantiate at 1 to obtain (1 = 0) V A. In its first alternative, (1 =0) = L
followed by falsity elimination gives A; in its second alternative, A follows by Identity. Thus
VaePa(x) F A.

From VzQ(z), instantiate at 0 to obtain (0 = 0) = A. Apply this conditional to the
closed proof of 0 = 0. Thus VzQa(x) - A.

Each universal component has supplied one A. Fusion introduction now gives A ® A, and
composing with the conditional obtained above gives F A = (A ® A). O

This proof explains the role of splitting. Before splitting, we have a universal formula
whose instances each provide a fusion. At 0, the first component can be supplied by the
closed equation 0 = 0, leaving the available A to supply the second component. At 1, the
second component can be supplied using zero—successor separation, leaving the available A
to supply the first component. Splitting lets us take the first component at 1 and the second
component at 0 as separate resources. In that way, we obtain two occurrences of A from one.

The scope of the cover must be kept explicit. A theorem saying that every number is zero
or a successor does not establish (2.18). In particular,

Vm(N(:v) = ((ZB =0)VIy(z = Sy))>

does not supply the cases used above for an arbitrary object x unless its numberhood is also
available. The splitting argument has been stated with an all-object cover and proves the
conditional result under that assumption. The earlier induction argument already establishes
the guarded collapse without needing such a cover or any splitting principle.

2.8 What has to change

We can now distinguish the two obstructions. The induction schema turns a step formula
obtained from an open assumption into a universal conclusion, and thereby allows that
assumption to do the work of repeated step applications. Unrestricted quantifier splitting,
together with an all-object cover, permits two differently chosen instances to supply separate
resources. Each route gives copying, and either route then supports the Curry collapse when
comprehension is available.

The distinction between an induction schema and an induction rule with side conditions
also arises in other work on arithmetic without Contraction. Ghosh, for example, shows
that an induction schema restores Contraction in his arithmetic, and instead works with an
induction rule.” The arguments here locate the problem in the source system under discussion,
show that numerical guards do not prevent it, and exhibit the passage from recovered copying
to triviality in the combined language.

For the replacement, I retain the possibility of inducting on formulas of the entire language
but require the base to have a closed proof and the step to have a proof whose sole assumption

"Swapnil Ghosh, An Ezploration of Contraction Free Arithmetic, Master of Logic thesis, ILLC report
MoL-2024-07 (2024), https://eprints.illc.uva.nl/id/eprint/2322/. His arithmetical setting differs
from the present combination with naive comprehension.
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is its displayed induction hypothesis. The replacement also keeps the distinction between
numerical claims and claims about arbitrary objects, and its quantifier rules do not include
unrestricted splitting. The next section explains these choices and how they fit into the
bilateral calculus. The later nontriviality proof will establish that the complete collection of
rules avoids triviality, while the mathematical development will establish what those rules
allow us to prove.
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3 Motivating the replacement

The logical framework I propose is a bilateral, paraconsistent version of affine logic. Affine
logic is linear logic with Weakening: an assumption may go unused, but it cannot in general be
copied. The calculus retains the distinction between additive and multiplicative connectives
familiar from linear logic, while giving rules for both asserting and denying formulas. Its
coordination principle permits exhaustive cases between assertion and denial without making
their coexistence a ground for arbitrary conclusions.

This description places the proposal within an established proof-theoretic framework. It
also identifies the choices that need motivation. We must explain why ordinary conjunction
divides into two connectives, what the bilateral treatment contributes, and how the math-
ematical rules respect the restriction on copying. This section addresses those questions.
Section 4 gives the complete calculus.

3.1 From linear logic to affine logic

Girard’s linear logic makes the use of assumptions explicit by withholding the unrestricted
structural rules of Weakening and Contraction. Weakening permits an assumption to go
unused; Contraction permits two occurrences to be supplied by one. Affine logic adds
Weakening back while retaining the restriction on Contraction.® This is the appropriate
starting point for the present project. Nothing in the collapse argument requires us to prohibit
unused assumptions. What matters is that a proof requiring two uses of an assumption
cannot automatically be treated as requiring only one.

We write sequents as I' F A. The contexts are finite multisets of signed formulas: +(A)
expresses the assertion of A, and —(A) its denial. Both signs may occur on either side. The left
side gives the assumptions; the right side gives alternative conclusions. Thus +(A) b —(B)
records an inference from asserting A to denying B. A sequent with several conclusions need
not establish any particular one on its own. The signs concern the kind of judgment; the side
of the turnstile concerns its role as assumption or conclusion.

The order of occurrences in a context does not matter, but their multiplicities do. In
particular, I, +(A), +(A) is different from T', +(A). We retain Weakening on both sides and
omit Contraction on both sides. The important antecedent instance of the omitted rule is:

T, +(A), +(A) - A
T,+{A) F A

This concerns the dependence of a proof on its hypotheses. A closed proof can be written
down twice without acquiring any assumptions. Two copies of a proof from I', however, each
depend on I'. Combining them in a way that uses both together records those dependencies
twice. The Curry argument makes the significance of this distinction concrete: one occurrence
of its assumption supplies a conditional, while another supplies the antecedent. Disregarding

8See Girard (1987); Kopylov (2000). The present language has no exponential modalities. The relevant
comparison is with the additive and multiplicative structure of affine logic, including quantifiers and an affine
conditional.
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that difference produces the fatal conditional proof. The case for restricting Contraction here
rests on the ambition to retain unrestricted comprehension while avoiding this collapse.

3.2 Why a bilateral and paraconsistent treatment?

A bilateral logic treats assertion and denial as two basic kinds of judgment. Asserting A
takes a positive stance toward what A says; denying A takes a negative stance toward it.
Denial is therefore more than the absence of assertion: someone who has not settled whether
A need not have denied it. The signs mark these stances within an inference. They do not
report that someone has actually performed a speech act. Nor are they operators within the
object language: they prefix whole formulas and cannot be embedded or iterated.

Taking denial as basic also lets us articulate its inferential role directly. A negative
judgment has consequences of its own. For example, denying a conjunct suffices to deny
the conjunction, while denying a disjunction requires addressing both alternatives. These
patterns reverse the corresponding positive patterns. The opposition between the stances is
expressed in this reversal and in their exchange under negation. Whether their coexistence
must always constitute a refutation is a further structural question. In a paraconsistent
theory, we can preserve the opposed inferential roles while allowing some sentences to support
both stances.

The advantage of this approach is that it separates two questions. One concerns what
asserting or denying a compound formula commits us to. The other concerns how assertion
and denial are coordinated. The rules for negation answer the first question by connecting
assertion of = A with denial of A, and denial of —=A with assertion of A. They need not also
answer the second question by declaring every simultaneous assertion and denial untenable.”

The use of assertion and denial to articulate a mathematical theory also has a close
precedent in Restall (2013), who discusses numbers, classes, and truth from a bilateral
perspective. The present proposal makes a different choice about their coordination. Restall
retains the incompatibility of assertion and denial and separates denial from assertion of
negation when accommodating gluts. Here the negation rules preserve their interchange, while
the coordination rules allow the two signs of a sentence to coexist. This choice, developed in
Simonelli (2026), explains why the signed calculus expresses a substantive position about
contradiction. Its compatibility with the mathematical rules still requires the metatheorems
proved below.

This separation is particularly useful for naive comprehension. Membership in the class
defined by a condition should inherit the condition’s positive and negative roles: grounds
for asserting the condition license asserting membership, and grounds for denying it license
denying membership. The bilateral formulation lets us state both directions of this connection
at both signs. For a paradoxical instance, those connections may lead to both stances. We can

9For this separation of connective rules from coordination principles, see Simonelli (2024, 2026). The
latter develops bilateral systems for the FDE family through different choices of coordination principles. Here
the treatment of contexts is additionally affine.
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then locate the question of what follows from their coexistence in the coordination principles,
while retaining the intended connection between membership and its defining condition.
The four primitive sequent rules for negation are:

I'F A, —(A) T, —(A)F A
T'FA +(=A) T,+(-A)FA

I'EA +(A) [+(A)FA
I'EA —(=A) I, —(=A) F A
The first row gives the positive rules. On the right, a denial of A licenses the assertion

of =A. On the left, an argument from denial of A can instead take assertion of —A as its
assumption. The second row gives the corresponding negative rules. All four preserve the

side contexts exactly. The converse transformations will be derived in Section 5, giving the
familiar interchange between the corresponding signed formulas.

Classical coordination treats assertion and denial as both exhaustive and exclusive. Our
response to the Russell contradiction retains exhaustiveness while allowing the two stances to
coexist. The coordination principle is the following case rule:

D, (A FA T, —(A)FA

TFA (3:-1)

If the same consequence follows from asserting A and from denying A, with the other
assumptions fixed, we may discharge those alternative suppositions. Allowing the cases to
overlap does not undermine the argument: each case already supports the whole conclusion.
This principle does not require a reasoner to have settled every question. It licenses a proof
by cases without requiring a proof of either case separately.

We do not include the initial sequent +(A), —(A) F @. With Weakening, that sequent
would permit any conclusion from the two stances together. For the Russell sentence,
comprehension and negation connect its assertion with its denial; coordination then allows
both signs to be derived. The later nontriviality theorem shows that these results coexist with
the underivability of asserted falsity. Bilateralism makes the intended position explicit: the
theory supports both a positive and a negative judgment about the sentence, while restricting
what follows from their combination.

This is where the proposal departs from ordinary affine logic. Its negation is not the
refutational linear negation of classical affine logic, which allows a formula and its linear
negation to refute a context. Nor do we define = A as A = 1: with Modus Ponens and falsity
elimination, that definition would make the pair explosive. We retain the affine treatment
of dependence and the additive/multiplicative connective structure, while replacing that
treatment of negation with the signed rules and coordination principle just stated. The
conditional retains affine positive rules and receives its own negative rules in Section 4. Thus
“a bilateral, paraconsistent version of affine logic” specifies the framework being adapted; the
changes to negation and coordination are substantive.
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3.3 The two conjunctive roles

The distinction between additive and multiplicative conjunction arises within linear logic
because two familiar ways of combining proofs cease to coincide when Contraction is un-
available. Suppose that the same assumptions I' prove +(A) and +(B) separately. Additive
conjunction, written A & B, records that each conclusion is available:

I'F+(A) I'-+(B)
'k +(A& B)

(3.2)

Its positive left rules let a further argument use either component:

T, +(A) - A I, +(B)F A
I,+(A&B)FA T, +(A&B)FA

Both component arguments must be supplied to introduce the conjunction. A particular use
may select either one. In particular, Identity and additive introduction give +(A) F +(A& A),
and either projection gives the converse. The familiar idempotence of conjunction is preserved.

Now suppose that a further argument needs A and B together as two assumptions.
Multiplicative conjunction, or fusion, provides precisely that combination:

' +(A) A+ +(B) [ +(A), +(B) - A
I''AF+(A® B) I+(A®B)F A~

(3.3)

Its introduction combines both premise contexts. If an assumption occurs once in each, it
occurs twice in the conclusion. Its left rule then makes the two components available together.
The introduced formula records a joint supply of assumptions, with the dependencies of both
component proofs accounted for.

The difference concerns how a conjunction may be used in further reasoning. Additive
conjunction supports both component inferences, each from the one conjunction. Combining
their results in an argument that uses both together requires us to account for two uses of
that common assumption. Fusion supplies both components together, and its introduction
has already recorded the assumptions used to produce them.!®

Ordinary mathematical conjunction can play both roles because ordinary proofs permit
Contraction. From separate derivations of A and B under I', multiplicative introduction
gives the pair under I', I'; Contraction reduces this to I'. Conversely, Weakening can enlarge
different contexts to a common context for additive introduction. With both structural
permissions, the distinction can be suppressed. Without Contraction, identifying the two
roles reinstates exactly what we have withheld.

To see this directly, additive introduction gives +(A) - +(A&A). If that conjunction could
supply two assertions of A together, we could introduce A ® A and obtain +(A) - +(A® A).
This is the copying principle that supports the collapse. The same issue arises if we derive a
conditional and its antecedent separately from a common assumption, and then apply Modus

0Compare Restall (1994, Section 2.2, pp. 27-28), on the different ways of combining assumptions associated
with conjunction and conditional application.
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Ponens while counting the common assumption only once. Conjoining the results additively
cannot justify that extra permission.

The two patterns also explain why additive introduction does not itself conceal an illicit
Contraction. Introduce A & B from two proofs under I', then select A. We can remove the
introduction and selection and retain the original proof of A, still under I'. Selecting B instead
retains the other proof. For fusion, a subsequent use of both components combines their
proofs, whose contexts have already been combined by its introduction. These local reductions
preserve the dependence of the conclusion on its assumptions. The general Cut-elimination
proof will establish this compatibility throughout the calculus.

The proposal therefore retains two useful inferential roles. It need not posit two lexical
meanings of English “and.” It makes explicit a distinction that ordinary mathematical
reasoning can disregard because of its structural permissions.

3.4 Recovering familiar mathematical uses

For many mathematical hypotheses, the required permission can be proved. Say that D has
positive copying when there is a derivation, with no additional assumptions, of

+(D) F +(D ® D).

Fusion-left then lets this conclusion supply two occurrences of +(D) in a further argument.
Composing the derivations makes Contraction admissible for that particular signed assumption.
Iteration supplies any fixed finite number of uses.

Equality provides a concrete example. Write s =t for the equality formula defined later
from class membership. Congruence gives separate derivations of s+u =t4+wuvand s-v=1¢t-v
from the same assumption s = t. Additive introduction combines them immediately. The
calculus also proves equality copying, so we may supply one copy of s =t to each congruence
argument and obtain the multiplicative conclusion:

+Hs=tOF+H{(stu=t+u)R(s-v=t-v)).

Both resulting equations are available together, just as an ordinary mathematical proof
requires.

Equality copying follows from a general feature of substitution. Combine two closed
reflexivity proofs to obtain +((s = s) ® (s = s)). Use s = ¢ once to transport this whole
formula through the context (s = ) ® (s = x), obtaining +((s = t) ® (s = t)). One
substitution acts throughout the formula, including both occurrences of x. Section 5 derives
this substitution principle from comprehension and the definition of equality.

More generally, if every assumption in I' is positive and has positive copying, then:

I'F+(A&B) ifandonlyif I'F+(A® B). (3.4)

For the forward direction, project the two conjuncts and combine their proofs multiplicatively.
This gives the pair under I',I". Copying for each assumption reduces the requirement to I'.
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For the reverse direction, project either component of the fusion, leaving the other unused,
and combine the two resulting arguments additively. This direction needs only Weakening.
The compositions can use Cut, which the later theorem eliminates.

Closed proofs are a special case: their repetition introduces no assumptions. Thus the
two conjunctions coincide in closed positive theoremhood, with their components held fixed.
The recovery does not establish the general inference +(A & B) - +(A ® B), which would
require accounting for the additive conjunction as an assumption. It also does not establish
interchangeability inside arbitrary formula contexts.

Numberhood has positive copying as well, and copying extends to positive data built from
equality and numberhood using fusion, additive disjunction, and existential quantification.
These results justify many familiar repeated uses of arithmetic hypotheses. Arbitrary
membership claims and conditionals receive no corresponding blanket permission. The
mathematical reconstructions will show what can be achieved with the permissions the theory
proves.

3.5 Disjunction and quantification

The same distinction governs disjunction. Additive disjunction, written A V B, is introduced
from either disjunct and used through cases sharing the same remaining context. Multiplicative
disjunction, written A % B, has case premises whose contexts combine. Their positive left
rules are:

L+AFA  T,+B)FA
I+(AVB)FA

O, +(AV A A+(B)FX
A, +(A3B)FA Y

For the additive rule, each case supports the whole conclusion with the same side assumptions.

For the multiplicative rule, the conclusion retains both premise contexts. On the right,
multiplicative disjunction packages the alternative conclusions +(A), +(B) of one sequent
into +(A % B).

The bilateral negation exchanges conjunction and disjunction within each pair. Both
signs can be transported in either direction between the formulas on each line:

ﬁ(A&B) and —-AV-B,
—\(A(X)B) and —-A%®-B.

Thus the familiar De Morgan organization of linear logic survives in a paraconsistent form.
The negative rules follow the opposite connective pattern while preserving the relevant
additive or multiplicative treatment of contexts.

The quantifier obstruction from Section 2 fits this account. One assertion of Va(A(z) ®
B(z)) supports a derivation of VxA(z) and a separate derivation of VxB(x): instantiate,
project the selected component, and generalize. Consequently, we have:

+(Vz(A(z) @ B(x))) F +((VxA(x)) & (VzB(z))).
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Producing the two universal claims together as a fusion is a further requirement, since
both projection arguments use the universal assumption. The unrestricted splitting axiom
grants that extra conclusion without a copying proof. Section 2 showed how this combines
with the all-object cover to recover arbitrary copying. The replacement retains ordinary
quantified reasoning with explicit contexts and freshness conditions, without adding this
splitting principle.

3.6 Induction and repeatable proofs

Induction requires a step that can be applied repeatedly. If its sole assumption is the preceding
induction instance, the conclusion of one application supplies the assumption for the next. If
the step also depends on an assumption of A, each repetition draws on that further assumption
again. Our induction rule must respect the same accounting of dependence as the logical
rules.

I therefore require the base and step to have exactly these forms:

= +(1(0)) + (I(a)) F +(I(Sa)). (3.5)

The base has no assumptions; the step has only its displayed induction hypothesis. Each has
just the displayed conclusion, with no side alternatives. The parameter a is arbitrary and
subject to the freshness condition in the full rule. Given these proofs, numberhood of ¢ can
supply I(t) to a further argument. Section 4 states that argument as the third premise of the
complete induction rule.

For a numeral, the idea is immediate. Start with the closed base and repeat the step,
each time supplying its sole assumption with the preceding result. No additional standing
assumption is drawn on repeatedly. The induction rule extends this reasoning to arbitrary
objects for which numberhood is available; the general Cut-elimination argument will justify
its interaction with the other rules.

The copying construction in Section 2 instead needs:

+(F4(a)), +(A) F +(Fa(Sa)).

Its further assertion of A supplies a new occurrence at each of the first two stages. Discharging
it produces a conditional about the step, but does not produce the required proof from
the induction hypothesis alone. The new rule requires that proof and accepts no asserted
conditional as a substitute for it.

The invariant remains a formula of the whole language, including negation, conditionals,
quantifiers, and comprehension. Other free parameters are allowed. A parameter b in I(x,b)
is not an assumption that b has some property. If a proof also requires +(N(b)), that is a
further dependence which must be accounted for. The restriction concerns the proof of the
step, not the vocabulary of its invariant.

Numberhood copying illustrates the strength that remains. Take I(z) = N(z) ® N(x).
The base combines two closed proofs of numberhood for zero. The step unpacks its one fusion
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hypothesis, applies numberhood successor to each component separately, and combines the
results. Its sole assumption is exactly +(I(a)). Induction therefore gives:

+(N(%)) F +(N(t) ® N()).

The pair in the base came from two closed proofs; the step preserves it. Numberhood copying
thus satisfies the same uniform restriction that blocks copying an arbitrary formula.

The framework combines affine dependence, bilateral negation, and exhaustive coordi-
nation, with induction governed by a condition on the proofs it repeats. The next section
specifies all the rules. Their mathematical strength and their joint nontriviality will then be
established within that single calculus.
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4 The entire sequent calculus

I now state the complete language and primitive rules. Every mathematical principle used in
the next section will be derived from these rules. I also state the two optional Cut rules by
which those derivations may be composed. Section 7 will prove that allowing Cut does not
add any derivable sequents.

4.1 Language and sequents

Terms and formulas are generated together. The term language is:

tou m=a|al|0|St|({t+u)|(t-u)
| pred(t) | test(t) | {= | A}.

Here x ranges over variables and a over parameters. Parameters are names that may be
left arbitrary in a derivation. When a rule requires a fresh parameter, this will be stated
explicitly. The formula language is:

A, B == P(ty,...,tm) |[t€uw|N@E) | L|T|-A
| (A& B)|(AVB)|(A®B) | (A¥B)| (A= B)
| Va A | JzA.

P ranges over predicate symbols of any finite arity, including arity zero. All expressions are
finite. Formulas may occur within terms as the defining conditions of classes, and terms may
occur within formulas. Bound variables may be renamed freely. Every substitution below
avoids capture; A[t/z] is the result of substituting ¢ for the free occurrences of = in A.

There is one domain of objects. The notation does not require the arguments of + or
S to have already been shown to be numbers. Numberhood is expressed by the formula
N(t), and numerical conditions will be included explicitly in the mathematical statements.
Equality is defined later by a formula expressing preservation of class membership. It is not
an additional primitive predicate governed by unstated equality rules. There is likewise no
primitive extensionality axiom identifying classes with the same members.

A signed formula is either +(A) or —(A). The former expresses assertion and the latter
denial. A sequent is an expression I' H A, where I' and A are finite multisets of signed
formulas. Either multiset may be empty. Both signs may occur on either side. A comma
denotes multiset union: it preserves the number of occurrences of each signed formula. Thus
reordering a context makes no difference, but removing a repeated occurrence does.

In each rule, a repeated context letter denotes the same multiset. Different context letters
need not denote disjoint collections of formula labels. If I' and A each contain an occurrence
of +(A), their union contains both occurrences. This convention will matter in the Cut proof,
where one occurrence is selected and removed while other occurrences of the same signed
formula remain.
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4.2 Structural and logical rules

I write B for the calculus consisting of the rules in this subsection and the next. Cut is not
one of its primitive rules. Rule names indicate the sign and side of the principal formula. No
premise or side condition is suppressed in the displays below.

Identity, Weakening, and constants

Identity is available at both signs:
+(A) F +(A) —(A) F —(A).

Weakening is available for either sign on either side:

kA T'HA
I +(A)FA T,—(AFA

Tk A Tk A
TEA (A TFA —(A)

The initial sequents for the constants are:

T, +(L) F A T, —(T)F A

F4+(T) F—(L).

The first two allow arbitrary side contexts as displayed. The last two have empty antecedents
and singleton succedents; side contexts can be added by Weakening. There is no Contraction
rule on either side.

Coordination

Assertion and denial are coordinated by the following case rule:

TH(AFA T, —(A)FA
TFA

Coordination. (4.1)

The formula A is unrestricted. The two premises have the same side contexts because they
are alternative cases. If the conclusion follows on the assumption of assertion and also on the
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assumption of denial, neither assumption need remain. This does not provide an inference
from +(A), —(A) to the empty succedent. There is no such clash rule in the calculus.

Negation

Negation exchanges the signs while leaving the side of the sequent fixed:

TF A, —(A) T, —(A)F A
rra -4 Y Tiagra Y
I['EA, +(A) [, +(A) FA

rra, 4 frayra OO0

These are the four primitive negation rules. Their converse transformations are derived with
Cut in Section 5; Section 7 then establishes their admissibility without Cut. Stating only
these directions as primitive fixes exactly which last inferences the Cut proof must consider.

Additive conjunction

The positive rules for & are:

I'E A +(A) I'A +(B)
I'-A,+(A& B)

(+&R)

T, +(A) F A
I, +(A&B)F A

The negative rules are:

T, +(B)F A
[, +{(A&B)F A

(+& L)

(+&Ly).

T A, —(A)
TFA,—(A&B)

T'FA,—(B)
TFA,—(A& B)

(—&Ry) (—&Ry)

D,—(A)FA T,—(B)FA
T, (A& B)F A

The shared contexts express the additive treatment explained in Section 3. A positive

(—&L).

conjunction supplies a choice of conjunct; a negative conjunction supplies alternative grounds
of denial.

Additive disjunction

The positive rules for V are:

' A +(A)
I'-A,+(AV B)

' A, +(B)
I'-A,+(AV B)

(+V Ry) (+V Ry)

I+(A)FA I+(B)F A
I, +(AVB)F A (+VIL).
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The negative rules are:
LFA —(A) A —(B)

TFA,—(AVB) (=VE)

T, —(A) F A
I,—(AVB)F A

I,—(B)F A
I,—(AVB)F A

(= VL)

(= V Ly).

Multiplicative conjunction and disjunction

The four rules for ® are:
I'EA+(4) A3, +(B)

AP AS o d (+ ® R)
T, +(A),+(B) F A
L+epra 0
I'A,—(A), —(B)
I'FA —(A® D) e
I—(AFA A-(B)FYX
A (4GB AT (- ®L).
The four rules for % are: ' A +(A), +(B)
TFA Az 08
LA FA  A+BEE
A TATB AT (+2 L)
FEA-(A)  AFS —~(B)
rArAs—(axg 00
I''—(A),—(B)FA (-3 L).

[—(A¥ B)F A
The two-premise multiplicative rules combine the dependencies of both premises. Their side
contexts are united in the conclusion, rather than required to be identical. The positive rules
for one connective have the same context pattern as the negative rules for the other.

Comprehension

Comprehension is given at both signs and on both sides:

Tk A, +(Alt/a]) T, +{Aft/z]) F A
TFA t(te{z|A) TD,+{te{z|ADFA
Tk A, —(Aft/2]) D, —(Aft/z]) F A

F'EA —(te{x|A}) I,—(te{z]|A}) FA
A may be any formula of the full language, with additional parameters. There is no positivity
or stratification requirement. The displayed rules fold an instance of the defining condition
into a membership formula. Unfolding is derivable using Identity and Cut, and hence is
admissible without Cut once the theorem below has been established. It is important that
these are proof rules. Membership is not also silently unfolded by object computation.
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Quantifiers

The universal rules are:

I'E A, +(Ala/z))
A, +(VzA)

(+VR)

I'EA, —(Alt/z])
I'E A, —(VzA)
The existential rules are:
I'E A +(Aft/x])
I'FA +(3zA)

(=VR)

(+3R)

I'E A, —(Ala/x])
T+ A, —(JzA)

(=3R)

T, +(Alt/z]) - A

T ey ra VD
I, —(Ala/z]) F A

T, —(VzA) - A (=vL).
T, +(Ala/2]) F A

T @A) A ()
I, —(At/a]) F A

I, —(3zA) - A (=3L).

In the four rules displaying a, it must not occur free in the conclusion. The term ¢ in the
other four rules is arbitrary. In particular, there is no implicit numberhood condition on a
quantifier instance. Numerical quantification is expressed using N within the formula being
quantified.

The conditional

The positive conditional has the affine right and left rules:

T, +(A) F A, +(B)
I'FA +(A= B)

(+=R)

L'EA +(A) A +(B)FX

A, +(A= B)F A X
The right rule discharges one displayed assertion of the antecedent. The left rule combines a
proof supplying that antecedent with a proof using the consequent. Their dependencies are

(+=1).

combined multiplicatively.
There are three primitive rules for denied conditionals. The first constructs a denial from
a counterexample:

TFA A AFYS, —(B)
TAFA,S, (A= B)

Counterexample. (4.2)

The second permits extraction of the denied consequent:

I, —(B)F A
I,—(A=B)FA

Extraction. (4.3)

For example, applying this rule to —(B) F —(B) gives —(A = B) = —(B). There is no

corresponding primitive rule extracting +(A) from a denied conditional. Constructing a
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denial by supplying +(A) and —(B) does not, by itself, justify recovering both separately
from every denial. The denial rules must be assessed together.
The third rule transports a denied conditional along four inferences:

D, +(A) F A, +(C) T,—(C) A, —(A)

A +(D)EX,+(B) A —(B)FX,—(D)
A, —(A=B)F A, X, —(C = D)

Transport. (4.4)

The first row controls the change from antecedent A to antecedent C’; the second controls the
change from consequent B to consequent D. To see the direction of these inferences, suppose
the original denial was obtained from a proof of +(A) and a proof of —(B). The first premise
yields +(C') from the first proof, and the fourth yields —(D) from the second. These supply
a counterexample to C' = D.

The other two premises impose the corresponding conditions at the opposite signs.
Together the four conditions also support composition when the original denial was itself
obtained by Transport. We will check that composition explicitly in the Cut proof. The
contexts are shared within each row and combined between rows. This precise pattern is
essential: it ensures that composing transports respects the dependence on assumptions. The
present claim is that these rules form a workable treatment compatible with the mathematical
development and the metatheorems below. Their formal compatibility does not, by itself,
show that they are the only philosophically acceptable treatment.

4.3 Object computation and numberhood
Object computation

The arithmetic operations are governed by these eight computations:

z+0~x, x + Sy ~ S(x +y),
-0~ 0, x-Sy~ (x-y)+ =z, (45)
pred(0) ~~ 0, pred(Sx) ~~ x, '

test(0) ~> {u | L = L}, test(Sz)~ {u]|L}.

The variables in these schemas can be replaced by any terms. The bound variable u is
vacuous in both displayed classes. Computation is permitted in every term position, including
positions within formulas and class conditions. The predecessor operation supports predecessor
arguments, and the test operation will support the distinction between zero and successors
by their associated membership conditions.

These computations concern the representation of objects. They are not additional
implication axioms. They also do not include the replacement of ¢t € {z | A} by Alt/x]:
that replacement belongs to the comprehension rules. Keeping these operations separate is
necessary for the proof below.

In Lemma 7.1 I show that every expression has a unique object normal form, written
nf(E). A signed formula is normalized by retaining its sign and normalizing its formula; a
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context is normalized occurrence by occurrence. We include the following explicit conversion
rule:

A

IV A
The equalities here are equalities of multisets in the metalanguage. They preserve the
multiplicity of each signed normal form. This is not an appeal to the object-language equality
formula defined later.

Conversion, nf(I') = nf(I"), nf(A) =nf(A). (4.6)

Numberhood and induction

Zero is a number, and the successor of a number is a number:

I'E A +(N(t))

= +{NO)) TF A, HN(S))

The left rule for positive numberhood is induction:

= +(1(0)) + (I(a)) F +(I(Sa)) Lo+(I(t) - A

I ion. 4.
T (N F A nduction (4.7)

I(x) is any formula of the full language, with any further fixed parameters. The notation (t)
means its capture-avoiding instance at t. The parameter a is fresh for ¢, I', A, and the other
parameters of the invariant.

All three premises matter. The first proves the zero instance without assumptions. The
second takes exactly one asserted instance at an arbitrary parameter to exactly one asserted
successor instance. Neither has additional assumptions or alternative conclusions. The third
says how the instance at ¢ is to be used in the present argument. It may have arbitrary side
contexts. Induction replaces its assumption +(I(t)) by +(N(¢)).

I will call the first two subproofs the stored base and step and the third the continuation.
These names describe their roles within an ordinary finite proof tree. The rule does not
contain an infinite family of premises or a hidden appeal to a separate derivability relation.
The stored proofs are proofs in this very calculus, and may themselves use induction. There
is no primitive left or right rule specifically for negative numberhood.

This completes the primitive calculus. In particular, the arithmetic identities, copying
principles, order laws, and division results used later must be derived from these rules. Adding
one of those results as an extra axiom would be a change to the system covered by the proof.

4.4 The two Cut rules

Cut composes a proof establishing a signed formula with a proof using that same signed
formula as an assumption. There are two signs and therefore two displayed forms:

I'EA+(4) AN+AEFY

FAFAS Positive Cut, (4.8)
I'EA —(A) A—(A) X _
TAFAS Negative Cut. (4.9)
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Each removes one displayed occurrence from each premise. Negative Cut composes a denial
with a use of that denial; it does not compose an assertion with a denial. I write B + Cut for
the system obtained by allowing these two rules in addition to the primitive rules.

We will use B + Cut for presenting the mathematical arguments. This means that a
proved sequent may be composed with another proof while all its dependencies are retained.
We have not yet established that Cut is admissible in B; that is the metatheorem of Section 7.
The next section first shows what can be proved by these finite compositions.
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5 First consequences and
mathematical proof techniques

The rules now give us a precise theory to work in. Before proving its general metatheorems,
we should see how some elementary arguments go. In particular, we need to establish that
the intended contradiction survives, define the equality used in the arithmetic, and explain
how ordinary mathematical proofs can reuse their numerical assumptions.

Throughout this section I permit Cut, exactly as displayed in Section 4. Thus the
derivations initially belong to B 4+ Cut. Using a proved sequent as a lemma means composing
its proof with another proof by Cut. Section 7 proves that all such Cuts can be eliminated,
including Cuts within the stored premises of Induction. That theorem does not assume any
of the derived principles established here. Its argument works directly with the primitive
rules.

This order lets us separate two questions. First, what can we derive by ordinary finite
compositions of those rules? Second, can every such composition be replaced by a proof
without Cut? We answer the first question here for the basic principles used in the mathematics.
Some of the proofs, including the Russell and numberhood-copying proofs, will already be
Cut-free.

5.1 Using the logical rules in a mathematical proof

The positive conditional supports modus ponens in the following exact form:

+(A) F +(A) + (B) F +(B)
+(A),+(A = B) F +(B)

(+=1). (5.1)

The two displayed assumptions are used separately: one supplies the antecedent and the
other supplies the conditional. If proofs of those assumptions have side contexts, composing
them with this sequent retains both contexts. Modus ponens does not silently identify their
dependencies.

Fusion permits both components to be used. Its individual projections also follow, since
Weakening permits the other component to go unused:

+(A) F +(A) +(B) F +(B)
+(A), +(B) F +(A) +(A), +(B)  +(B)
+(A® B) F +(A) +{(A® B) - +(B)

The upper inferences are Weakening and the lower ones are +® L. Positive additive projections
instead apply +& L, or +& L, directly to Identity. These facts justify the familiar language of
taking a component of an established conjunction, while leaving its additive or multiplicative
role explicit.
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Negation and comprehension in both directions

The converse negation transformations promised in Section 3 are:

I'E A +(-A) L, +(=A) A
['-A —(A) [, —(A)F A

F'FA —(-A) [—(-A)F A
I'EA+(4) [+(A)FA
To derive them with Cut, first build these four one-step proofs:

—(4) - —(4) —(4) - —(4)
A =@ D Sy R
+(A) F +(A) +(A) F +(A)

i F Y Ty O
For the first converse transformation, cut its premise into the first one-step proof on +(—A).
For the second, cut the second one-step proof into its premise, again on +(—A). The third
and fourth use the third and fourth one-step proofs in the corresponding positions, cutting
on —(—A). This gives the displayed transformations with no change to their side contexts.
The Cut theorem in Section 7 will make them admissible in B itself.

Comprehension is used in both directions by the same method. For either fixed sign ¢,
Identity followed by a left fold or a right fold gives respectively:

e(te{x| A}) Fe(Alt/x]), e(Alt/z]) Fe(t e {z | A}). (5.2)

The sign is unchanged within each sequent. Cutting a membership conclusion into the first
proof unfolds that conclusion. Cutting the second proof into a derivation using membership
as an assumption replaces that assumption by the corresponding instance of the body. Thus
unfolding requires a derivation, not an additional computation rule. The steps will often be
described below as folding or unfolding the defining condition.

5.2 Russell’s sentence is assertible and deniable

Let
r=A{z|-(zr€x)}, R=(rer).

Here r and R are names for the displayed term and formula. Instantiating the defining
condition at r gives =R. The comprehension rules therefore connect membership in this class
with the negation of that very membership claim.

Proposition 5.1 (The Russell contradiction). There are Cut-free proofs of

F+(R), F—(R), F4+(—-R).
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Proof. Begin with negative Identity. Positive negation-right turns denial of R into assertion
of =R, and positive comprehension-right folds the latter into assertion of R:

—(R) - —(R)
iR
—(R) - +(R)

Thus denial of R supplies assertion of R. For the reverse direction, start with positive Identity

Comprehension.

and use the negative rules:

+(R) - +(R)
— (=—R)
+(R) F —(=R)
+(R) F —(R)
The instance of the class condition is still =R; what changes is the sign at which it is folded.

We now have both maps needed for Coordination. To obtain assertion without assumptions,
use positive Identity for the positive case and the first displayed derivation for the negative

Comprehension.

case:
HR) F+(R) — (R) - +(R) Coordination.
= +(R)
To obtain denial without assumptions, use the second derivation and negative Identity:
E— _ _
+(R) (R) (R) - —(R) Coordination.
= —(R)

Finally, positive negation-right applied to the latter proof gives - +(—R). Every step is a
primitive rule, and none is Cut. O

The contradiction is therefore present before any arithmetic has been developed. Both
assertion and denial are conclusions of closed proofs. These proofs do not establish that
the calculus is nontrivial; that requires the later argument excluding - +(_L). What they
establish is that the proposed repair has not removed the Russell contradiction from the
theory.

5.3 Equality and substitution
Define equality by preservation of class membership:
s=t = VZ(seZ=tel), Z fresh for s,t. (5.3)

This is an abbreviation for a formula of the existing language. There is no additional equality
predicate with separate rules. The quantifier is unrestricted: Z ranges over objects, including
every comprehension term. In particular, a condition containing negation, numberhood, or
another quantifier determines a class at which this universal claim may be instantiated.

The definition looks directional, but unrestricted comprehension will make it symmetric
and substitutive. Its numerical use is the use of this same equality formula for terms
accompanied by numberhood conditions. We do not define a second equality whose class
quantifier ranges only over numbers.
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Proposition 5.2 (Reflexivity and substitution). For arbitrary terms s,t and every formula
A(x), the following sequents are derivable:

F+(s =s),
+(s=1),+{A(s)) F +(A(1)),  +(s=1), —(A(s)) = —(A({t)).

The formula A(x) may contain any finite number of free occurrences of x. Substitution is
capture-avoiding, and there are no numberhood assumptions in these sequents.

Proof. For reflexivity, start with +(s € Z) - +(s € Z). Apply positive conditional-right to
discharge its assumption, then positive universal-right to generalize the fresh parameter Z:

+{seZ)F+(se Z)
F+(se Z=s€eZ)
F+(VZ(seZ=s€eZ))

The conclusion is exactly - +(s = s).
For positive substitution, let K = {x | A(x)}, renaming the bound variable so that it is
fresh for s and ¢. The comprehension proofs in (5.2) give:

+(A(s)) F +(s € K), +(t € K) - +(A(t)).
Apply the positive conditional-left rule to these two proofs:

+(A(s)) F +(s € K) + (t € K) - +(A(t))
+(A(s)),+{(s € K =te K)F+(A(t))

Positive universal-left now replaces the displayed conditional assumption by its universal
quantification over Z. That is the assumption +(s = t). This proves the first substitution
sequent. The proof uses one equation assumption and one instance of A(s), and can already
be given without Cut.

For negative substitution, apply the positive construction to the formula —A(x). It gives

+(s =t),+(-A(s)) F +(=A(1)).

Convert the extra assumption from —(A(s)) to +(—A(s)) using its one-step negation proof,
and convert the conclusion to —(A(t)) using the opposite one-step proof. Composing these
by Cut gives the second substitution sequent. No contraposition rule for the conditional is
being assumed: the relevant class is the class defined by —A(x). O

The unrestricted range of comprehension explains the force of this definition. Every
formula A(x) supplies a class {x | A(z)} against which the proposed equality can be tested.
The proof also explains why replacing several occurrences of a term is legitimate. One
membership instance unfolds to the whole formula A(s), and the other to the whole formula

A(t). The equation is used once, regardless of how many free occurrences of x occur within
A(x).
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Proposition 5.3 (Symmetry, transitivity, and congruence). The following sequents are
derivable for arbitrary object terms:

+Hs=t) F+{t=ys),
+(s=1t),+{t =u) F +{s = u),
+s=1)F+(f(s) = f(1)).

Here f(z) is any term expression, including an expression with class abstraction, and its
displayed instances avoid capture.

Proof. For symmetry, use substitution with A(x) the formula z = s. It yields +(s = t), +(s =
s) F +(t = s). Cut in closed reflexivity at s, leaving only +(s = t).
For transitivity, use substitution along t = u with A(x) the formula s = x. Its input A(¢)
is s =t and its output A(u) is s = u, so the substitution sequent is already the required one.
For congruence, use substitution along s = ¢ with A(x) the formula f(s) = f(x). Its input
at s has a closed reflexivity proof. Cutting in that proof leaves +(s = t) - +(f(s) = f(¢)). O

It follows that positive equality permits substitution in either direction and at either
sign: use symmetry first when the equation is oriented the other way. These are substitutive
equality laws. They do not include an extensionality rule inferring equality of two classes
merely from some specified agreement between their memberships. Such a rule would require
a separate justification.

5.4 Guarded numerical quantification

Since the language is one-sorted, a numerical statement must say where numberhood is
required. We use:

vo(N(z) = A(z)),  3z(N(z) @ A(x)) (5.6)
for numerical universal and existential claims. These are formulas of the primitive language,
not new quantifiers with additional rules.

The universal claim supplies A(¢) when numberhood of ¢ is supplied. Universal-left first
gives access to N(t) = A(t); conditional-left applies it to +(N(¢)). The resulting derived
sequent is:

+(Vz(N(z) = A(x))), +(N(t)) - +(A(1)). (5.7)
Conversely, if a is fresh for I and the other parameters, a proof of I', +(N(a)) - +(A(a)) can
be followed by conditional-right and universal-right:
', +(N(a)) - +(A(a))
I'F +(N(a) = A(a))
I'E +(Vx(N(z) = A(x)))

For a numerical existential, the witness comes with both a numberhood claim and an

instance of the condition. Thus:
' 4+(N(t)) A +(A(1))
DA E+(N(E) @ A(t))
[,AF+(3z(N(z) ® A(x)))
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The contexts are combined, because both parts are supplied together. To use such an
existential assumption, open a fresh witness by +3L and unpack its tensor by + ® L. The
continuation then has precisely +(N(a)) and +(A(a)) as its witness assumptions. No separate
numberhood premise is needed to open the witness.

Several numerical variables are guarded one at a time. For example, a sequent
+(N(a)), +(N(b)) - +(F(a,b)) gives the closed formula

v (N(z) = Vy(N(y) = F(z.9)))

by discharging and generalizing b, then a. The internal quantifier over Z in the definition of
equality remains unrestricted throughout. Numerical guards apply to the numerical variables
of the mathematical statement; they are not inserted into every quantifier occurring inside
its definitions.

5.5 Copying an assumption by a derivation

Say that D has positive copying when there is a derivation of
+(D) F +(D ® D) (5.8)

with no additional assumptions. Free parameters in D are permitted. The condition concerns
the signed assumption +(D); it makes no claim about —(D).

Such a proof licenses exactly the following use. Suppose an argument has been given with
two occurrences of +(D) among its assumptions. Tensor-left packages those occurrences, and
the copying proof supplies that package from one:

(D) +(D & D) FF’J;(Z% gg?: AA

T, +(D)F A

Cut. (5.9)

This makes Contraction admissible for this particular positive assumption in B + Cut.
Repetition supplies any fixed finite number of uses. When the premise proof is Cut-free, the
Cut theorem will also provide a Cut-free result.

Conversely, if Contraction is admissible for +(D) in arbitrary contexts, apply it to the
tensor of two identity proofs:

+(D),+(D) F +(D ® D).

Its conclusion is (5.8). Thus the copying sequent is the evidence needed for the formula-specific
structural permission. It is not merely a suggestive resemblance to Contraction.

A closed theorem always has positive copying. Write its closed proof twice, combine
the results with + ® R, and add +(D) on the left by Weakening. The two copies of the
proof introduce no open assumptions. This observation applies to the Russell theorems just
established as well as to ordinary logical theorems. What needs a substantive argument is
copying a mathematical assumption for which no closed proof has been supplied.

45



This recovery of particular copying permissions belongs to the earlier comprehension
programme: see White (1993) for a theory with a substantial class of contractible formulas,
and Shirahata (1999, Section 2) and Terui (2004, Proposition 2.7) for equality copying. We
now derive it from the present definition of equality and then show how numberhood supplies
another copyable mathematical assumption.

Proposition 5.4 (Equality copying). For arbitrary object terms s,t,
+Hs=t)F+{(s=t) R (s =1)).
Proof. First combine two closed reflexivity proofs:

F+(s=s) F+(s=s)
F+((s =5 @ (s=5))

Now use equality substitution for the whole formula A(z) = ((s =) ® (s = z)). It gives

(+ ® R).

Hs=t),+{(s=5)R(s=s) F+{(s=t) @ (s =1)).

Cut in the closed proof of the second assumption. The result has exactly one assumption,
+(s =t). This is the required copying sequent. O

Both occurrences of x lie within one formula to which substitution applies. We have
used the equation once to transport that formula. We have not assumed in advance that the
equation could be used separately for its two tensor components.

Proposition 5.5 (Numberhood copying). For every object term t, there is a Cut-free proof
of
+(N(t)) F +(N(t) ® N(2)).

Proof. Use Induction with the invariant
I(x) = N(x) ® N(x).

Its base has a closed proof:
F+(N0))  F+(N(0))
= +(N(0) ® N(0))

For the step, Identity followed by successor numberhood gives +(N(a)) F +(N(Sa)). Take two

instances of that proof. Tensor-right first combines their distinct assumptions, and tensor-left
then packages them:

+(N(a)) = +(N(Sa) + (N(a)) = +(N(Sa))

)
+(N(a)), +(N(a)) = +(N(Sa) © N(Sa))
+(N(a) @ N(a)) F +(N(Sa) @ N(Sa))

The end-sequent is exactly +(I(a)) F +(/(Sa)). The two uses of numberhood were supplied

by the two components of the one tensor assumption. No occurrence has been contracted.
Finally, use +(I(t)) - +(I(t)) as the continuation. Induction replaces its assumption by

+(N(t)), giving the claimed conclusion. All three premises have precisely the forms required

by the primitive rule, and all their proofs are Cut-free. O
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The statement is conditional on numberhood. It permits copying +(N(¢)) for any term ¢;
it does not prove that every term denotes a number. Nor does it yield copying of an arbitrary
formula substituted for N(¢). The base and step just used depend specifically on the primitive
zero and successor rules for numberhood.

5.6 Which compound mathematical data can be copied?

Equality and numberhood often occur as parts of larger data. A witness to an arithmetic
existence claim, for instance, may include numberhood of the witness and several equations
relating it to the parameters. We need to know when the whole datum can be retained while
part of it is used in another argument.

Proposition 5.6 (A class of copyable mathematical data). Every formula generated by the
following grammar has positive copying:

D =:=N(@t)|(s=t)| L]|(D1®Ds)|(D1V Dy)|3xD. (5.10)
The terms may use the full object language. Fach equality is the specific formula in (5.3).

Proof. Induct on the displayed construction of D. Numberhood and equality are covered by
the preceding propositions. For L, the initial sequent with positive falsity on the left directly
gives +(L) F +(L ® L). There are three compound cases.

Tensor. Suppose copying proofs have been given for D; and D,. From their two identities,
tensor-right gives +(D1), +(Ds) F +(D; ® Dy). Take two instances of that derivation and
apply tensor-right again. The result is

+(D1),+(D3),+(D1), +(D2) F +{((D1 ® D3) ® (D1 ® D»)).

Use the induction hypothesis for D; to supply its two occurrences from one, by (5.9). Do
the same for D,. There is now one assumption of each. Tensor-left packages them into
+(D; ® D), which gives the required copying proof.

Disjunction. From +(D;), identity followed by + V Ry gives +(D; V Dy). Tensor two
instances of this proof, then use the copying proof for D; to reduce the two assumptions to
one. This yields

+(D1) F +{((D1 V Ds) @ (D1 V Dy)).

Using Dy and + V Ry yields the same conclusion from +(Ds). Apply + V L to these two
alternatives. Its conclusion is the required copying sequent for D; V D,. The cases share
their empty side contexts; they are not combined multiplicatively.

Ezistential. Choose a parameter a fresh for the existential conclusion and all fixed
parameters. Positive existential-right gives +(D(a)) = +(3xD(x)) from Identity. Tensor two
such proofs, using the same witness a in both:

+(D(a)),+(D(a)) - +{(3xD(x)) @ (3xD(x))).
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The induction hypothesis copies D(a), so one occurrence of its positive assumption suffices.
Apply +3L to that assumption. The result is

+(3xD(z)) F +{(FxD(x)) @ (3xD(x))).
Freshness permits this final inference. These three constructions complete the induction. [J

For a concrete example, consider
EIz(N(z) ®(s+z= t))

This says that there is a numerical gap taking s to t. Its entire asserted datum can be copied,
even without separate numberhood assumptions on s and ¢. Opening it gives a numerical
witness and an equation, both of which can be reused by the preceding proofs. The same
grammar covers successive numerical witnesses carrying finite tensor packages of equations,
and alternatives between such data. It will apply to the order and division data used later.

The grammar gives a sufficient condition, not a claim to classify every copyable formula.
It contains no closure clause for arbitrary universal quantification, conditionals, negation,
membership, or additive conjunction. In particular, equality’s place in the grammar does not
authorize copying every universal formula. It is present because its particular definition has
the copying proof already given. Similarly, copyability of an existence datum does not by
itself give copyability of a universal statement asserting its uniqueness.

5.7 Recovering the two conjunctive roles

We can now justify the contextual recovery claim made in Section 3. Its restriction concerns
the assumptions from which a conjunction is proved.

Proposition 5.7 (Conjunction under copyable assumptions). Suppose every occurrence in I’
is a positive signed formula with a copying proof. For arbitrary formulas A, B,

I'F+(A& B) s derivable if and only if T'F +(A® B) s derivable.

There are no additional succedent formulas in this statement.

Proof. From a proof of the additive conjunction, its two projections give separate proofs of
I' - +(A) and I' - +(B). Tensor-right combines them into I''’I' F +(A ® B). Apply the
copying construction to each assumption occurrence to reduce the two copies of I' to one.
This proves the forward direction.

Conversely, the tensor projections give separate proofs of I' = +(A) and T' - +(B).
Additive conjunction-right combines them under their shared context I'. This direction uses
Weakening for the projections and requires no copying assumption. O]

In particular, the equivalence holds for closed theoremhood, where I' is empty, and for
mathematical arguments whose assumptions are positive data from (5.10). For example,
congruence gives both s + u =t 4+ u and s-v = t-v from s = t. Additive introduction
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combines those conclusions immediately; equality copying also permits their multiplicative
combination. The two conclusions can then be used together.

The proposition does not supply +(A & B) - +(A ® B) for arbitrary A, B. That sequent
treats the additive conjunction itself as the available assumption, and no copying proof for
that assumption has been supplied. Nor is the proposition a replacement principle inside
arbitrary larger formulas. It is an equivalence of positive derivability under the stated context
condition.

5.8 Induction in mathematical proofs

The primitive induction rule requires a closed base. Ordinary mathematical presentations
often start with a base proved under some assumptions and then apply a step that has no
further dependencies. We can derive that form without relaxing the primitive rule.

Proposition 5.8 (An open base and a fixed step). The following rule is derivable:

I'E A +(F(0)) + (F(a)) b +{(F(Sa))
[, +(N(t)) F A, +(F(t))

The step has exactly its displayed assumption and conclusion, and a is fresh fort, I, A, and

(5.11)

the other parameters of F'.

Proof. Use the invariant

I(z) = F(0) = F(x).
Its base is the closed theorem F(0) = F(0), obtained by conditional-right from Identity.
For its step, temporarily assume +(F'(0)) alongside +(F'(0) = F'(a)). Modus ponens gives
+(F(a)), and the supplied step proof gives +(F(Sa)). Conditional-right discharges the
temporary +(F'(0)), leaving exactly

+(F(0) = F(a)) - +(F(0) = F(Sa)).

This is a stored step of the required form, with one invariant assumption and no ambient
side contexts.
For the continuation, apply conditional-left to the actual base proof and Identity at F'(t):

PEA Q)  +(FQ@) F ()
T, +(F(0) = F(t)) - A, +(F(t))

The primitive induction rule now replaces the invariant assumption by +(N(¢)). The actual
base proof and its contexts occur only in this continuation. O]

The invariant stores a conditional from the zero instance to the current instance. The
induction therefore constructs the appropriate conditional without repeatedly using the actual
proof of the zero instance. That proof is supplied once, when the final conditional is used.

Copyable side assumptions permit a further familiar form of induction. It is useful to
state it with one datum D; a finite collection of positively copyable assumptions can be
packaged as a tensor, using the tensor construction in the proof of Proposition 5.6.
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Proposition 5.9 (Induction with copyable side data). Suppose D has positive copying and
is independent of the induction variable. From proofs of

T H(F0),  +(D),+(N(a)), +{F(a)) F +(F(Sa)),

one can derive

T, +(D) F +(Vn(N(n) = F(n))). (5.12)

Here a,n are fresh for ', D, and all other parameters. The supplied step has no additional
assumptions or alternative conclusions.

Proof. Define
H(zx) =D = (F(0) = F(x)), I(z) = N(z) ® H(z).

We give the three premises of the primitive induction rule.

For the closed base, prove +(N(0)) by its initial rule. Separately, Identity on F'(0) and
Weakening give +(D), +(F(0)) F +(F(0)). Discharge +(F(0)) and then +(D) to obtain
= +(H(0)). Tensor the two closed proofs. The result is exactly - +(I(0)).

For the stored step, first work with separate assumptions +(N(a)) and +(H (a)). Tem-
porarily assume +(D) and +(F(0)). Using H(a) takes one occurrence of each temporary
assumption to +(F(a)). The supplied step proof then takes +(F(a)), +(N(a)), and another
occurrence of +(D) to +(F(Sa)). Written with every dependency counted, this composition
gives

+(N(a)), +(H(a)), +(D), +(D), +(F(0)) = +(F(Sa)).

Use the copying proof for D to supply its two occurrences from one. Conditional-right then
discharges +(F(0)) and +(D), in that order. We obtain

+(N(a)),+(H(a)) - +(H(Sa)).

Combine this proof with +(N(a)) F +(N(Sa)) using tensor-right. This initially requires two
occurrences of +(N(a)), one for each proof. Supply them from one by numberhood copying.
Finally, tensor-left packages the remaining +(N(a)) and +(H (a)) assumptions. The stored
step is now exactly

+(I(a)) F +{I(Sa)).

All temporary side assumptions have been discharged. Their copying was justified before
discharge, within the construction of this fixed step proof.

For the continuation at a fresh n, unpack I(n) and use its H(n) component. Supply the
actual +(D) and the given base proof I' = +(F(0)). This gives

L, +(D), +{I(n)) = +({F(n)),

with the unused numberhood component allowed by Weakening. Primitive Induction replaces
+(I(n)) by +(N(n)). Discharge that assumption by conditional-right and generalize n by
universal-right. This gives (5.12). O
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The proposition covers the numerical parameter assumptions used in ordinary arithmetic
inductions. For instance, take D to be a tensor of the numberhood claims for the fixed
parameters, with any further equations or witness data whose copying has been established.
Tensor-left packages a step using those assumptions separately; tensor-right supplies the
package in the continuation. The copying theorem justifies their repeated use.

There is still a difference between being given a step proof with these precise dependencies
and assuming an arbitrary formula that says a step is available. The proposition is a
construction from specified derivations, together with an actual copying proof for D. It does
not allow an arbitrary open assumption to be inserted into the stored step, or recover the
unrestricted induction schema used in the collapse argument.

5.9 Numerical operations and their elementary laws

The operations in the language are available on all objects. For numerical arguments, we must
prove that they produce numbers before using their outputs in further guarded quantifier
instances.

Proposition 5.10 (Closure under addition and multiplication). There are derivations of
+(N(2)), +(N(¥)) E +(N(z +y)),  +(N(@)), +(N(y)) - +(N(z - y)).
Proof. For addition, induct on y with the invariant
I(n) = N(z) = N(z + n).

The base is conditional identity, since x + 0 computes to x. For the stored step, apply the one
invariant assumption to a temporary +(N(z)) to obtain +(N(z + a)). Successor numberhood
gives +(N(S(z +a))). Convert this to +(N(z + Sa)) and discharge the temporary assumption.
The step has precisely +(I(a)) = +(I(Sa)). In the continuation, use I(y) with the actual
assumption +(N(x)). Induction replaces the invariant assumption by +(N(y)), giving addition
closure.

For multiplication, use
I(n) =N(z) = N(z - n).

For its base, the zero initial proves numberhood of = - 0, by Conversion. Add a temporary
+(N(z)) by Weakening and discharge it to obtain the closed conditional. For the step, the
invariant and one +(N(z)) give +(N(z - a)). Addition closure combines this with another
+(N(z)) to give +(N((z - a) + x)). Numberhood copying supplies these two uses of +(N(z))
from one. Convert the result to +(N(x - Sa)) and discharge that temporary assumption. The
stored step again has only its one invariant assumption. The continuation uses the actual
+(N(z)), and Induction supplies the other displayed numberhood assumption. ]

It follows by induction on arithmetic terms that every term built from numerical variables,
zero, successor, addition, and multiplication has a numberhood proof under those variables’
numberhood assumptions. At a repeated variable, or when the two subterms share a variable,
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numberhood copying supplies the required repeated uses. This claim does not classify
arbitrary comprehension terms as numbers.

The primitive computations also yield the basic arithmetic equalities and separation
principles needed later.

Proposition 5.11 (The elementary arithmetic laws). For arbitrary object terms, the following
are derivable:

F+{z+0=uz), F+(x+Sy=S(z+y)),
F+(zx-0=0), F+(x-Sy=(x-y)+ ),
+(Sz = Sy) F +{z = y), +(0 = Sz) F +(L).

No numberhood assumptions are needed for these six sequents.

Proof. Each of the first four equations has sides with the same object normal form. Reflexivity
followed by Conversion therefore proves its assertion. This uses the defined equality formula;
it adds no primitive equality axiom.

For successor injectivity, apply congruence for the term expression pred(z):

+(Sz = Sy) + +(pred(Sx) = pred(Sy)).

The predecessor computations convert its conclusion to +(x = y).
For zero—successor separation, start with the closed conditional theorem | = 1. Positive
comprehension and the zero computation for test give

F+(0e{u| L= 1}, hence F +(0 € test(0)).

Use equality substitution along 0 = Sz in the formula A(z) = (0 € test(z)). Supplying the
preceding closed proof yields

+(0 = Sz) F +(0 € test(Sx)).

The successor computation converts the class term on the right to {u | L}. Unfolding its
membership condition gives +(L), as required. ]

Separation is stated here as an inference from positive equality to asserted falsity. It is
stronger than merely recording a denial of equality: positive falsity can be used through its
left initial rule to obtain any required conclusion. The proof identifies exactly how predecessor
and test enter the arithmetic.

5.10 Why these copying results do not restore the collapse

The preceding proofs permit extensive reuse of mathematical data, but every use has a
specific derivation behind it. There is no rule that takes an arbitrary signed assumption and
duplicates it. This restriction remains essential even after equality and numberhood copying
have been proved.
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We can see the boundary directly in the present calculus. Fix any formula B, choose x
fresh for it, and put
k={z|ze€x= B}, C=(kek).

Comprehension gives the two positive maps
+(C) F +(C = B), +(C = B) - +(C).

Compose the first with modus ponens. One occurrence of +(C') supplies the conditional and
another supplies its antecedent, giving

+(C),+(C) F +(B).

If C had positive copying, its two occurrences could be supplied from one, producing
+(C) F +(B). Conditional-right would then give - +(C' = B). The second comprehension
map would yield - 4(C'), and composing this with +(C) - +(B) would give - +(B).

Consequently a general positive-copying scheme would trivialize this calculus as well. The
later nontriviality theorem will show that it cannot already be available. For example, taking
B = 1 identifies a particular comprehension sentence for which no positive-copying derivation
can exist. The copyable-data grammar does not include that arbitrary membership formula
as a base case.

This makes the distinction between the structural rule and its admissible instances precise.
We can supply repeated equations, numberhood claims, and the specified compound data
because we have proved the corresponding copying sequents. We cannot infer the same
permission for an unrelated formula simply because it occurs in a mathematical argument.
The next section shows how these permissions support ordinary arithmetic proofs. We will
then prove that Cut can be eliminated from all the constructions, including those using
induction within stored proofs.
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6 Reconstructing arithmetic

We can now use the preceding techniques to prove mathematical results. It is useful to see
what these proofs look like before turning to Cut elimination. The restriction on induction
matters only if we can say both how it blocks the collapse and how ordinary arithmetic
arguments can respect it. Section 5 supplied the general constructions. This section shows
those constructions at work.

I will explain addition commutativity, addition cancellation, reasoning with order, and
division with remainder. They illustrate different features of the calculus: an equational
induction, an induction whose hypothesis is a conditional, the use of numerical witnesses, and
an induction that carries a quotient and remainder together. The complete reconstructions
of Ripley’s forty-six arithmetic results are in Appendix A. Appendix B gives the full division,
uniqueness, and copying arguments. All these proofs use the calculus already stated, with
Cut to compose derivations. The next section will remove those Cuts.

6.1 What is being reconstructed?

The reconstruction concerns the statements in Ripley’s pinned arithmetic file, under the
numerical interpretation described earlier. We preserve the terms 0, St, s+, and s-t. Source
equality becomes the Leibniz equality of (5.3); the external conditional becomes =, fusion
becomes ®, disjunction becomes V, and falsity becomes L. Numerical quantifiers receive
exactly these guards:

(VzA)" =V (N(z) = A"),
(FxA)* = EIx(N(x) ® A*).
The class quantifier in the definition of equality remains unrestricted. It does not receive a

numberhood guard.
For a source statement A with free numerical variables x1, ..., x,,, listed in alphabetical

(6.1)

order, the reconstructed theorem is
(Vo (N(z1) = Vo, (N(@,) = A7) -+ ). (6.2)

An already bound variable keeps its position and receives the guard specified in (6.1). Thus,
for example, addition commutativity means the closed theorem

F+(Va(N(@) = Vy(N(y) = s +y =y +1))).

In the proofs we can work under the two numberhood assumptions, derive the asserted
equation, and then discharge the assumptions and generalize the variables. This is the same
theorem presented at an earlier stage of its proof.

These conventions matter. The reconstruction is not a claim that every object is a number,
or that unguarded quantification over the whole comprehension language can be treated as
numerical quantification. Nor do we retain the unrestricted induction schema that produced
the collapse. The two source induction helpers correspond here to constructions from base
and step proofs with the dependencies specified in Section 5. They are not two additional
closed mathematical statements among the forty-six reconstructions.
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6.2 Commutativity: an equational induction

The computation rules recur on the second argument of addition. They give x + 0 = x and
x4+ Sy = S(z + y) immediately. They do not give 0+ x = = or Sz +y = S(z + y) immediately.
We first prove these two left-hand versions by induction.

For 0 4+ x = x, the zero case computes to 0 = 0. If we assume 0 + a = a, then

0+ Sa =S(0+ a) = Sa.

The first equality is a computation. The second follows by applying successor congruence to the
induction hypothesis. That hypothesis has been used once. This gives +(N(z)) F +(0+z = z).

For Sz + y = S(x + y), induct on y, leaving x as a free parameter. At zero both sides
compute to Sx. The step is

Sz + Sa = S(Sx + a) = S(S(x + a)) = S(z + Sa).

The middle equality applies successor to the induction hypothesis. The other two are
computations. Again there is one use of the hypothesis. This proof needs numberhood of y,
but no numberhood assumption about x.

Proposition 6.1 (Addition commutativity). The sequent
+(N(2)), +(N(y)) F +(z +y =y + 2)
is derivable.

Proof. Fix the numerical parameter x and induct on y. At zero, x + 0 = x by computation,
while 04+x = z by the first preliminary induction. Symmetry and transitivity give z+0 = 0+x.
For the step, assume = 4+ a = a + . We have

z+Sa=S(x+a)=S(a+z) =Sa+ x.

The first equality is the right-successor computation. The second uses the induction hypothesis
under successor. The third uses the left-successor result just proved, in reverse, with
numberhood of x. There is no second use of the induction hypothesis.

The fixed parameter assumption +(N(x)) is needed in the base and step. Proposition 5.9
handles this dependence: numberhood copying supplies the repeated numerical datum inside
its construction of the stored step. Apply that proposition and instantiate its guarded universal
at y. If separate parts of the construction require numberhood of z, its copying proof supplies
those occurrences. The resulting sequent has just the two displayed assumptions. O

The point is not that the usual induction becomes unavailable. We can still give its familiar
equational argument. What we must also specify is how the fixed numerical parameter enters
the stored proof. The derived induction construction supplies that explanation.
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6.3 Cancellation: a conditional induction hypothesis

The invariant in an induction need not be an equation or a copyable formula. Addition
cancellation provides a simple example.

Proposition 6.2 (Right cancellation for addition). The sequent
+NHYEF+H(x+2=y+2)= (z=1y))
is derivable, without numberhood assumptions on x and y.

Proof. We are going to use induction on z to construct a conditional that removes the common
summand. Take
Fn)=((w+n=y+n)=(@=y).

At zero, this computes to (x = y) = (x = y). Identity followed by positive conditional-right
gives a closed proof of its assertion.
For the step, assume +(F'(a)). We need to prove the conditional F'(Sa). Temporarily
assume its antecedent,
+(z + Sa =y + Sa).

Computation gives +(S(z + a) = S(y + a)). Apply congruence for pred and compute the two
predecessors. We obtain +(x + a = y+a). The conditional F'(a) now applies to this equation
and gives +(x = y). Discharge the temporary equation by conditional-right. The step has
exactly the form

+(F(a)) F +(F(Sa)).

Its only undischarged assumption is the induction hypothesis, and that hypothesis was used
once. The primitive induction rule, with Identity as its continuation, therefore gives the
stated sequent. O

This proof explains why restricting the invariant to some special class of formulas would
be an unnecessary loss. The conditional invariant is harmless here because the proof of its
step has the required dependencies. We never copy the conditional hypothesis. Adding the
unused numberhood assumptions for  and y by Weakening and taking the closure (6.2) gives
precisely the reconstructed source statement.

6.4 Order: carrying a numerical gap
We define the two order relations by numerical gaps:

s <t:=3k(N(k)® (s +k=1)), 63
s <t:=3k(N(k) @ (s + Sk =1)). '

A weak inequality supplies a number that can be added to its left side to obtain its right
side. A strict inequality supplies a successor-sized gap. In each case the definition gives
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both the witness’s numberhood and its equation. The tensor records that these two pieces of
information can be used together.

Consider transitivity of <. Assume x < y and y < z. Opening the two existential
assumptions gives numerical witnesses k,[ and equations x + k = y and y + [ = z. The
intended gap from z to z is k+(. Addition closure proves that it is numerical, and associativity
gives

r+k+l)=(@+k)+l=y+l==2

The first equality is the associativity theorem, proved by induction in Appendix A. The
second uses x + k = y under addition by [. The third is the other input equation. Each input
equation has been used once. Numberhood copying supplies the numerical guards needed
both for these theorem instances and for the final witness. Pair N(k + () with the resulting
equation and introduce the existential. Discharging the original tensor assumption gives

(r<poy<2))=(@<e)

under the numerical guards for z, vy, 2.

Strict order supports the corresponding exclusion results. For example, an assumption
x < x supplies x + Sk = x. Cancellation, together with commutativity, reduces this to Sk = 0.
Symmetry and zero—successor separation then give asserted falsity. Thus the guarded closure
of (r < x) = L is a theorem. This is a particular refutation justified by the arithmetic laws.
It does not license an inference to falsity from an arbitrary assertion and its denial, such as
the Russell pair.

Comparison also has its ordinary constructive shape. Induction first shows that every
number is either zero or a successor of a number. For trichotomy, induct on x with

Yy(N(y) = (& <y) V ((z =y) V (y < 2))))

as the formula to be proved. At zero, the zero-or-successor cases for y give either equality
or 0 < y. In the step, split numerical y into the same two cases. If y = 0, then y < Sz. If
y = S7, apply the induction hypothesis once to the numerical predecessor j. An equality
between x and j lifts under successor. Either strict inequality lifts with the same numerical
gap, using the successor laws for addition. These are alternative branches, so their common
context is permitted by additive disjunction-left. There is no simultaneous duplication of
the universal induction hypothesis. Appendix A supplies the complete induction and derives
linearity, monotonicity, antisymmetry, and multiplication cancellation.

6.5 Division: an induction with a quotient and remainder

Division with remainder illustrates why it matters that witness data can be used together
and, when needed, copied. We use a divisor Sd with N(d) available. The theorem constructs
numerical ¢, r such that

a=(q-Sd)+r and  r < Sd.
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Here “and” is represented by tensor. For precision, define

R(a,d,q,r):=(a=(¢-Sd)+ 1) (r <Sd), (6.4)
D(a,d) := 3g(N(g) @ Ir(N(r) ® R(a,d, g, 7))). (6.5)

These are names for the displayed formulas. They add no predicates or rules. We will prove
- +(vd(N(d) = Va(N(a) = D(a,d)))). (6.6)

We are going to use induction on a to construct its quotient and remainder together.
Fix numerical d. At zero, choose ¢ = r = 0. The representation equation follows from
multiplication by zero and addition by zero. To establish the remainder bound 0 < Sd, choose
gap d: left zero gives 0 + Sd = Sd. All the chosen witnesses have numberhood proofs.

For the step, opening the induction datum gives numerical witnesses ¢, r, k and the two
equations

a=(q-Sd)+r, r + Sk = Sd. (6.7)

The witness k tells us how much room remains before the remainder reaches the divisor.
Apply the zero-or-successor theorem to k.

If £ = 0, the second equation says Sr = Sd. Increasing the old remainder by one would
reach the divisor. Increase the quotient to S¢ and reset the remainder to zero. The required
equation is

Sa =S((q-Sd)+r)
= (¢q-Sd) + Sr
= (q-Sd) + Sd
= ((Sq) - Sd) + 0.

The first line uses the old representation equation under successor. The next is the addition
computation in reverse. The third uses the old remainder bound in its present zero case. The
last uses the left-successor law for multiplication and addition by zero. The new bound is
again 0 < Sd, with gap d.

If £k =Sj for numerical j, there is room to increase the remainder. Keep ¢ and choose Sr
as the new remainder. We have

Sa=(q-Sd)+Sr, Sr+Sj=r+5(Sj)=Sd.

The first equation follows from the old representation exactly as before. The second uses the
successor addition laws and the old gap equation after substituting £k = Sj. Thus j is the
new strict gap. Successor closure gives numberhood of the new remainder.

Each branch consumes the old representation and gap equation once. The two branches
can share these assumptions because they are alternatives. Reintroduce the gap, remainder,
and quotient existentials, pairing each witness with its numberhood proof. This gives the
successor datum.

The remaining issue is the fixed assumption N(d). It is copyable, so Proposition 5.9 turns
this argument into a use of the stated primitive induction rule. Appendix B displays the
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precise invariant and its closed stored proofs. Consequently (6.6) does not require a new form
of induction.

Uniqueness rests on the order results. Given two representations, compare their quotients
q, p by trichotomy. If ¢ < p, the second representation is too large to equal the first while the
first remainder is below the divisor. Expanding the two gap witnesses turns the assumed
equality into an equation saying that a number equals itself plus a positive gap, which the
preceding order argument refutes. The case p < ¢ uses the other remainder bound in the
same way. If ¢ = p, substitution makes the product terms equal, and addition cancellation
gives equality of the remainders. The detailed gap calculation is in Appendix B.

Finally, the result can retain the division datum together with its uniqueness guarantee.
The formula R is built from equality, numberhood, tensor, and an existential numerical
gap. It therefore belongs to the copyable class of Proposition 5.6. Copy the relation: one
occurrence is retained in the conclusion, and the other is used to prove that any alternative
numerical quotient and remainder are equal to the retained pair. Discharge and generalize
those alternative data to form the uniqueness condition. This argument copies the particular
division relation; it requires no copying of an arbitrary universal or conditional formula.

The full collection consists of the forty-six arithmetic reconstructions, eight division and
supporting statements, and two further copying statements. Appendices A and B state
them and give their proofs; Appendix C records their formal certification. We have now
seen the mathematical use of the restrictions on assumptions. It remains to show that every
composition used in these proofs can be eliminated, and that the resulting calculus cannot
prove asserted falsity.
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7 Cut elimination

The preceding two sections used Cut to compose mathematical proofs. We now show that
every such proof has a Cut-free replacement with exactly the same end-sequent. The result
covers the full primitive calculus, including unrestricted comprehension and the induction
rule with its stored base and step proofs.

The argument is syntactic: it transforms proofs, without assigning truth values to their
formulas. It uses none of the derived mathematical principles from Sections 5 and 6 as
additional rules. I give the induction measure first, state the induction hypothesis precisely,
and then check every reduction. The conditional and induction cases require particular
attention.

The argument extends the proof-theoretic treatment of unrestricted abstraction developed
in the affine tradition (Grishin, 1982; Petersen, 2000). In particular, Nicolai, Piazza, and
Tesi (2024, Section 2, Definition 4 and Proposition 5) give the maximum-versus-sum measure
for additive and multiplicative branching. Our scalar weight for proofs without induction
follows that pattern. Additional coordinates record stored induction proofs, and a secondary
height handles transformations that leave weight unchanged. The signed rules require their
own checks: coordination is a shared-context case, and all four principal combinations of
conditional-denial rules are treated explicitly. The final two principal cases establish the
further reductions required by induction at zero and at a successor.

7.1 The form of the proof

The result to be proved is that every finite proof in B + Cut can be replaced by a proof
in B with exactly the same end-sequent. We first prove the local claim that one Cut with
Cut-free premises can be removed. The general result then follows by removing the Cuts in
the premise proofs before removing the Cut that composes them.

For the local claim, call the left premise proof the producer and the right premise proof
the consumer. Mark the particular occurrence being cut in each. An occurrence is principal
for the last rule when it is the signed formula that the rule acts on in its conclusion. An
occurrence in a surviving side context is passive. For example, in + ® R the displayed
+(A ® B) is principal; every occurrence in I', A; A, 3 is passive. Transport has a principal
occurrence on each side. Coordination has no surviving principal occurrence: its two case
assumptions disappear.

If a selected occurrence is passive, we can generally move the Cut above the last rule. If
both are principal, we replace the pair of rules by one or more Cuts on the judgments used
in their premises. For example, a proof that constructs +(A ® B) from +(A) and +(B) can
be composed with a proof using +(A ® B) by composing the separate constituents instead.
These are the usual two kinds of transformation in a Cut proof.

To justify these transformations, we need a suitable measure of progress. Unfolding
comprehension can increase the complexity of the Cut formula. For r = {z | =(z € )},
reducing a pair of comprehension rules replaces a Cut on r € r by one on —(r € ). We
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therefore cannot justify that reduction by saying that its new formula is simpler. Induction
presents a different problem. Removing a Cut on N(St) will require a new stored base proof,
obtained by composing the old base with one instance of the step. That new proof can be
larger than the old base.

The solution is to measure the active part of a proof while recording the position of its
stored induction proofs in a finite hierarchy. The hierarchy is assigned to proof occurrences,
not to formulas. Consequently it places no restriction on comprehension formulas or induction
invariants. Before defining it, we establish the facts about object computation and substitution
that the reductions will use.

7.2 Object normalization and proof substitution

Lemma 7.1 (Object normalization). The eight computations in (4.5), applied in arbitrary
expression positions, terminate and give each expression a unique normal form up to renaming
bound variables. Normalization is compatible with capture-avoiding substitution. In particular,

nf (nf(A)[nf(t)/z]) = nf (Aft/a]). (7.1)

Proof. First assign a positive integer size to every expression. Variables, parameters, and
nullary constants have size 1. An ordinary constructor has size one plus the sizes of its
immediate components; in particular a class has size one plus that of its defining formula.
Bound variable names do not contribute an additional component. Override the ordinary
convention for the following operations:

ls +t| = |s| + 2|t| + 1,
|s - t| = (2[s] +2)(Jt] + 1),
pred(t)| = [t] + 1,
|test(t)| = |t| + 4.

As usual, |St| = |t| + 1. Every constructor size is strictly increasing in the size of each
component.

Each root computation strictly decreases size. Writing p = |s| and ¢ = |t|, the eight
calculations are:

p+3 > p,
p+2q+3 > p+2q+2,
dp+4 > 1,
2p+2)(¢+2) > p+2)(g+1)+2p+1,

2 > 1,
qg+2 > g,

5 > 4,
q+5 > 2.

The fourth inequality has difference 1: it accounts for the duplication of s in the multiplication
computation. The last two use |{u | L = L}| =4 and [{u | L}| = 2. Strict increase in
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each component ensures that a computation inside a larger expression also decreases the
whole expression’s size. Thus an infinite computation sequence would give an infinite strictly
decreasing sequence of natural numbers. No such sequence exists.

Next consider two computations available in the same expression. If they occur in separate
positions, performing them in either order gives the same result. If they occur at the same
position, the outer operation and the zero or successor pattern determine the same rule. If
one occurs inside the other, it occurs within a term substituted for a variable of the outer
computation. We can do the inner computation first and then the outer one. Or we can
do the outer computation first and perform the inner one in every surviving copy of that
substituted term. The results agree. If the outer rule discards the term, there are no surviving
copies to reduce.

It follows that any two one-step results have a common reduct. Together with termination,
this gives the same property for arbitrary finite reduction sequences. To see why, induct
on the size of the starting expression. Join the first steps as just described. All expressions
reached after a first step have smaller size, so the induction hypothesis joins their further
reductions with the reductions to the common reduct. Consequently any two normal results
are identical: neither has any remaining reduction to perform.

Finally, each computation schema remains a computation after capture-avoiding substitu-
tion. Renaming bound variables first prevents capture within class terms. A reduction of
A therefore induces a reduction of A[t/z], and reducing the occurrences of ¢ also preserves
the final normal form. Both sides of (7.1) are thus the unique normal form of the same
expression. This proves the substitution claim. O

The lemma justifies the conversion rule stated above. Notice its scope: it normalizes
object computations, including computations inside formulas. It does not normalize arbitrary
comprehension unfolding.

Lemma 7.2 (Proof substitution). After renaming local fresh parameters where necessary,
substituting terms for free variables or parameters throughout a proof yields a proof of the
substituted end-sequent with the same inference-tree shape. Any labels attached to its induction
occurrences can be retained. In particular, the height and the active weight defined below are
unchanged.

Proof. Proceed by induction on the proof tree. An identity or constant initial remains an
instance of the same initial rule. For each propositional or structural rule, apply the induction
hypothesis to its premises and reapply the same rule. Equal side contexts remain equal, and
multiset unions are preserved.

For a quantifier rule with a fresh parameter, first rename that parameter to one absent
from the substitution and its replacement terms. The substituted premise can then be
followed by the same quantifier rule, with its freshness condition satisfied. For comprehension,
substitution into the body and into the displayed instance commutes after bound variables
have been freshened. The result is another instance of the same comprehension rule.

For induction, rename the step parameter in the same way and apply the induction
hypothesis to all three subproofs. Substitution changes the invariant and its instances
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together. The stored base still has empty antecedent and singleton succedent; the stored step
still has exactly its one displayed assumption and conclusion. Reapply induction with the
substituted invariant and the original label. For conversion, Lemma 7.1 ensures that equal
normal forms remain equal after substitution. Thus the substituted conversion is legal as
well.

No case adds or removes an inference node, changes its rule type, or changes an induction
label. The definitions of height and weight therefore give exactly the same values before and
after substitution. m

7.3 The induction measure
Labels on induction occurrences

Attach a positive integer k to each occurrence of Induction. Require that every induction label
anywhere in either of its stored subproofs be strictly less than k. There is no corresponding
requirement on labels in the continuation. A label controls the proofs stored at that occurrence,
not the whole proof above its conclusion.

Every finite proof can be labeled this way. Label its subproofs first. At an induction
occurrence, take k£ to be one more than the largest label in its stored base or step, using 0
when neither contains induction. Nothing else has to be changed. In particular, the invariant
may contain any formula allowed by the calculus. These annotations do not impose a new
condition on which sequents have proofs.

The Cut construction must preserve the bound on labels in its inputs. This condition
becomes important when it constructs a replacement stored base: the replacement must still
fit beneath the label of the induction occurrence where it will be used.

Weights and their order

Fix a finite number K bounding all the labels in the proofs under consideration. A weight is
a vector

(wK,wal, cee 7w1,w0)

of natural numbers. Compare two vectors at the highest coordinate where they differ: the
vector with the smaller value there is smaller. Write e; for the vector with a 1 in coordinate ¢
and zeroes elsewhere. Addition is coordinatewise, and maximum always means maximum in
this order.

For example, when K = 1, (0,200000) is smaller than (1,0). No finite increase in
coordinate 0 can make up for a decrease in coordinate 1. More generally, every vector
supported entirely below coordinate k is smaller than e;. The sum of any two such vectors is
smaller than e; as well.

This order is well-founded. In a decreasing sequence the highest coordinate can decrease
only finitely often. Once it is fixed, the same argument applies to the next coordinate, and so
on down the finite vector. It follows that there is no infinite decreasing sequence. Addition
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preserves both strict and non-strict inequalities. We will also use:
max(u + v, w + v) = max(u, w) + v. (7.2)

Adding the same vector cannot change which of v and w is larger.
The active weight w(m) of a Cut-free proof is defined by its last inference as follows:

Last inference Active weight

Initial sequent €

Weakening or Conversion Weight of its premise
Any other ordinary one-premise rule U+ €

Two premises with split contexts u+v+e

Two premises with shared contexts max(u, v) + €

Transport, with premise weights u, ug, ug, uqs max(uy,us) + max(us, uys) + €g
in the displayed order

Induction with label &£ and continuation v+ e+ eg

weight v

The initial-sequent clause includes - +(N(0)). The ordinary one-premise clause includes
successor numberhood and each comprehension fold. The shared two-premise clause includes
Coordination. In the induction clause, the stored base and step do not contribute their active
weights to that of the conclusion.

The distinction between sum and maximum follows the rule contexts. Split premises
contribute their dependencies together. Shared premises are alternative arguments with the
same dependencies. When a Cut is moved through a shared rule, the inserted proof is used
in each alternative, but its contexts occur only once below the reconstructed rule. Taking a
maximum reflects this fact.

The induction clause serves a different purpose. The label unit e, reserves a larger
coordinate than any used by the stored proofs. Those proofs can be recomposed, and their
lower coordinates can grow, while they remain below e;. Meanwhile the continuation is
counted in the active weight because this is where the ambient assumptions are being used.

Three elementary facts follow by induction on a proof. First, its weight has a positive
coordinate 0, so it is at least ey. Second, its weight is supported at or below its largest
induction label, taking that label to be 0 when there is no induction. Third, if b and d are
stored beneath label k, then

w(b) + w(d) < ey. (7.3)
The third fact follows from the second because both stored proofs have every label below k.
It holds however large their finite proof trees happen to be.

Height and the precise induction hypothesis

The height h(7) is 1 for an initial sequent and one plus the largest height of any premise proof
otherwise. This counts every inference, including Weakening and Conversion, and includes
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both stored subproofs at an induction occurrence. Height is needed because moving a Cut
past Weakening or Conversion leaves active weight unchanged.

We prove more than the existence of a Cut-free result. We also bound its weight. That
bound is what will permit a second recursive Cut to use the result of a first.

Theorem 7.3 (Quantitative Cut admissibility). Suppose m and p are labeled Cut-free proofs

of
I'FA e(A) and A, e(B)F X,

where € is the same sign in both sequents and nf(A) = nf(B). Select the displayed occurrence
in each proof. There is a labeled Cut-free proof o of U, A = A3 such that

w(o) + ey < w(m) +w(p). (7.4)
No induction label in o exceeds the largest label in w or p.

The allowance for different formulas with the same object normal form is deliberate.
Moving a Cut above Conversion may change the representative of its selected formula.
Proving this slightly more general claim avoids introducing another Cut merely to adjust
that representative. Ordinary same-formula Cut is an immediate instance.

Proof. We use well-founded induction on the pair

(w(m) + w(p), h(r) +1(p)). (75)

ordered first by the vector component, then by the natural-number component. Thus a
recursive call is permitted when the total active weight decreases, regardless of its height. If
the total active weight stays fixed, the total height must decrease.

The induction hypothesis is the whole theorem, including the bound (7.4) and preservation
of the label bound, for every pair of inputs with a smaller measure. It applies to arbitrary
contexts and arbitrary normal-form-equivalent Cut formulas. All vectors can be regarded as
having length K + 1 by adding zeroes in higher coordinates. Preservation of the actual input
label bound is part of the simultaneous claim, even when that bound is less than K.

For readability, each Cut displayed in the transformations below means an application of
this induction hypothesis. Its output is therefore a Cut-free proof, provided we have checked
that the input measure is smaller. We do not simply replace one Cut by a picture containing
uneliminated Cuts. Each case includes that check.

There are three stages to the case analysis. First handle initial sequents and a selected
occurrence added by Weakening. Otherwise, move the Cut above a producer rule when its
selected occurrence is passive; if it is principal there, move above a consumer rule when the
consumer occurrence is passive. What remains is a pair of principal occurrences. We consider
every possible such pair.
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Case Zero: Identity, initial sequents, and Weakening

If the producer is Identity, its selected conclusion is also its only assumption. The consumer
already gives the required result, after Conversion if its selected formula is a different
representative of the same normal form. If the consumer is Identity, the producer gives the
result in the same way. Conversion adds no weight. The output therefore has the weight of
the non-identity input, and adding e, gives exactly the sum of the two input weights.
Suppose instead that the selected conclusion was added by right Weakening in the

producer:
o - 'FA

I'E A e(A)
We do not need to use the consumer proof. Starting with 7y, add A on the left and ¥ on
the right by repeated Weakening. This gives I') A - A, 3. Its weight is w(m) = w(m), and
w(p) > ey, so the required bound holds.

If the selected assumption was added by left Weakening in the consumer, use its premise
proof and add I' and A instead. Again no Cut is needed and the weight bound follows from
the other input’s positive weight. These transformations remove only the selected occurrence.
An equal formula already present in a side context is retained.

If either input is an initial sequent containing an unselected +(L) or —(T) on the left,
that occurrence survives in the required end-sequent. The end-sequent is consequently an
instance of the same initial schema. Its weight is eq, so its weight plus e; is no larger than
the sum of the two positive input weights.

There is one distinction to observe here. If the consumer’s selected occurrence is itself
the +(L) or —(T) licensing its initial sequent, that occurrence will disappear. We cannot
simply close the result by the same initial schema. Instead we continue the case analysis on
the producer. There is no primitive right introduction of +(L) or —(T). The producer must
therefore be an initial or Weakening case already handled, or allow a passive permutation
described next. Conversely, the closed initials - +(T) and F —(L) have no matching
principal left rules; their consumers are handled by the initial, Weakening, or passive cases.
The number-zero initial has a matching induction case, which will be treated separately.

Case One: A passive occurrence

First consider a consumer with a passive selected assumption. The following shared-context
example makes the transformation explicit:

A +{(A X +H(B&C) ‘
Let the producer be 7 : I' - A, +(A). Cut 7 into each premise separately. The induction
hypothesis gives two Cut-free proofs:

oA A +(B), oo A A +(C).

Applying +& R to these proofs gives
CAFAY +(B&CO),
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as required. The contexts in the two new premises agree. Each contains one copy of I' and
A, and the rule retains one copy of those shared contexts in its conclusion. We have not
contracted two occurrences into one.

For the measure calculation, put v = w(m) and u; = w(p;). The original input weight is
v + max(uy, us) + €p. Each new Cut has input weight v + w;, which is strictly smaller. If
u, = w(o;), the induction hypothesis gives u, + ey < v + u;. Taking maxima and using (7.2),

max (u}, uy) + eg < v+ max(u, us).

The rebuilt proof has weight max(u}, u)) + €9. Adding one more e, therefore gives at most
the original input weight, as the theorem requires.

For a split-context rule, the marked occurrence belongs to one premise’s context. For
example, suppose the consumer ends:

p1: N, +(A) F X, +(B) p2: ITHO,+(C)
ATLAHA) E 3,0, +(B®C) '

Cut the producer into p; and retain py. Reapplying + ® R gives
CATIEA Y O, +(BC).

If w) is the weight of the new first premise, then v} + ey < v + u;. Hence the rebuilt weight,
plus eg, is at most v + uy + us + €g, exactly the original input weight. The recursive input
v + wuq is strictly smaller than that original weight. When the selected occurrence belongs to
the other premise, perform this same construction in that premise instead.

These examples cover the two context patterns. Here is how they apply to the full rule
list. The shared binary rules are +&R, —&L, +V L, — V R, and Coordination. The split
binary rules are + @ R, —® L, + ¥ L, — % R, + = L, and Counterexample. In a one-premise
rule, cut into that premise and reapply the rule. The ordinary one-premise weight is the
premise weight plus ey, so removing its last inference strictly decreases the recursive input
weight and restoring it preserves the required output bound.

Transport has two shared pairs. A marked passive occurrence belongs to the contexts of
one pair. Cut into both premises of that pair, leave the other pair unchanged, and reapply
Transport. The preceding maximum calculation applies within the affected pair. The other
maximum is then added unchanged. This gives the bound for the whole rule and retains its
exact pairing of side contexts.

In Induction, every passive occurrence belongs to the continuation. Cut into that proof
alone and leave the two stored proofs and label k intact. The new continuation has weight at
most the old continuation weight plus v — ey. Adding e + ey to rebuild Induction gives the
required bound. Here, and whenever this notation is used below, subtracting e is legitimate:
every proof weight has a positive coordinate 0. The recursive input decreases because the
continuation’s weight is smaller than the induction proof’s weight.

The same constructions apply to a passive occurrence in the producer’s succedent. Now
cut each affected producer premise into the fixed consumer. A shared group receives the
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consumer contexts in both alternatives and retains them once when its rule is reapplied. A
split group receives them only in the premise containing the marked occurrence. Transport
receives them in one pair, and Induction only in its continuation. The numerical calculations
are unchanged: addition is commutative, and the fixed opposite proof contributes v — eg to
the affected group in either direction.

Eigenparameter rules require one preparatory step. Rename the local fresh parameter so
that it is also absent from the entire opposite proof before inserting that proof into a premise.
There are only finitely many parameters to avoid. The reconstructed rule then satisfies the
same freshness condition. Lemma 7.2 ensures that this renaming changes neither weight nor
height.

For passive Weakening, remove that final Weakening, apply the induction hypothesis, and
restore the unselected weakened occurrence. The recursive input has the same weight but
smaller height. Conversion requires a similar height decrease, with one additional occurrence
check. Suppose a selected formula occurs after Conversion. The equality of normalized
multisets supplies an occurrence before Conversion with the same sign and normal form.
Select that occurrence for the recursive Cut. Removing one occurrence on each side of the
multiset equality leaves equal normalized residual contexts. Thus Conversion can restore the
requested end-sequent after the recursive Cut.

This remains true if two distinct formulas normalize to the same formula. We select one
preimage occurrence and remove it once; we do not remove every representative with that
normal form. Conversion changes no weight. Removing its final node decreases height, and
restoring Conversion afterwards preserves the weight bound. This is why the theorem permits
normal-form-equivalent representatives as its Cut formulas.

Every passive transformation keeps the old induction labels. Recursive replacements
introduce no larger labels by the induction hypothesis. A stored subproof is never changed in
this case. Thus the label conditions are preserved as well.

Case Two: Principal negation and comprehension

We may now assume the selected occurrences are principal on both sides. First suppose the
Cut formula is +(—A). The two last inferences have the form:

m: I'FA —(A) po: N, —(A)F X
I'E A +(=A) A +{(=A)F Y

Replace their Cut by a Cut of 7y into pg on —(A). The result is exactly I'; A - A/ ¥. A
principal Cut on —(—=A) is treated by the displayed ——R and ——L premises, producing a
Cut on +(A) instead. The sign changes, but the contexts do not.

Write u = w(m) and v = w(pp). In both cases the original input weight is u + v + 2e,
and the recursive input is u + v. The latter is strictly smaller. The induction hypothesis
supplies a result with weight plus ey at most v + v, which also establishes the required bound
for the original pair.
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For comprehension, the two rules are instead:

o ' A e(Alt/z]) po: N e(Alt/x]) X
I'FAe(te{x]| A}) ANete{z|AHEY

Cut 7 into py on the displayed instance e(A[t/z]), keeping its sign. Two one-premise folds
have disappeared, so the weight calculation is exactly the one just given. The size of A[t/z]
is irrelevant to that calculation. In particular, the Russell instance is covered even though
the new formula contains the old membership claim.

If the two principal formulas are different representatives with the same normal form,
their normalized outer constructors and components agree. For negation this gives equal
normal forms for the bodies. For comprehension it gives equal normal forms for the member
terms and the class bodies, up to bound-variable renaming. Equation (7.1) then gives equal
normal forms for their instantiated bodies. Thus the same recursive Cuts meet the generalized
induction hypothesis. No new labels are introduced in either reduction.

Case Three: Principal additives

Consider +(A & B). The producer ends with +& R, while the consumer selects one conjunct
with +& L1 or +&Lo. If it selects the first, we have:

wa: T HEA +(A) g :T'HA +(B)
I'-A,+(A& B)

PA - A7+<A> DY
AN+A&B)FY

Keep m4 and cut it into ps on +(A). The other producer branch is unnecessary. It had the

same side contexts as 74, so omitting it does not omit any of the contexts required in the
result. If the consumer selects the second conjunct, keep mp and cut on +(B) instead.

For positive disjunction, the choice is made on the other side. If the producer ends with
+ V Ry, keep the consumer’s first + V L branch:

wa:EA+(A), pa: N +(A) FX.

Their Cut gives the desired result. The second consumer branch has the same side contexts
and can be omitted. A producer using + V R, instead selects the second consumer branch
and gives a Cut on +(B).

The negative rules give the following complete list of the same branch selections:

Principal Cut Side making the choice New Cut

+(A & B) Consumer: first or second +(A) or +(B)
—(AV B) Consumer: first or second —(A) or —(B)
+(AV B) Producer: first or second  +(A) or +(B)
—(A & B) Producer: first or second —(A) or —(B)

69



Thus every additive principal pair reduces to one Cut between a chosen branch and its matching
premise. In the first two rows the original input weight has the form max(uq, us) + v + 2eg;
the new input is u; + v. In the last two it has the form u 4+ max (v, v2) + 2ep; the new input
is u 4+ v;. The new input is strictly smaller in each case. The induction hypothesis bounds
the result by that smaller sum, which proves (7.4). All retained labels were already present
in the input branches. Normal-form-equivalent representatives give matching constituents
because object normalization preserves the outer additive constructor.

Case Four: Principal quantifiers

For a principal Cut on +(VxA), one premise uses an arbitrary fresh parameter and the other
uses a particular term:

7o I'F A +(Ala/z]) pr o N, +(A[t/x]) E 2
' A, +(VzA) A +(VzAYEY

Rename a to avoid the other proof and t. Substitute ¢t for a throughout 7,. Since a was
absent from the conclusion of its universal rule, its side contexts remain I' and A. We obtain

m o TE A +(A[t/x]).

Cut this proof into p;. The result has precisely the required side contexts. Lemma 7.2 says
that specialization has not increased weight or changed labels.

The other three quantified principal pairs differ only in the location of the eigenpremise
and in the sign. To make each substitution explicit:

Principal Cut Eigenpremise Term supplied by New Cut

+(Vz A) Producer Consumer +(A[t/z])
—(VzA) Consumer Producer —(A[t/z])
+(3zA) Consumer Producer +(A[t/x])
—(JzA) Producer Consumer —(A[t/x])

In each row, substitute the supplied term into the eigenpremise, then cut the two displayed
instances. If the premise weights are v and v, the recursive input is u 4+ v while the original
input is u + v + 2eq. The recursion is therefore smaller, and its quantitative bound proves
the desired bound. Equal normal forms of quantified bodies give equal normal forms of their
instances by (7.1), so the argument also covers Conversion representatives.

Case Five: Principal multiplicatives and positive conditionals

These reductions require two successive applications of the induction hypothesis. I first give
the transformations, then explain why the second application is legitimate even though one
of its inputs is a newly constructed proof.
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For +(A® B), the producer combines two proofs and the consumer uses both constituents
in one proof. Its immediate premises are:

wa:EA+(A), A X, +(B),

p: I, +(A), +(B) F ©.

The original Cut joins the + ® R conclusion to the + ® L conclusion. Replace it in two steps.
First cut 74 into p on +(A):
o IVIL+(B) F A, 0.

Then cut 7g into o1 on +(B):
op: DA ITE ALY, O.

Each of the three original side contexts is retained once. For —(A % B) the premises have
exactly this pattern with negative signs: — % R supplies the two separate denials, and — % L
uses them together. Cut first on —(A) and then on —(B) in the same positions.
For —(A ® B), the one-premise and two-premise roles are reversed. The immediate
premises are:
m:TFEA —(A), —(B),
pa: N, —(A)F X, pp: I, —(B) F O.

First cut 7 into ps4 on —(A), leaving the other denial in the succedent:
o1:T,AEA Y —(B).

Then cut oy into pg on —(B). This gives the same required union of side contexts. A Cut
on +(A % B) has this pattern with positive signs, using + % R and + % L. These two
transformations therefore cover all four signed multiplicative principal pairs.

For a positive conditional, the immediate premises are:

7T H{A) F A +(B),
pa: A X +(A), pp I, +(B) - ©.
Cut pa into ™ on +(A), obtaining
o : AR A Y +(B).

Then cut oy into pg on +(B). This replaces constructing and immediately using A = B
by supplying its antecedent directly to the proof of its consequent. The contexts are again
united once each.

For all three patterns, let u and v be the weights of the two premise proofs used in the
first new Cut, and w the weight of the remaining premise proof. The original input weight is

M=u+v+w+2e:
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one last inference is split and the other is unary. The first recursive Cut has input weight
u+v < M. Its Cut-free result o; therefore satisfies

w(oy) +ey < u+wv.
The second recursive Cut has input weight w(o) + w. By the preceding bound,
w(o)+w<u+v+w-—e <M.

Thus the second Cut also falls under the induction hypothesis, even if the height of oy is
large. Its result satisfies
w(o2) +2ep < u+ v+ w,

which is stronger than the output bound required for M. Both recursive calls preserve their
input label bounds, so the final proof has no new larger label. Normalization preserves
each displayed outer connective and gives equivalent representatives for its corresponding
constituents.

Case Six: Principal denied conditionals

There are two ways to introduce the principal denial on the right: Counterexample and
Transport. There are two ways to use it principally on the left: Extraction and Transport.
This gives four combinations. Each must be checked; the familiar positive-conditional
reduction does not cover them.

For reference, write the four premises of a transport from —(A = B) to —(C = D) as:

(7.6)

Its conclusion is
A, —(A= B)F A2, —(C = D).
Put a; = w(p;), P = max(ay,as), and Py = max(as,as). The weight of this transport is

P1+P2+e0.

Counterexample followed by Extraction. Suppose the producer ends with Counterex-
ample, using

A IIE O, +(A), m_p:Z2FQ,—(B),

and the consumer ends with Extraction, using
7:T,—(B)F U.
The original Cut is on —(A = B). Cut 7_p into 7 on —(B) instead, giving

= THQ,U.
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Add IT and © by Weakening to restore the contexts of the unused antecedent proof. This
yields the required result II, =, T - O, Q, .

If the three premise weights are u, v, ¢, in their displayed order, the original input weight
is u+v+1t+2ey. The new Cut has input v + ¢, which is strictly smaller. Weakening leaves its
result’s weight unchanged. Its weight plus e, is at most v + ¢, so the required bound follows.

Counterexample followed by Transport. Keep the counterexample producer just
displayed, but take the consumer to be the transport in (7.6). First cut 74 into p; on +(A):

r LT EO,A,+(C).
Separately, cut 7_pg into py on —(B):
ry 2, A Q3 —(D).
These two proofs supply Counterexample for C' = D:
ILO,E,AFO,A QN —(C = D).

The omitted premises p, and p3 have the same side contexts as p; and py4, respectively. Thus
no side context from the original transport is missing.
Let u=w(ma) and v = w(7m_p). The original input weight is

MIU+U+P1+P2+260.

The recursive inputs u + a; and v + a4 are both strictly smaller. Their results satisfy
w(ry) +e < u+ a; and w(ry) + ey < v + a4. The rebuilt Counterexample proof o
consequently satisfies

w(o)+ey=w(r) +w(ry) +2e0 <u+v+a+ay<u+v+P + P <M.

Transport followed by Extraction. Now take (7.6) as the producer. Its principal
conclusion —(C' = D) is consumed by Extraction from a premise

7:1I,—(D) F ©.
Cut py into 7 on —(D), obtaining
r:AIL —(B) - X, 0.
Apply Extraction to this new proof, now for the earlier conditional A = B:
AL —(A= B)F X, 0.

Finally add T' and A by Weakening. This gives the original Cut’s end-sequent. The
transformation uses the transport’s map from denial of B to denial of D and then extracts
denial of B from the original conditional assumption.

If t = w(7), the original input weight is P, + P, + t 4+ 2e¢. The recursive input a4 + t is
smaller, and w(r) + ey < a4 + t. Reapplying Extraction adds ey; Weakening adds nothing.
Thus the final weight is at most a4 + ¢, and the final weight plus e is at most P, + P, +1t + ey.
This proves the required bound.
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Transport followed by Transport. The first transport has the four premises in (7.6).
The second has premises:

¢ : 1L +(C) F O, +(E),
g 1, —(E) - 06,—(C), (7.7)
qs :

qs: 2, — (D) FQ,—(F).
It takes —(C' = D) to —(E = F). We are to remove the Cut joining the two transports on
—(C = D).

Compose their four maps separately. First cut p; into ¢; on +(C). Second cut ¢y into ps
on —(C). Third cut g3 into p3 on +(D). Fourth cut p, into ¢4 on —(D). The four results,
with their contexts written in a common order, are:

ry: D0, +<A) FAO,+(F),
ro: IVIL —(E) F A, 0, —(A),
ry A +@3k29+@% 78)
ry: N2, —(B) F X,Q,—(F).

The first two have exactly the same side contexts. The last two also have exactly the same
side contexts. They therefore fit Transport and yield

[ILAZ,—(A= B)F A,0,%,Q,—(E = F).

This is the desired end-sequent. The paired-context requirements have survived composition;
no Contraction has been used to make the premises fit.
For the measure, let b; = w(g;), Q1 = max(by,bs), and Q2 = max(bs, bs). The original
input weight is
M =P+ P+ Q1+ Q2+ 2e.

Each of the four new Cuts has input weight a; + b;, which is at most P, + P, + @1 + Q)2 and
hence strictly less than M. The four calls are independent: none uses the result of another.
Put ¢; = w(r;). The induction hypothesis gives ¢; + eg < a; + b;. Consequently,

max(ci, ¢2) + € < Py + @,
maX(03, C4) + €9 é P2 + Qg.
Adding these inequalities accounts for the weight of the rebuilt Transport plus the extra e
required by the theorem:
w(o) + €9 = max(cy, c2) + max(cs,cq) +2e0 < Py + Py + Q1 + Q2 < M.

This completes all four denied-conditional combinations. They use only smaller recursive
Cuts, the displayed primitive rules, and Weakening. They introduce no induction label. If
the two conditionals being cut have only equal normal forms, their corresponding antecedents
and consequents do also. Each smaller Cut is therefore still an instance of the generalized
induction hypothesis.
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Case Seven: Induction at zero

A principal positive-numberhood Cut has an induction consumer. First suppose its producer
is = +(N(0)). The consumer has the form:
B = +(I(0)) §:+{I(a)) F +{(I(Sa)) po: N, +H{(I(0) FX
A, +(N(0)) - X

(F).

Here (k) records its induction label, not an additional rule. Since the producer supplies zero,
we can use the stored base directly. Cut  into py on +(I(0)). The result is A F 3, exactly
the original Cut’s end-sequent. The stored step is unnecessary in this case.

Let v = w(po). The original input weight is v + ey, + 2eo. The new Cut has input w(3) + v.
Every label in (3 is below k, so w(f) < e;. The new input is therefore strictly smaller than
the old one. The induction hypothesis gives the required output bound and preserves the
input label bound.

The generalized case permits the consumer’s numberhood argument to be a term u with
nf(u) = 0. Its continuation then contains +(/(u)). By normalization under substitution, this
has the same normal form as +(7(0)). The recursive Cut therefore applies to the original
continuation directly, or to its converted representative, with the same weight calculation.

Case Eight: Induction at a successor

This is the case for which the treatment of stored proofs is needed. The producer ends by
passing from numberhood of ¢ to numberhood of its successor:

mo: I'H A, +(N(¢))
I'E A +(N(St)) -

The consumer ends with an induction occurrence labeled k:
B :F +(1(0)) d:+{I(a)) F +{I(Sa))
po: N, +(I(St)) F X

A NSO F S ().

We want to compose these proofs without Cut. The immediate temptation is to push
the producer into the induction premises. But my may depend on I' and have alternative
conclusions A. Putting those contexts into the stored base or step would violate the induction
rule.

Instead, we will change the invariant so that induction on ¢ already supplies the successor
instance needed by the continuation. This can be done entirely within the two stored proofs. It
leaves the ambient contexts where they belong, in the final composition with the continuation.
There are four steps.

First: advance the stored base by one step. Specialize the stored step at zero. By
proof substitution this gives a proof of the same weight and with the same labels:

d[0/a] : +(1(0)) = +(1(S0)).
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Cut the old base (8 into this proof. The induction hypothesis gives a Cut-free proof
b1 :F +(1(S0)). (7.9)
This recursive call is permitted already: both inputs are stored below k, so
w(B) +w(6[0/a]) = w(B) +w(d) < e.

The original Cut’s input weight contains ej together with its producer and continuation
contributions, so the recursive input is strictly smaller. Moreover, label preservation ensures
that every label in 5, remains below k. Its proof tree may be larger than the old base, but it
still fits beneath the same induction label.

Second: shift the invariant and its step. Define the new invariant by
J(x) = I(Sx).

The new base 3; is exactly a proof of = +(J(0)). To get its step, choose a fresh parameter ¢
and substitute Sc for a in the old step proof. This gives

d[Sc/a] : +(I(Sc)) F +(I1(SSc)),
which is exactly
+(J(¢)) F +(J(Sc)). (7.10)

Proof substitution preserves its weight and all labels. Its end-sequent still has just the one
displayed assumption and conclusion. No ambient assumption has been inserted into it.

Third: rebuild the consumer at the predecessor. Apply Induction to N(¢) using
invariant J, the new base (7.9), the shifted step (7.10), and the original continuation. The
continuation fits because J(t) is I(St):

By +(J(0))  8[Se/a] : +{J(c)) F +{J(Sc))
po: A, I F D ,
A+ (N F S ().

Call this new consumer p;. Both stored proofs have all labels below k, so the old label
remains legitimate. More particularly,

w(p1) = w(po) +er +eg=w(p). (7.11)

The active weight is unchanged. This equality holds even if the new base has greater height
than the old base, since the base weight is not added into the active weight of the induction
conclusion.
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Fourth: compose with the predecessor producer. We can now cut the original
predecessor proof my into p; on +(N(t)):

mo : TEA H(N())  prc A +(N(E)) X
ILAFAY ‘

This recursive call has smaller active weight than the original Cut. To check it exactly, put
u = w(m) and v = w(pg). The original input weight was

M =u+ v+ e+ 2ep.
By (7.11), the new input weight is
w(m) +w(p1) =u+v+e,+e < M.
The induction hypothesis therefore supplies a Cut-free result o with
w(o)+e <u-+v+e,+e <M.

It also preserves the original bound on labels. This completes the successor reduction.

If the consumer’s argument v’ is merely convertible to St, normalization under substitution
makes its continuation formula (u') convertible to I(St). Use Conversion to take that
representative before rebuilding the induction. The added conversion has zero active cost, so
both strict weight decreases just established are unaffected.

We can now see the work done by the measure. Advancing the base uses a Cut between
proofs lying strictly below coordinate k. Rebuilding the induction keeps its active weight
fixed. Removing the producer’s successor inference then decreases coordinate 0 of the total
input weight. These are two separate recursive calls, and both are smaller. A proof based
only on the number of inference nodes could not infer the second decrease, because the new
base may contain more nodes than the old one.

Exhaustion of cases

The rule list now leaves no principal pair untreated. The propositional principal pairs are
covered by negation, the four additive forms, the four multiplicative forms, the positive
conditional, and the four denied-conditional combinations. Comprehension and all four signed
quantifier forms have their own reductions. Positive numberhood has just the zero and
successor producer cases against Induction. Negative numberhood and other atomic formulas
have no additional principal rules. Constants were covered by the initial analysis.

All remaining occurrences are passive, including every surviving occurrence in Coordination
and every occurrence affected only by Conversion. Object normalization never changes an
outer formula constructor, so equality of normal forms does not create an additional pairing
between different connective rules. Every recursive call has a smaller measure, every result has
the asserted weight bound, and every reconstructed induction occurrence retains a valid label.
This completes the well-founded induction and proves quantitative Cut admissibility. O
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7.4 Eliminating every Cut

The quantitative theorem was proved for annotated proofs, but the annotations do not
limit its application to the original calculus. Given any two Cut-free proofs, label their
induction occurrences recursively and take a common finite upper bound on the labels. Apply
Theorem 7.3, then erase the annotations. This gives the ordinary admissibility result:

Corollary 7.4 (Cut admissibility). If the premises of Positive Cut or Negative Cut have
proofs in B, their conclusion has a proof in B with exactly the displayed multiset contexts.

Theorem 7.5 (Cut elimination). Fvery finite proof of I' = A in B+ Cut can be transformed
into a proof of exactly I' = A in B. This includes proofs using comprehension and induction
over the full language.

Proof. Proceed by induction on the given finite proof tree. If its last inference is an initial
sequent, there is nothing to remove. If its last inference is any primitive rule, first apply the
induction hypothesis to every premise proof. Reapply the same rule to the resulting Cut-free
premises.

This instruction includes all three premises of Induction. Cuts inside the stored base and
step are removed just as Cuts inside the continuation are removed. Each replacement has
the same end-sequent as before, so the base remains closed, the step retains its exact single
assumption and conclusion, and the same invariant and freshness conditions remain available.

Finally, if the last inference is Cut, the induction hypothesis first gives Cut-free proofs of
its two premises. Corollary 7.4 then replaces that Cut by a Cut-free proof of its conclusion.
This covers every possible last inference and preserves the end-sequent throughout. O

The proof has two distinct inductions. The well-founded induction on active weight and
height removes one Cut whose premise proofs are already Cut-free. The final induction on a
finite proof tree arranges that those premises are Cut-free before invoking the local result.
Neither induction appeals to the truth of any object-language formula.

The theorem establishes a terminating choice of transformations, not termination of every
arbitrary sequence of Cut permutations. It also does not establish the ordinary subformula
property: comprehension and induction permit formulas that are not subformulas of the
end-sequent. Neither stronger claim is needed below.!!

Every derivation in Sections 5 and 6, and in the mathematical appendices, is built from
primitive rules and explicitly permitted Cuts. Replacing an appeal to a derived principle by
its displayed proof puts the whole argument within B+ Cut. The theorem therefore supplies a
Cut-free proof of each of those conclusions, including the equality laws, the copying sequents,
and the conclusions obtained by the derived induction constructions. In particular, it covers
all the arithmetic reconstructions and the division and copying results just described.

HThe Lean formalization certifies this syntactic construction. Its quantitative Cut theorem gives the local
replacement and weight bound; Derivation.eliminateCuts assembles the replacements. Classical choice
selects proved derivation witnesses. Extracting an executable normalization program is a further task.
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8 Nontriviality

We have proved that every derivation has a Cut-free replacement. We still need to show that
there is no Cut-free derivation of asserted falsity. Cut elimination does not establish this
by itself. In particular, our calculus does not have the ordinary subformula property: the
absence of L from some proposed collection of axioms would not settle what can occur in a
proof using comprehension and induction.

The argument has two further steps. First, we will show that a hypothetical Cut-free
proof of falsity would yield a proof in a simpler auxiliary calculus. Second, we will interpret
that auxiliary calculus and show that it cannot have the resulting proof. The interpretation
permits the contradictions generated by unrestricted comprehension. What it excludes is the
particular auxiliary sequent that a proof of falsity would produce.

8.1 Projecting a hypothetical refutation

Let F be the two-element set
F={+{L),=(M}

We consider Cut-free proofs all of whose right-hand occurrences belong to F. This includes
a proof of asserted falsity, a proof of denied truth, and a proof with an empty succedent.
Allowing arbitrary finite multisets of these occurrences makes the claim suitable for induction
on a proof: a premise can contain fewer such occurrences than its conclusion.

Write I' IF @ for a sequent of the auxiliary calculus. It has only an antecedent. The
symbol I at this stage names a proof relation; we will give its interpretation below. Its initial

sequents are
I +(L) IF o, r,—(T) I+ o, [ +(N(2)) IF 2.

The last initial is new. Its purpose is to replace an application of Induction whose conclusion
has the numberhood assumption on the left.
The auxiliary calculus has left Weakening and coordination:

I'kgo I'+(A) IF @ [, —(A) F o
[ e(A) IFg’ 'k o '

It also has all the left rules from Section 4 for negation, additive conjunction and disjunction,

tensor and multiplicative disjunction, both quantifiers, and both signs of comprehension.
In these rules every succedent is empty, and I replaces . Their context splitting and
eigenparameter conditions remain exactly as stated there.
There are two conditional rules:
I'+(B) IF o I'—(B)IFo
I''+(A= B)IF g’ I''—(A=B)IFg

The first replaces positive conditional-left. The second is the existing negative consequent-
extraction rule, with empty succedents. Finally, Conversion permits

/F\ ||:: g (nf(F) = nf(A)).
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This exhausts the auxiliary rules. In particular, the auxiliary calculus contains no Cut, right
introduction, or stored induction premise.

Lemma 8.1 (Refutation projection). If a proof in B ends in I' = A, and every occurrence in
A belongs to F, then I' Ik @ has an auxiliary proof.

Proof. Proceed by induction on the given Cut-free proof. We inspect its last rule.

An Identity with a succedent of the specified kind has its identity formula in F. Its
antecedent therefore contains +(L) or —(T). The corresponding auxiliary false initial gives
the result. A false initial of the original calculus projects to the same auxiliary initial directly.

For left Weakening, project the premise and reapply left Weakening. For right Weakening,
its premise still has only members of F on the right. Project that premise and discard the
right Weakening. For each of the retained left logical rules and coordination, all premise
succedents still have the required form. Project the premises and reapply the corresponding
auxiliary rule.

Positive conditional-left needs a separate check. It has the form

I'EA +(4) A +(B)F©
A, +(A=B)FA©
Since its conclusion has only false signed occurrences on the right, the same is true of ©.
Project the second premise to A, +(B) |- @. The auxiliary positive conditional rule gives
A, +(A = B) IF @. Left-weaken by I'. This is the required projection of the conclusion. The
first premise is not needed for this construction.

If the last rule is Induction, its conclusion has an occurrence of +(N(¢)) on the left.
Replace the entire inference and its three premise proofs by the auxiliary numberhood initial.
This is why that initial was included. The projection need not interpret or reproduce the
invariant, the base, or the stored step.

If the last rule is Conversion, normalization preserves the outer logical constructor and
the sign. A signed formula whose normal form is +(1) or —(T) is therefore already that
signed formula. The premise succedent consequently satisfies the same condition. Project the
premise and apply auxiliary Conversion to its antecedent.

Every other possible last rule is excluded by its conclusion. A right logical or comprehension
rule puts a signed compound or membership formula in the succedent. The numberhood
initial and successor rule put positive numberhood there. A true initial puts +(T) or — (L)
there. Conditional counterexample and denial transport put a denied conditional there. None
of these occurrences belongs to F. Object computation changes terms inside formulas; it does
not turn any of those outer constructors into a false constant. We have covered all primitive
rules. [

This projection is a statement about proofs with very special conclusions. It does not say
that an arbitrary arithmetic proof can be interpreted in the auxiliary calculus. Indeed the
original calculus proves +(N(0)), while the auxiliary calculus treats positive numberhood as
an assumption sufficient for refutation. These facts have different roles in the argument. Cut
elimination first removes arbitrary intermediate compositions. Projection then extracts just
what a proof of a false conclusion would require.
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8.2 Values for the auxiliary interpretation

We assign each formula two coordinates:

v(A) = (pa,na) € {0,1}2

The first says whether its assertion is designated; the second says whether its denial is
designated. Thus +(A) is designated when ps = 1, and —(A) when n4 = 1. Both coordinates
can be 1. Call a value total if at least one coordinate is 1. Totality allows (1,1) and excludes
(0,0). It is the property that will validate exhaustive coordination.

The domain consists of all closed normal object terms. It is nonempty, since it contains 0.
An assignment gives such a term to each free variable or parameter. After capture-avoiding
substitution, we normalize. Class terms are objects of this syntactic domain; we do not first
evaluate their defining conditions in order to decide which object they are. In particular,
identifying domain objects requires no assumption of extensionality.

Start with a valuation of the ground normal atomic formulas. Extend it to all formulas
by the following clauses. In the quantifier rows, t ranges over all closed normal terms, and
each instance is normalized after substitution.

formula value
1 0,1)
T (1,0)
—A (n4,p4)
A& B, A® B | (min(pa, pp), max(na,ng)) (8.1)
AV B, A® B | (max(pa,pp), min(na,ng))
A= B (pB,nB)
VrA (infy paft/a), SUDP; N Af/2))
dxz A (sup, pafe/a]> infe nafe/2))

An infimum of Boolean coordinates is 1 when every coordinate is 1; a supremum is 1 when
some coordinate is 1. The conditional deliberately receives its consequent’s value. This
matches the two unary conditional rules of the auxiliary calculus. It is not offered as an
interpretation of every conditional rule of B.

Order values coordinatewise, with 0 < 1 in each coordinate. This is the information order:
either coordinate can increase without requiring the other to decrease. Every operation in
(8.1) is monotone in this order, including negation, which exchanges the coordinates. These
operations also preserve totality. For example, if a conjunction’s positive coordinate is 0,
some conjunct has positive coordinate 0. If that conjunct is total, its negative coordinate
is 1, making the conjunction’s negative coordinate 1. If a universal has positive coordinate
0, some instance does; totality of that instance again supplies negative coordinate 1. The
disjunctive and existential cases use the same argument with the coordinates interchanged.

8.3 Making comprehension true at a total fixed point

Arbitrary initial choices of atomic values need not respect comprehension. We must arrange
that membership in a class receives exactly the value of its defining condition. Define an
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operation H on atomic valuations by

H(v)(t € {z | A}) = v(Alt/2]),
H(v)(N(t)) = (0,1), (8.2)

H)(Q) = (1,1) for every other ground normal atom Q.

The first line applies when the right-hand term of the ground normal membership atom is a
class abstraction. Its right side is the compositional evaluation just defined, using the current
atomic valuation v. Lemma 7.1 and the substitution convention make this independent of
preliminary computations and bound-variable names.

This definition does not attempt to unfold every membership atom until it disappears.
A class condition can lead back to the atom with which we started, as Russell’s condition
does. Instead, H takes a proposed assignment of atomic values and tells us which values
the comprehension clauses require relative to that proposal. A fixed point is a proposal that
already meets all those requirements.

The operation H is monotone because formula evaluation is monotone. It takes total
atomic valuations to total atomic valuations because formula evaluation preserves totality
and the two constant clauses are total. Neither observation requires a restriction on the
formulas that define classes.

Lemma 8.2 (A total fixed point). There is a total atomic valuation v with H(v) = v, for
the full language of the calculus.

Proof. Begin with vg(Q) = (1,1) for every ground normal atom (). This assigns both
designations to every atom. Iterate H downward:

Vatr1 = H(va), vy = /\ v, at a limit ordinal .
a<A
The meet is taken separately for every atomic coordinate.

The sequence is descending. The first iterate lies below vy because vy is the largest
valuation. If v,,1 < v,, monotonicity gives vo1o = H(var1) < H(Vo) = V1. At a limit,
vy < v, for every earlier a. Consequently H(vy) < v,41 for every such «, and hence
H(vy) < wy.

Every stage remains total. The initial stage is total, and H preserves totality at successors.
For a limit, suppose some atom had both coordinates 0 in the meet. Its positive coordinate
must already have become 0 at an earlier stage, and so must its negative coordinate. At the
later of those two stages both would be 0, because the sequence descends. This contradicts
totality at that earlier stage. A limit therefore cannot introduce a gap.

Finally, the sequence must stabilize. Ground normal atoms form a set, and each has
only two coordinates. At any strict successor decrease, at least one previously present
coordinate is removed. That coordinate can never return. Strict decreases therefore cannot
continue through more stages than the set of signed atomic coordinates allows. At some
stage va41 = Vs. By the definition of a successor stage, this is H(v,) = v,. The stabilized
valuation is total, as required.
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The construction in fact gives the greatest fixed point. Every fixed point lies below
vp; monotonicity and taking meets show by transfinite induction that it lies below every
subsequent stage. O]

Fix this valuation for the remainder of the proof. Comprehension now preserves both
coordinates, every positive numberhood atom is undesignated, and every formula is total
under every assignment. For Russell’s sentence, the fixed-point equation interchanges its two
coordinates. Totality then forces both to be 1. Thus this construction accommodates the
Russell contradiction without designating asserted falsity.

The construction is external classical metatheory. It uses the whole set of closed terms
and a fixed-point argument over valuations; it is not a search through a finite list of witnesses.
The finiteness of the original proof trees should not be confused with a claim that this part
of the metatheory is finitistic.

8.4 Soundness of the auxiliary calculus

Interpret I'' IF @ as saying that there is no assignment under which every signed occurrence
of T" is designated. To prove soundness, it is useful to argue backwards through a rule: if its
conclusion had all its antecedents designated, then one of its premises would also have all its
antecedents designated. Valid premises therefore give a valid conclusion.

Lemma 8.3 (Auxiliary soundness). Fvery derivable auziliary sequent is valid in the fized-point
interpretation.

Proof. We verify the initials and each kind of inference.

Each initial contains an undesignated occurrence: +(L) has positive coordinate 0, —(T)
has negative coordinate 0, and +(N(¢)) has positive coordinate 0. Thus no initial can have
all its antecedents designated. For Weakening, designating the enlarged antecedent would in
particular designate the original antecedent.

For positive additive conjunction-left, a designated principal formula has both positive
component coordinates 1, so the selected component is designated. Negative additive
disjunction-left works in the same way with negative coordinates. For negative additive
conjunction-left, designation means at least one conjunct is deniable; choose that premise.
For positive additive disjunction-left, designation means at least one disjunct is assertible;
again choose its premise. The passive context in that premise is the designated context of
the conclusion.

For positive tensor-left and negative multiplicative disjunction-left, designation supplies
both component assumptions in the single premise. For negative tensor-left and positive
multiplicative disjunction-left, designation supplies at least one of the components in the two
split premises. Every passive assumption of the selected premise occurs in the conclusion, so
all its antecedents would be designated. The interpretation thus validates the stated context
splitting; it does not add a Contraction rule to the original calculus.

Negation exchanges the coordinates, exactly as its left rules require. Comprehension has
the same value as its instance by the fixed-point equation. For either auxiliary conditional rule,
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the relevant coordinate of the conditional is the corresponding coordinate of its consequent.
In all these cases designation of the conclusion’s principal assumption supplies designation of
the premise’s principal assumption.

For positive universal-left, designation of the universal gives designation at every chosen
instance. Negative existential-left has the same property in the negative coordinate. For
positive existential-left, designation gives a term at which the instance is positively designated.
Give that term to the fresh eigenparameter. Freshness ensures that the values of the passive
context do not change. Negative universal-left similarly supplies a negatively designated
witness instance. The substitution and normalization clauses ensure that these instance
evaluations are the ones used by the quantifier rules.

For coordination, suppose all occurrences of T" were designated. Totality gives either +(A)
or —(A) designated, possibly both. Hence at least one of I', +(A) and T', —(A) would have all
its occurrences designated. Finally, Conversion preserves values: evaluation uses normalized
instances, and normalization commutes with substitution in the sense of Lemma 7.1. Equal
normal antecedents therefore have the same designation behaviour.

These checks cover every auxiliary rule. Induction on an auxiliary proof now proves its
end-sequent valid. O

We can now combine the three parts of the argument. The calculus to which the following
theorem applies is the same B in which Section 5 proved the Russell assertion and denial,
and Sections 5-6 and the appendices developed the mathematics. No mathematical rule is
removed when applying Cut elimination or the projection lemma.

Theorem 8.4 (Nontriviality). None of the sequents
o+, (L), = —(T)

has a derivation in B + Cut. Consequently the stated calculus is nontrivial, while proving both

signs of Russell’s sentence and all fifty-siz mathematical statements described in Appendices A
and B.

Proof. Suppose one of the three sequents had a derivation. By Theorem 7.5, it would have
a Cut-free derivation with exactly the same antecedent and succedent. In each case every
succedent occurrence belongs to F; for the empty succedent this condition holds vacuously.

Lemma 8.1 would therefore give an auxiliary proof of @ IF &. By Lemma 8.3, that
auxiliary sequent would be valid. But its validity would say that there is no assignment
designating every member of the empty antecedent. Every assignment does so, since there is
no antecedent occurrence that could fail to be designated, and assignments exist over our
nonempty domain. This is a contradiction. None of the three derivations exists. O]
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9 Conclusion

The preceding results give us a single calculus in which unrestricted comprehension, provable
contradictions, and a substantial collection of elementary arithmetic results coexist with
Cut elimination and nontriviality. The mathematical proofs and the general metatheorems
concern the same rules, and their formal certification checks that they fit together. This
establishes a foundation from which further mathematics can be attempted. Its adequacy for
the larger foundational project remains to be determined.

The first limitation concerns the scope of the mathematics. We have included one set-
theoretic principle, naive comprehension, but we have not yet developed set theory in this
system. Comprehension allows us to form a class for any condition and to pass between
membership in that class and the corresponding instance of the condition. Those permissions
have already done useful work: they support the treatment of equality and make the Russell
contradiction available in the same language as the arithmetic. They do not by themselves
establish that familiar constructions of relations, functions, or further number systems can
be developed with their usual properties. In particular, numberhood and the arithmetic
operations are primitive here. We have not constructed the natural numbers from a prior
development of sets.

There are concrete reasons to expect difficulties in that extension. The present equality
supports substitution, but no extensionality principle has been supplied that identifies
classes merely because their memberships agree. We would have to specify which form of
extensionality a proposed development requires and establish its compatibility with the rest
of the theory. Repeated use of membership assumptions presents a further problem. Our
copying results cover equality, numberhood, and specified compound data. They do not give
a general permission to copy an arbitrary membership claim. An ordinary proof about sets
may draw on precisely that permission. The Curry construction in Section 5 shows why it
cannot simply be added without restriction. Further work may therefore uncover obstacles
that the arithmetic developed here does not encounter.

A second limitation concerns the logic itself. The calculus is a bilateral, paraconsis-
tent version of affine logic, and it represents a significant departure from subDL/subDMQ.
Reconstructing a collection of their mathematical conclusions does not establish that we
have retained the inferential features that made those systems attractive for mathematics.
We distinguish additive from multiplicative conjunction and disjunction. Our conditional
supports conditional proof and Modus Ponens, but its application combines dependencies
multiplicatively. It provides no general means of taking results obtained additively from
a shared assumption and using them together while counting that assumption only once.
The source quantifier-splitting principle discussed in Section 2 has not been retained in its
unrestricted form, and the source induction schema has been replaced by a rule with explicit
conditions on the base and step proofs. These changes affect how mathematical arguments
can be conducted.

The derived copying results make many familiar arguments possible despite these restric-
tions. They also explain why the difference between additive and multiplicative conjunction
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can disappear under suitable mathematical assumptions. Their scope is nevertheless limited.
A conditional or universal induction hypothesis cannot be repeated merely because doing so
would simplify a proof, and arbitrary membership assumptions do not inherit the copying
permission established for equations. The constructions in this paper show that the restric-
tions can be respected in the examples we have developed. They leave open how cumbersome,
or how limiting, the same restrictions will be in a broader mathematical theory.

These observations suggest two connected directions for further work. One is to develop
more mathematics in the stated calculus. For set theory, a useful beginning would be a
systematic treatment of ordered pairs, relations, and functions, with explicit proofs of the
properties needed for composition and application. This would show where extensionality
or additional uses of assumptions are required. For arithmetic, the next questions concern
stronger forms of recursion and induction, interpretations of standard arithmetical theories,
and the theory’s overall strength. The forty-six reconstructed results and division with
remainder do not settle those questions, nor do they constitute a reconstruction of the
mathematics in Weber’s book.

The other direction is to reconsider the logical choices in light of those developments.
We should ask which further principles of subDL/subDMQ can be recovered, whether their
mathematical uses can be justified under identifiable restrictions, and whether a different
treatment of the connectives and conditional would support a more satisfactory theory. The
collapse argument excludes particular combinations of principles. It does not show that every
feature of the earlier logics must be abandoned, or that every choice made in the replacement
is forced. Philosophical motivation and mathematical usefulness remain grounds on which to
assess those choices, alongside the metatheorems.

The existing certification provides a precise starting point for this investigation. A principle
derived from the present rules already falls under their Cut-elimination and nontriviality
theorems. Adding a genuinely new primitive principle requires a further argument: the
current theorems do not automatically extend to it. The metatheory also remains classical
and external to the calculus; we have not reconstructed the nontriviality argument within
the inconsistent mathematics itself.

There is nevertheless a clear reason to continue. We now have mathematical proofs whose
use of assumptions can be examined in detail, together with a general proof that the rules
supporting them do not prove everything. This gives us a basis for investigating stronger
mathematics and better logical principles while keeping both requirements in view. Whether
that basis can support a satisfactory set theory and recover more of the inferential features
originally sought is still open. The results established here make those questions worth
pursuing.
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A Reconstructions of all forty-six source arithmetic
results

Every displayed matrix in this appendix denotes the closed positive theorem obtained by
(6.2). All its free numerical variables are guarded and universally closed in alphabetical order.
Any quantifier explicitly displayed below already contains its numerical guard. Equality and
order mean precisely (5.3) and (6.3); these conventions determine every formula without
appealing to the source file. The first result has no free variables and is already written in its
closed form.

Proofs are given in the derived mathematical interfaces of Sections 5-6. Equational
chains mean successive applications of reflexivity, congruence, transport and transitivity,
with Cut subsequently eliminated. A needed repetition of an equation or a numberhood
assumption is licensed by Propositions 5.4 and 5.5. An induction hypothesis which is a
conditional or universal formula is used once in the relevant branch; no general copying rule
is presumed. Existential witnesses always carry the numberhood proof required by their
definitions. Arithmetic closure supplies numberhood of witness terms built using addition
and multiplication.

We retain the source order and names so that each result can be matched to its source.
Source addition and multiplication associate to the right; all associativity statements below
are explicitly parenthesized. In particular, no associativity theorem is replaced by a reflexive
equation through a parsing convention. There are two forward references: right distributivity
uses the independent proof of left distributivity, and linearity uses the independent proof of
trichotomy. Neither creates a circular dependency. The two source induction helpers have
already been dealt with in Section 6; they are not counted among these forty-six results.

A.1 Addition and multiplication
Proposition A.1 (prop_24).

Vx(N(:c) = (x =0V Iy(N(y) ® (z = Sy))))

Proof. Induct on x using the matrix after N(z) =. The base is equality reflexivity followed
by left disjunction introduction. At Sz, choose the predecessor witness x, pair its available
numberhood with Sz = Sz, and introduce the right disjunct. The old induction hypothesis
is unused, which weakening permits. The guarded-step construction of Proposition 5.9
applies. ]

Proposition A.2 (plus_zero’).
O+z=ux.

Proof. Induct on z. The base computes to reflexivity. The step is 0 + Sz = S(0 + z) = Sz,
using the equation hypothesis once under successor. O]
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Proposition A.3 (plus_comm_aux).
x+Sy=Sx+y.

Proof. The left-successor identity Sz + y = S(z + y) follows by induction on y: its base
computes and its step applies successor to the hypothesis. Combine its symmetry with the
object computation x + Sy = S(z + y). O

Proposition A.4 (plus_comm).
r+y=y+uz

Proof. Fix numerical z and induct on y. At zero use right computation and Proposition A.2.
The step is
r+Sy=S(x+y)=Sy+z)=Sy+z.

The middle equality uses the hypothesis once and the last equality uses left successor. The
numberhood parameter is handled by Proposition 5.9. O

Proposition A.5 (plus_ass).
r+y+z)=(@+y +=

Proof. Induct on z. Both sides at zero compute to z+y. At a successor, both sides compute to
the successors of the corresponding sides at z. Apply successor congruence to the hypothesis
once. No associativity is being assumed in parsing this statement. O

Proposition A.6 (plus_cancel).
(z+z=y+2)=>(z=y).

Proof. Induct on 2z with the displayed conditional as invariant. Its base is conditional identity
modulo computation. For the step, locally assume = + Sz = y + Sz. Compute and apply
predecessor congruence to obtain x 4+ z = y + z; apply the old conditional once to obtain
x = y. Discharge the local equation. This is an exact closed stored step. O]

Proposition A.7 (plus_cancel_zero).
(x+n=2x)=(n=0).

Proof. Rewrite the assumed equation using commutativity and left zero to obtain n + x =
0 + x, and apply Proposition A.6 with common right summand x. Equivalently this is left
cancellation against x + 0. O
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Proposition A.8 (plus_eq_insert).
(x=y)=(r+2z=y+2).

Proof. Use congruence for the term expression u + z and discharge the equation. This
actually requires no numberhood guards; weakening supplies the uniformly guarded source
reconstruction. [

Proposition A.9 (times_zero’).
0-2=0.

Proof. Induct on z. The base computes. The successor expression 0-Sz computes to (0-z)+0,
then to 0 - z, so the stored step is the old equation itself modulo computation. O

Proposition A.10 (times_one).
x-S0 =x.

Proof. Compute z - S0 to (z - 0) + x, then to 0 + z; apply Proposition A.2. ]

Proposition A.11 (times_succ’).
(Sz) -y =(z-y)+y.
Proof. Induct on y with numerical parameter x. The base computes to 0 = 0. In the step,
(Sz) - Sy = ((52) -y) + Sz = ((z-y) +y) + Sz = ((z-y) + =) + Sy = (z - Sy) + Sy.

The third equality uses addition associativity, commutativity and the successor identities.
The induction hypothesis occurs in the second equality once. All other inputs are already
proved arithmetic identities. O

Proposition A.12 (times_comm).

Proof. Induct on y. At zero use computation and Proposition A.9. The step is
-Sy=(z-y)+ao=_(y z)+z=(S) =,

using the hypothesis once and then Proposition A.11 in reverse. O]
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Proposition A.13 (times_plus_dist).

v (y+2)=(r-y)+(r-2)

Proof. Commute the outer product to (y + z) - x, apply the independent left-distributivity
proof immediately below, and commute the two resulting products separately. This uses no
instance of the present statement as a premise of that left-distributivity proof. O

Proposition A.14 (times_plus_dist’).
(y+2)-z=(y z)+(z-2)
Proof. Induct on z. At zero both sides compute to zero. At a successor,

(Y+2)-Sv=((y+z) - z)+y+z2)

(
(y-2) +(z-2)) + (y + 2)
(

y-x)+y)+((z-2) +2)
y-Sz)+ (z-Sx).

Use the hypothesis once; the middle rearrangement uses only the already proved addition
laws. O

Proposition A.15 (times_ass).

- (y-z)=(x-y) =z
Proof. Induct on z. The base computes to zero. For the step,

z-(y-Sz2) =

Right distributivity supplies the second line, and the hypothesis supplies the third line
once. 0
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A.2 Order by numerical gaps

Proposition A.16 (sle_leq).
(z <y)= (z<y)

Proof. Open a strict witness & with N(k) and = + Sk = y. Use Sk as the weak witness;
its numberhood follows by successor. Reintroduce the existential and discharge the strict
inequality. O]

Proposition A.17 (plus_zero_sub).
(z+n=y)©n=0)=(r=y).

Proof. Unpack the tensor, transport its first equation along n = 0, and compute = + 0 to x.
Each tensor component is consumed once. O

Proposition A.18 (plus_succ_sle_sub).
(z+n=y)®32(N(2) ® (n=S52))) = (z < y).

Proof. Unpack the tensor and open the numerical successor witness z. Transport the first
equation along n = Sz, obtaining x + Sz = y. The same z, with its numberhood, witnesses
T <y. O

Proposition A.19 (leq_eq_or_sle).

(r<y)= ((z=y)V(r<y))

Proof. Open the weak gap k and equation z + k = y. Apply Proposition A.1 to k. In the
zero branch transport to £ = 0 and compute to obtain x = y. In the successor branch open
its numerical predecessor j, transport to k = Sj, and use j as a strict witness. Inject the
appropriate disjunct in each branch. The old gap equation is shared between alternatives by
disjunction-left. O

Proposition A.20 (zero_leq).
0<uzx.

Proof. Choose weak witness x and use 0 + x = z from Proposition A.2, paired with the
numerical guard for x. m
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Proposition A.21 (zero_succ_sle).
0 < Sz.

Proof. Choose strict witness z; left zero gives 0 + Sz = Sx. n

Proposition A.22 (sle_zero_kaboomn).
(x<0)= L.

Proof. Its gap equation is  + Sk = 0, hence S(z + k) = 0 by computation. Symmetry and
zero—successor separation give L. Close the witness and discharge the assumption. [

Proposition A.23 (leq_plus).

rz<x+y.
Proof. Choose weak witness y and equality reflexivity at = + y. O]
Proposition A.24 (sle_plus_succ).
r <z +Sy.
Proof. Choose strict witness y and equality reflexivity at x + Sy. m
Proposition A.25 (sle_succ).
r < Sx.

Proof. Choose strict witness 0. Its equation is the computational identity x + SO = Sz, and
numberhood zero is a closed theorem. O

Proposition A.26 (leq_refl).
z <z
Proof. Choose weak witness 0, using numberhood zero and x + 0 = . m

For the next arguments, the following consequence will be used repeatedly: if z + Sw = =,
Proposition A.7 gives Sw = 0, whose symmetry is refuted by zero—successor separation. We
call this the positive-gap refutation; it uses one gap equation.

Proposition A.27 (sle_antisymm_kaboom).
(z<y)©y <)=L

Proof. Open the two numerical gaps k,[ and equations x + Sk = y, y + Sl = x. Addition
rearrangement gives

2+ S(k+Sl) = (z+Sk)+ Sl =y + Sl = .

Apply the positive-gap refutation with witness k£ + SI. Each original gap equation contributes
once to this chain. O
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Proposition A.28 (leq_antisymm).

Proof. Unpack and apply Proposition A.19 to each inequality as needed. An equality
branch immediately gives x = y, using symmetry for y = x. If both branches are strict,
Proposition A.27 gives falsity and hence the required equality. Branching is additive; unused
inequalities can be weakened away. [

Proposition A.29 (leq_trans).
(z<y)@(y<2) = (xr<2)

Proof. From gaps k,l with z+k =y and y+1 = z, derive z+ (k+1) = (x+ k) +l =y +1 = z.
The numerical term k + [ is the output weak witness. O

Proposition A.30 (sle_refl_kaboom).
(x <x)= L.

Proof. Open its numerical gap k and apply the positive-gap refutation to x + Sk =z. [

Proposition A.31 (sle_and_eq_kaboom).
(z<y)=(z=y)=1)

Proof. Under the two separate assumptions, use symmetry of x = y to transport the second
argument of z < y back to x. Apply Proposition A.30, and discharge the equation and
inequality in the displayed curried order. O]

Proposition A.32 (sle_trans).
(z<y)@(y <2)=(r<2)

Proof. With strict gaps k, [, the equation chain is  + S(k + Sl) = (z + Sk) + Sl = y + Sl = z.
Choose strict witness k + Sl. Its numberhood follows by successor and addition closure. []

Proposition A.33 (self_succ_kaboom).
(x =Sz) = L.

Proof. Use the closed guarded theorem x < Sx from Proposition A.25, then apply Proposi-
tion A.31 to it and the assumed equation. O
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A.3 Monotonicity, cancellation, and comparison

Addition associativity and commutativity give the useful rearrangement
(x+2)+w=(r+w)+ = (A1)
This is an equational theorem under its numerical parameter guards.
Proposition A.34 (plus_leq monotonic_left).
(x<y)=(r+2z<y+2).

Proof. Open x +w =y. By (A.1), (x4 2) + w = (z + w) + 2z = y + 2. The same numerical
w witnesses the output inequality. O

Proposition A.35 (plus_leq_cancel).
(x+2z<y+2z)=(z<y).

Proof. Open its weak gap w to get (z + z) +w = y + z. Rearrange the left side to (z 4+ w) + 2
and cancel the common right z by Proposition A.6. Use the resulting x +w = y as the gap
equation for the same witness w. O

Proposition A.36 (plus_sle_monotonic_left).
(z<y) =>(@+z<y+2).

Proof. Open x + Sw = y and use (A.1) at Sw: (z + 2) + Sw = (x + Sw) + z = y + 2. Retain
strict witness w. [

Proposition A.37 (plus_sle_monotonic_right).
(x<y)=(z+2x<z+y).

Proof. Open x+4Sw = y. Associativity and congruence give (z41z)+Sw = z+(x+Sw) = z+y.
Again w is the numerical strict witness. [l

Proposition A.38 (plus_sle_double_monotonic).
(z<y)®@u<v)=(r+u<y+wv).

Proof. Use Proposition A.36 on the first component to obtain = + u < y + u. Use Proposi-
tion A.37 on the second to obtain y +u < y+v. Tensor these separately obtained inequalities
and apply strict transitivity, Proposition A.32. O
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Proposition A.39 (plus_sle_cancel).
(z+z<y+2z)=(z<y).

Proof. Open (x + z) + Sw = y + z. Rearrange to (r + Sw) + z = y + z, cancel z, and
reintroduce the strict existential with numerical witness w. O

Proposition A.40 (times_leq monotonic_left).
(x<y)=(r-2<y-2).

Proof. From x + w = y, left distributivity gives (x - z) + (w - 2) = (z + w) - 2 = y - z. Choose
weak witness w - z, whose numberhood follows from multiplication closure. n

Proposition A.41 (times_sle_monotonic_left).
(x<y)= (r-Sz<y-Sz).

Proof. Open z 4 Sk = y and temporarily put D = Sz. Left successor for multiplication and
successor for addition give (Sk) - D = (k- D)+ D =S((k - D) + z). Therefore

(-D)+S((k-D)+z2) = (x-D)+((Sk)-D) = (x+Sk)-D =y D.

The numerical term (k- Sz) 4 z is the explicit strict witness. Only one use of the original gap
equation is needed. O

Proposition A.42 (archimedes).
0<n)=(z<z-n).

Proof. Open a numerical k£ with 0 + Sk = n, hence Sk = n. The equation z + (z - k) =
(r - k) +x = x-Sk gives weak witness z - k. Transport once along Sk = n. This is the
source’s exact statement bearing this name; it is not a general cofinality or unboundedness
theorem. O

Proposition A.43 (sle_succ_leq).
(x <y)= (Sz <y).

Proof. Open x + Sk = y and use Sx + k = x + Sk from Proposition A.3. The same numerical
k is now a weak witness. O]
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Proposition A.44 (linearity).
(z<y)V(y<z)

Proof. Use the independent trichotomy proof immediately below. In either strict branch
apply Proposition A.16 and introduce the corresponding weak disjunct. In the equality
branch x = y, use weak witness 0 and x 4+ 0 = y, then introduce the first disjunct. The case
branches are additive. Trichotomy’s proof does not use linearity. O

Proposition A.45 (trichotomy).

(z<y)V((x=y)V(y<ux)).

Proof. Write the displayed disjunction temporarily as T'(z,y). Induct on x with formula
F(z) =Vy(N(y) = T(x,y)). For the base, take numerical y and apply the zero-or-successor
theorem. If y = 0, symmetry yields the middle equality branch. If y = Sj with numerical j,
the gap 7 proves 0 < Sj, and transport gives the first branch. Discharge N(y) and generalize.

For the step, the only nonnumerical assumption is F'(x). Take numerical y and apply its
zero-or-successor theorem. If y = 0, the numerical witness x proves 0 < Sx; transport gives
y < Sz, the third branch. Here F(z) is unused. If y = Sj with numerical j, instantiate F(x)
once at j. It gives T'(x, j). Each of its alternatives lifts to the corresponding alternative of
T(Sz,Syj): equality lifts by successor congruence, and a gap equation such as x + Sk = j lifts
to

Sz + Sk = S(z + Sk) = Sj

with the same numerical witness k. The reverse strict branch is identical with x, j interchanged.
Transport along y = Sj in reverse gives T(Sx,y).

All uses of F(x) are within alternative branches, and each live branch uses it at most once.
Numberhood data may be copied by its derived rule. Discharge and generalize y, then apply
Proposition 5.9. Numerical instantiation at the desired x,y proves the displayed matrix and
its closed guarded form. O

Proposition A.46 (times_cancel).
(x-Sz=y-S2) = (z =y).

Proof. Assume the product equation and use trichotomy on x,y. The equality branch is
already the goal. If z < y, strict multiplication monotonicity gives = - Sz < y - Sz; apply
Proposition A.31 to this and the product equation to obtain falsity, then the desired equality. If
y < z, do the same after taking the symmetry of the product equation. The assumed equation
is shared between alternative branches, not contracted across simultaneous premises. O

These forty-six propositions give all forty-six source mathematical matrices, with the
exact guard and closure convention fixed above. Theorem 7.5 applies to every derivation
in this appendix. Appendix C records the Lean certification of every final expanded closed
formula against the pinned source inventory.
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B Division with remainder, uniqueness, and reusable
data

This extension uses exactly the same primitive calculus. It introduces no quotient or remainder
function and no new induction rule. All equality and order formulas retain the definitions in
the main text.

B.1 Definitions and the three main statements

Recall the division relation R and division data D from (6.4)—(6.5). Define their uniqueness
condition by

Ua,d,q,r) :=Yp(N(p) = Vt(N(t) = (R(a,d.p,t) = (g=p) ® (r =1))))).  (B.1)

These are names for formulas, not primitive predicates. In particular » < Sd includes an
existential numerical gap witness.

Theorem B.1 (Division with remainder). There are closed Cut-free positively signed proofs

of

1. the existence formula
¥d(N(d) = Ya(N(a) = D(a,d))); (B.2)

2. the universally numerically guarded closure, in order a,d,p,q,r,t, of
R(a,d,¢,r) = (Rla,d,p,t) = (g =p) ® (r =1))); (B.3)

3. the combined existence and uniqueness formula
Va(N(a) = Vd(N(d) = 3¢(N(g) @ 3r(N(r) ®

(R(a,d,q,7) @U(a,d,q, r))))))

The divisor is exactly Sd for numerical d. It is not an arbitrary object equipped merely
with a denial of equality to zero. Uniqueness is with respect to the defined substitutive
equality.

B.2 Elementary supporting identities
Addition has left cancellation:
(z+z=2+4+y)= (z=y).

Commute both sums and use Proposition A.6. The positive-gap refutation already used in
Appendix A gives
(x+Sb=1x)= L.
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The rearrangement needed for quotient separation is
(A+ (B4 (r+5Sj))+t=(A+r)+S(B+1t)+7). (B.5)

Indeed addition associativity and commutativity regroup the left side as (A+r)+((B+t)+Sj),
and successor computation gives the right side. Each of these statements is universally closed
with numerical guards for its free variables. They are among the separately certified division
statements; their proofs use the existing rules of the calculus.

B.3 Existence by an induction retaining witnesses

Fix numerical d and temporarily write D = Sd. Induct on a with F'(a) = D(a,d). Opening a
datum and its gap exposes numerical witnesses ¢, r, k and the two equations

a=qD+r, r+Sk=D. (B.6)

These equations are tensor components, not reusable ambient assumptions unless their proved
copying rule is explicitly invoked.
At the base choose ¢ = r = 0, using left multiplication by zero and right addition by zero.
Choose gap k = d, since 0 + Sd = Sd. Every witness has its required numberhood proof.
For the successor step apply the numerical zero-or-successor theorem to the gap witness
k. In its zero branch the second equation in (B.6) becomes Sr = D. Choose quotient Sq,
remainder 0, and gap d:

Sa=S(gD +71r)=qD+Sr=qD+ D = (Sq)D +0.

The last equality is left successor for multiplication. The new remainder bound is the base’s
0 < Sd.

In the successor branch open numerical j with £ = Sj. Choose quotient ¢, remainder Sr,
and gap j. The equations are

Sa =S(¢D +r) = gD + Sr, Sr+Sj=r+5(Sj) = D.

Numberhood successor supplies N(Sr) and N(Sq) where needed. In each branch the old
representation equation and old gap equation can each be consumed once; additive cases
share their contexts. Reintroduce the numerical existentials.

The only external step parameter resource is N(d), which is copyable. To exhibit the
exact stored-proof construction, take

H(a) = N(d) = (F(0) = F(a)), I(a) =N(a) ® H(a).

The closed base of I uses numberhood zero and identity on a local F(0), discharging the
unused N(d). For the stored step unpack I(a), locally assume N(d) and F'(0), apply H(a),
perform the successor construction, then discharge those local assumptions and repack with
N(Sa). Derived numberhood copying supplies any repeated numerical guards. Its end-sequent
is exactly +(I(a)) F +(I(Sa)). The actual base proof and external N(d) occur only in the
continuation. This proves (B.2) by the primitive induction rule.
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B.4 Quotient separation and uniqueness

The key intermediate theorem is the guarded closure of
(g<p)= ((r<Sd) = (((q-Sd)+7r=(p-Sd) +1) = 1)). (B.7)

To prove it, open numerical gaps k,j with ¢ + Sk =p and r +Sj = D, where D = Sd. The
addition and multiplication laws yield

pD+t=(q+Sk)D +t
=(¢D+ (kD + D)) +t
=(¢gD+ (kD + (r +5j))) +t
= (¢D +7r)+S((kD +t) + j).

In the third line substitution replaces the displayed additive occurrence of D only; it does not
replace the occurrence of D in the product kD. Such a one-position formula context is allowed
by equality transport. The last line is (B.5). Combining this chain with ¢D +r = pD + ¢
gives a positive gap from ¢D + r to itself, refuted by the supporting positive-gap theorem.
All newly built gap terms are numerical. This proves (B.7).

Now assume the two separate division relations in (B.3) and apply trichotomy to ¢, p.
Their representation equations give gD + r = pD + t by symmetry and transitivity. In
the ¢ < p branch, use the first relation’s remainder bound and (B.7); falsity supplies the
desired equality tensor. In the p < ¢ branch, reverse the product equation and use the
second relation’s remainder bound. In the equality branch ¢ = p, copy that equation by
Proposition 5.4. Retain one copy for the answer; use the other to replace ¢D by pD. Left
cancellation in pD +r = pD +t gives r = t. Tensor the retained ¢ = p with this result.
The remainder bounds are unused in this branch and may be weakened away. This proves
uniqueness without general contraction.

B.5 Retaining the datum with its uniqueness guarantee

Both R and D belong to the grammar of Proposition 5.6: they use equality, numberhood,
tensor and existentials. Hence the following open copying sequents require no numberhood
assumptions on their free parameters:
+<R(&7 d? q7 r)) l_ +<R(a/7 d7 q7 r) ® R(a7 d7 Q7 /r)>7
+(D(a,d)) - +(D(a,d) ® D(a,d)).
Discharge the assumption and universally quantify without numerical guards. This gives,
respectively,

VaVdvq¥r (R(a,d,q,7) = (R(a,d,q,7) ® R(a,d,q,1))),
VaVd (D(a,d) = (D(a,d) ® D(a,d))).
These copying conclusions have separate primitive certificates. Adding numerical guards
gives, in particular, the guarded closure of

R(a,d,q,r) = (R(a,d,q,7) @ R(a,d,q,1)).

99



This guarded relation-copying theorem is one of the eight division and supporting statements.
The two unguarded closures are the additional copying statements counted separately in
Appendix C. Their lack of external guards does not remove the numerical witnesses inside
the definitions.

For (B.4), start with existence and open numerical ¢, r and its relation. Copy the relation.
Keep one copy as the required datum; use the other with uniqueness, under temporary
assumptions of numerical p,¢ and an alternative division relation, to obtain (¢ = p) ® (r = t).
Discharge these temporary assumptions and generalize to get U(a, d, q,r). Tensor it with the
retained relation and reintroduce the numerical existential witnesses. Copy their numberhood
data as necessary before using them both inside the uniqueness proof and in the final witness
package. Finally discharge and quantify a,d. No copying of the universal formula i/ is
assumed.

This proves all three parts of Theorem B.1 and accounts for the eight division and
supporting statements: left cancellation, positive-gap refutation, rearrangement, existence,
quotient separation, uniqueness, guarded relation copying, and combined unique existence.
The two additional copying statements are the unguarded copying theorems just displayed.
Every proof uses the same rules covered by Cut elimination and nontriviality.
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C The formalization and its scope

The formalization checks the general metatheorems and the retained mathematical proofs
against one definition of the object calculus. Its role is to certify that these claims fit together.
It does not replace the arguments in the main text, and Lean’s own arithmetic theorems are
not additional axioms of B.

C.1 The general metatheorems

The project defines the object syntax, substitution, object normalization, signed multiset
contexts, and primitive derivations. It distinguishes derivations permitting Cut from Cut-free
derivations. In particular, an induction application contains its actual stored base and step
proofs. Their end-sequents have exactly the empty base antecedent and the single invariant
assumption in the step required by the rule in Section 4.

The general Cut-elimination theorem is available as Bilateral.Derivation.elimina
teCuts. It applies to every finite derivation of the formalized calculus, including its full
comprehension and induction rules. The quantitative admissibility argument handles one
Cut between Cut-free proofs; elimination then recurses through the original proof, including
its stored induction premises, as in Section 7.

The projection, fixed-point interpretation, and auxiliary soundness argument certify the
general nontriviality result of Section 8. Asserted falsity, denied truth, and the empty sequent
are underivable from an empty antecedent, even with Cut. Closed assertion and denial of
Russell’s sentence are separately derived. Numberhood copying is also proved as a general
construction.

C.2 The mathematical statements

The finite collection of certified mathematical conclusions is organized as follows:

Collection Closed statements
Ripley’s arithmetic statements, under the numerical transla- 46
tion

Division and supporting results 8
Copying of division relations and data without external 2
guards

Total 56

The first group is exactly Appendix A. The source is subDMQ-arithmetic.thy in Ripley’s
repository at commit 5d717¢32d5b293384655efb811fc837a6a8ae882 (Ripley, n.d.). The
translation is the one in Section 6.1: numerical quantifiers are guarded, free numerical
variables are closed in alphabetical order, and equality has its unrestricted class quantifier.
The other ten statements are specified in Appendix B.
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Each named endpoint has a kernel-checked Cut-free derivation with empty antecedent and
its asserted closed formula as the sole succedent. The readable formulas in Bilateral/Arit
hmeticStatements.lean are defined independently of the expression table used to export
the proofs. Lean checks the connection between each readable statement and its certificate
using the computed normal forms. Thus checking a derivation is accompanied by checking
which fully expanded statement it proves.

The theorem Bilateral.Arithmetic.mathematics_without_triviality combines
derivability of every formula in Bilateral.Arithmetic.benchmarkStatements, in the
calculus permitting Cut, with the underivability of asserted falsity in that same calculus.
This is a single formal statement of the combination needed for the project. Its nontriviality
component is the general metatheorem, not a bounded search for proofs of falsity among the
imported examples.

The imported mathematics is already Cut-free. Its certificates expand derived arithmetic
reasoning into primitive derivations. The general Cut theorem is independently proved and
applies to other derivations as well. Repeated subproofs may be shared in the certificate
representation. Each reuse still supplies a proof of the required multiset sequent, with
substitutions and context rearrangements checked. Sharing a closed proof in the representation
does not license duplication of an open assumption within a sequent.

C.3 What the certification relies on

The retained project pins Lean 4.19.0 and mathlib commit c44e0c8ee63cal66450922a373
c7409c5d26b00b. The certification record reports a successful complete build and recursive
axiom audit of 46,755 safe logical project declarations. It contains no proof holes, project-
specific axioms, unsafe logical declarations, or native decision shortcuts. The permitted
Lean foundations are propext, Classical.choice, and Quot.sound. The proof-producing
exporter is not an extra logical authority: Lean’s kernel checks the proof terms it produces.

The full coverage and reproduction instructions are supplied in ARITHMETIC_CERTIFICATI
ON.md, CERTIFICATION.md, and the project’s verification/ records. These include checks
of the pinned source, the exact mathematical endpoints, and the retained primitive proof
graphs. The manuscript presents those results at the level of their mathematical arguments;
the records permit the lower-level certificates to be inspected and rebuilt.

Several boundaries should be kept clear. The earlier subDMQ collapse argument is separate
from this Lean certification. The generic copyable-data grammar of Proposition 5.6 has a
proof in the paper; the finite collection of copying certificates is not a separate formalization
of that whole generic theorem. The mathematics certified so far does not cover all of Weber’s
book. Finally, the Cut theorem uses classical choice to select derivation witnesses. It certifies
Cut-free replacements, but this project has not extracted an executable Lean normalizer or
certified the implementation of the separate Python normalization program.
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