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Abstract. Dynamic semantics understands a sentence through its effects on information.
A familiar implementation nevertheless allows the denial of a self-contradiction to supply
factual information. Requiring updates to establish what they say seems the natural repair,
but with sequential conjunction this requirement prevents later learning from overturning
any accepted claim. I develop an alternative in which conjunction incorporates its conjuncts
together, subject to a constraint on partially carrying out an update. Negation and the epis-
temic possibility test retain their usual clauses. The admissible update functions correspond
exactly to Holliday and Mandelkern’s regular possibility contents. This correspondence
explains both why acceptance alone cannot determine meaning and how a compositional
dynamic semantics can preserve the distinctions acceptance leaves out.

1. The problem

Denying a contradiction should not commit one to an answer to a contingent question.
Suppose we disagree about some matter of fact. We should still be able to agree that it is
not the case that both a claim and its negation hold, without our agreement settling the
original dispute. A familiar semantics for epistemic language predicts otherwise. It allows
the denial of a self-contradiction to rule out some factual possibilities while leaving others
open. Accepting a logical truism can require finding out how things are.

The difficulty arises within a dynamic conception of meaning: a sentence is understood
through the change it proposes to our information. A procedure for changing information
can run its course without leaving us able to accept what it has processed. This initially
looks like an asset. Inquiry can take us through assessments that cannot be maintained
together. The question is how that account of changing our minds interacts with the
interpretation of negation.

Why not require the procedure to establish what it says? There is a good reason
to hesitate. Consider the distinction between accepting that something might be so
and continuing to accept it after learning more. We want a theory that allows the first
without guaranteeing the second. Yet under the standard interpretation of the connectives,
requiring every update to establish its sentence also requires every accepted sentence to
survive subsequent learning. A condition on successfully incorporating a claim becomes a
condition on retaining it indefinitely.

I will argue that this result turns on the identification of conjunction with successive
updating. A conversation can take us through assessments we cannot maintain together.
In interpreting a conjunction, however, we need an account of what it takes to incorporate
both conjuncts. I give such an account. Its guiding requirement concerns carrying out an
update in stages: eliminating some of the possibilities a sentence rejects should not thereby
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disqualify possibilities it proposes retaining. This requirement determines a conjunction
that supports stable acceptance while allowing later information to defeat it.

There is a further reason to be interested in the construction. Holliday and Mandelkern
(2024) approach epistemic language through a semantics of partial possibilities, where
negation is understood in terms of incompatibility. I show that their contents over a world
space correspond exactly to the update functions developed here. The correspondence
preserves the connectives and the modal operators. Thus the dynamic account recovers a
whole structure of content from patterns of information change. Acceptance conditions
leave distinctions out; complete update functions retain them. The problem with negation
can be resolved without giving up the dynamic conception of meaning that brought it into
view.

2. Communication and information change

Begin with a familiar picture of communication. Participants in a conversation take certain
things for granted and use their assertions to propose additions to that shared background.
If I tell you that Jane is home and you accept what I say, her being home becomes available
for us to rely on as the conversation continues. What I have said affects how we understand
and assess what comes next.

Dynamic semantics takes this role in communication as a starting point for the theory
of meaning. Instead of first assigning a sentence a proposition and then explaining how
adding that proposition changes the conversation, we can specify its contribution directly
by saying how it takes an initial body of information to a subsequent one. A meaning, on
this approach, is a rule for updating information. The rule can have different effects at
different inputs while remaining the meaning of one sentence.1

To make the proposal precise, we need a representation of the information on which
these rules operate. I will use a simple possible-worlds model. Let W be a nonempty set
of worlds, understood as ways the relevant facts might be. We represent an information
state by a subset σ of W: the worlds that have not been ruled out. If exactly one of Ariel
and Jane is home, but we do not know which, our state includes both an Ariel-only world
and a Jane-only world. Learning that Jane is home removes the former. More information
thus corresponds to fewer remaining worlds. The empty state represents incompatible
information, since it leaves no way for things to be.

All subsets of W are available as states. The model abstracts from reference, tense, and
changes in externally supplied contextual parameters. Write σ[φ] for the result of updating
σ with φ. Each sentence determines a total function on P(W), the set of information states.
Updates are eliminative: σ[φ] ⊆ σ. We are considering additions to information; empty
output marks failure to incorporate a claim on that basis.

1Compare Gillies (2004, §4) and Willer (2013, §2.1) on the dynamic perspective. Yalcin (2007, §5) distin-
guishes compositional semantic values from communicative content within a related picture of conversation.
The present model isolates the effects of information on acceptance; it is not a complete representation of
conversational context.
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For a factual sentence p expressing the proposition P ⊆ W, the rule is just σ[p] = σ ∩ P.
It keeps the worlds where the fact obtains. The standard rules for the connectives extend
this procedure as follows:

σ[φ ∧ ψ] = σ[φ][ψ], σ[¬φ] = σ \ σ[φ].

Conjunction updates with its first conjunct and then with its second. Negation reverses the
division made by its complement: it keeps precisely the worlds that complement would
remove.

The distinctive dynamic behavior appears with epistemic expressions. ‘Ariel might
be home’ checks whether Ariel’s being home is compatible with the information under
consideration. If it is, the check supplies no further fact about which world is actual. If it
is not, the claim fails. Generalizing, let ♢φ mean that φ might be so, and stipulate that
σ[♢φ] = σ if σ[φ] ̸= ∅, and ∅ otherwise. Such an update is a test: it returns the entire
input or nothing.

We can now distinguish changing a state with a sentence from that state already
accepting the sentence. The latter means that the information sustains the sentence without
any further change. In the model, acceptance is defined by

σ |= φ iff σ[φ] = σ.

Thus a nonempty state accepts that Jane is home when all its worlds have Jane home. It
accepts that Ariel might be home when at least one of its worlds has Ariel home. The
empty state accepts every sentence. The same definition applies to factual and epistemic
claims, though they make different demands on information.

Here is where the trouble begins. Let p say that Ariel is home and q that Jane is
home. At w1 only Ariel is home, at w2 only Jane, and at w3 both. Take σ = {w1, w2} and
α = ♢p ∧ q. Updating with α first checks that Ariel might be home and then adds that
Jane is home:

σ[α] = {w2}, {w2}[α] = ∅.

The first application succeeds in leaving a world. The second fails: the information
acquired in the first application has removed the possibility that Ariel is home. So the
output of the first application does not accept the sentence that produced it.

This much has a familiar defense. Gillies explicitly understands such conjunctions
as requiring a change of view within their evaluation (2004, 605–606). Willer likewise
distinguishes a conjunction’s being dynamically consistent from its being supportable in a
single state (2013, 68–69). The distinction captures something real about inquiry. We can
first leave open that Ariel is home and then learn something that rules it out.
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Now consider what happens under negation. Put κ = α∧¬α. Its first conjunct produces
{w2}. Its second retains that state, because α would now eliminate it. Hence

σ[κ] = {w2}, σ[¬κ] = {w1}.

Denying the self-contradiction tells us that Ariel is home. The denial removes a possibility
we previously left open, even though nothing could coherently accept the claim denied.
Indeed, α itself is coherent elsewhere: {w3} accepts it. The problem arises from combining
it with its own negation.

To see the general point, call the collection of a sentence’s accepting states its acceptance
profile. Elimination ensures that a state accepts φ∧ψ exactly when it accepts both conjuncts.
But whenever a state accepts φ, ¬φ eliminates it. Every self-contradiction consequently
has the same profile as absurdity ⊥, whose update always returns ∅. Their denials can
nevertheless behave differently. Denying ⊥ changes nothing; denying κ can settle who is
home.

The difference between a sequence and a sustainable commitment was supposed
to explain how inquiry moves. Here that difference gives the denial of an impossible
commitment factual content. This is the objection already pressed by Klinedinst and
Rothschild (2014, §§6–7). It calls for an account of how the procedures assigned to
sentences behave when embedded, beyond an explanation of why someone might pass
through their successive stages.

3. Why the obvious repair fails

An obvious remedy is to require the output of an update to accept its sentence. Formally,
that is idempotence: σ[φ][φ] = σ[φ]. Repeating a completed update makes no further
change. This would stop α from delivering the unstable output that negation then exploits.

With the connectives just given, however, idempotence has consequences well beyond
repetition. The following result brings out the connections. Its conditions concern,
respectively, the neutrality of denying a self-contradiction, stability of output, and the
possibility of determining acceptance of a negation from the acceptance profile of its
complement.
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Proposition 1. In a language containing ⊥ and closed under sequential conjunction
and complement negation, with total eliminative updates on P(W), the following are
equivalent:

(i) Every state accepts every ¬(φ ∧ ¬φ).
(ii) Every update is idempotent: σ[φ][φ] = σ[φ].

(iii) Sentences with identical acceptance profiles have negations with identical acceptance
profiles.

Proof. The identity
σ[φ ∧ ¬φ] = σ[φ] \ σ[φ][φ]

makes (i) equivalent to (ii). Condition (iii) implies (i) because a self-contradiction and
⊥ have the same profile. For (ii) to imply (iii), suppose φ, ψ share their profile but
their negations do not. Exchanging names if necessary, some σ has σ[φ] = ∅ and
σ[ψ] = τ ̸= ∅. Idempotence makes τ accept ψ, and profile equality makes it accept φ.
But ¬φ ∧ ψ takes σ to τ and then τ to ∅, contradicting its idempotence.

The equivalence of the first two conditions is familiar from Mandelkern (2020, §4). The
third ties that neutrality to a further claim: a sentence’s acceptance profile determines its
negation’s acceptance profile. These demands coincide because of the connective clauses.
The construction below will separate them.

For now, notice that the idempotence requirement ranges over all sentences, including
conjunctions. Put τ = σ[φ][ψ]. Idempotence of φ ∧ ψ gives τ[φ][ψ] = τ, and elimination
then gives τ[φ] = τ. Thus whenever σ accepts φ, its update with ψ still accepts φ.
Acceptance persists through every further update.

That consequence is unacceptable for the epistemic language we set out to model. Given
that exactly one of Ariel and Jane is home, learning that Jane is home must remove the
possibility that Ariel is home. Yet the repair requires the resulting state still to accept
that Ariel might be home. It cannot accommodate this elementary case of learning. The
problem is that idempotence applies to the conjunction as well as to its conjuncts: it
requires the outcome of the two successive updates to sustain both claims. Imposing
idempotence on these clauses turns a requirement on establishing a claim into a prohibition
on subsequently overturning it.

The corresponding consequence relations also coincide: what must be accepted af-
ter processing premises successively is exactly what must be accepted whenever those
premises are accepted together.2

Nor should a general repair work only because the factual vocabulary is too poor to
expose its failure. Adding a way to state a fact about the existing worlds should not
require changing what old sentences mean just to keep denials of contradictions neutral.
We can test the semantic rules by adding a fresh factual letter expressing any chosen
subset of W, keeping old updates fixed, and closing under the two connectives. This tests
the rules across factual interpretations; it does not assume that speakers can describe

2Idempotence makes each processed premise accepted, and persistence keeps it so. Conversely, a state
already accepting all premises is unchanged by their succession. Bonnay and Westerståhl (2014, Proposition
32.3) characterize the agreement by idempotence and preservation of fixed points.
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complete worlds. If idempotence survives every such extension, every old update must be
intersective: σ[φ] = σ ∩ Pφ for some fixed proposition Pφ.

Here is the argument. Set Pφ = {w : {w}[φ] = {w}}. If φ is not intersection with
Pφ, some world survives differently in company than alone. Either φ or ¬φ then gives
a sentence θ with w ∈ σ[θ] but {w}[θ] = ∅. Add a factual letter r expressing {w}. The
sentence θ ∧ r takes σ to {w} and then to ∅, violating idempotence. Conversely, intersective
updates remain intersective under the two connectives and are idempotent.

Intersective updates still convey information, but a world’s survival never depends
on which other possibilities accompany it. An epistemic test needs that sensitivity: it
can retain an Ariel-away world because an Ariel-home world is also available. Arbitrary
factual extension strengthens the result from persistence under expressible updates to
complete insensitivity to accompanying possibilities. A restricted language of tests can
avoid this stronger conclusion.3 The original learning example already establishes the
conflict without extending the language.

Adjusting ‘might’ alone cannot resolve this conflict. Gillies’s revised clause tests for
an accepting nonempty substate, rejecting self-contradictions under ‘might’ but leaving
our factual instance unchanged (2020, Definition 11). The general idempotence problem
remains (Mandelkern 2024, 68–70).

The difficulty is now precise. With sequential conjunction and complement negation,
either denying a contradiction can settle a fact, or accepted claims become immune to
subsequent learning. Neither outcome is acceptable. Yet requiring an update to establish
its sentence should not require later updates to preserve it. A satisfactory semantics must
separate these demands. I propose to do so by changing what it means to incorporate a
conjunction.

4. Incorporating the conjuncts together

To incorporate a conjunction is to arrive at information that sustains both conjuncts.
Successive assertions need not do this: the second can overturn the first. We need a
compositional operation that preserves this distinction, using the update functions of the
conjuncts.

Simply taking the worlds retained by both updates at the original input will not work.
In our example, ♢p retains {w1, w2} and q retains {w2}. Their intersection is {w2}, which
no longer accepts ♢p. Each update can permit a possibility in the presence of others it
needs. Combining their results may remove those others.

We therefore need to consider how the updates behave as information changes. Suppose
updating σ with a sentence would retain exactly A. Imagine carrying out only some of its
proposed eliminations, leaving a state ρ between A and σ. If we now apply the sentence,

3Factual isolation figures in Bonnay and Westerståhl (2014, Proposition 32.9); Rothschild and Yalcin (2016,
Fact 1) give the singleton criterion for intersectivity. Böhm (2024, §3.5.1) rules out an idempotent repair
retaining sequential conjunction and specified discourse judgments.
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should it be allowed to discard some of A? That would make the fate of possibilities it
keeps depend on whether we first remove possibilities it rejects.

For factual information, the answer is straightforward. If learning that Jane is home
would retain certain worlds, first eliminating some Jane-away worlds should not disqualify
any of them. I propose extending this requirement to updates generally. Write f (σ) = σ[φ]

for a sentence’s update function and f̄ (σ) = σ \ f (σ) for its complement. The requirement
is

f (σ) ⊆ ρ ⊆ σ =⇒ f (σ) ⊆ f (ρ). (S)

Call this partial-update stability. It requires the possibilities originally retained to survive
any partial implementation of the update. It allows other possibilities to survive as well.
An update is admissible when both it and its complement satisfy (S): incorporating a denial
is subject to the same requirement as incorporating an affirmative claim.4

Taking ρ = f (σ) yields idempotence, since elimination supplies the reverse inclusion.
The condition goes further by checking intermediate stages too. But it does not demand
persistence through arbitrary learning. If f (σ) = σ, the antecedent of (S) permits only
ρ = σ. Nothing follows about proper substates, which may remove possibilities needed
for an epistemic assessment. The distinction is between partly carrying out this update
and independently acquiring more information.

We can now say what conjunction should do. It should eliminate at least what either
conjunct eliminates, while retaining as much as admissibility permits. Order functions
by their outputs: f ≤ g iff f (σ) ⊆ g(σ) for every σ. A lower bound of f and g imposes
both restrictions. Their greatest admissible lower bound would impose them with the least
elimination.

To find that update, consider a candidate output A ⊆ σ. It must survive both conjuncts
throughout the interval from A to σ. This is forced by our requirements: if an admissible k
lies below both f and g, then (S) gives k(σ) ⊆ k(ρ) ⊆ f (ρ) ∩ g(ρ) at every intermediate
ρ. Conversely, collecting all the candidates meeting this condition gives an admissible
update:

( f ∧u g)(σ) =
⋃ {

A ⊆ σ : ∀ρ
(

A ⊆ ρ ⊆ σ ⇒ A ⊆ f (ρ) ∩ g(ρ)
)}

. (C)

The clause checks the original input, where both conjuncts must permit the candidate; the
candidate itself, where both must accept it; and the intermediate states, where partially
carrying out the proposed restriction must not undermine it. It specifies a semantic
function, without prescribing a mental search through subsets.

There might seem to be a difficulty with the union. Why should collecting acceptable
candidates give another acceptable candidate? Any state containing their union also
contains each one of them. Both conjuncts must therefore retain every member of the
union at that state. The union qualifies. The less immediate fact is that this construction

4Condition (S) is one inclusion of Lehmann’s local cumulativity condition for choice functions (2002, §2.3).
Applying a constraint on both sides of negation also connects with the attention to rejection in bilateral
semantics; see Willer (2022). Only one update function and its complement are used here.
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also satisfies stability on the negative side, so that embedding the conjunction under
negation does not recreate our original problem.

Proposition 2. Admissible updates are idempotent. Factual filters and all tests are
admissible. Complementation preserves admissibility, and (C) is the greatest lower
bound of its arguments within the admissible updates.

Proof. Idempotence follows by setting ρ = f (σ) in (S). Factual filters and their comple-
ments satisfy (S). A test returns either its entire input or nothing; in either case (S) is
immediate, and its complement is another test. Complement closure follows from the
definition.

Put h = f ∧u g. Candidates in (C) are closed under arbitrary unions: an intermediate
state containing their union contains each candidate, so both updates retain every
member of the union. Hence h(σ) is the greatest candidate. It remains a candidate at
every ρ between itself and σ, establishing (S) for h.

We must also establish (S) for h̄. Put A = h(σ) and R = σ \ A. Suppose R ⊆ τ ⊆ σ,
and put B = h(τ). We show B ⊆ A. For any ρ with A ∪ B ⊆ ρ ⊆ σ, candidacy of A
gives A ⊆ f (ρ), so

f̄ (ρ) ⊆ R ⊆ τ, f̄ (ρ) ⊆ ρ ∩ τ ⊆ ρ.

By (S) for f̄ , we have f̄ (ρ) ⊆ f̄ (ρ∩ τ). Meanwhile B ⊆ ρ∩ τ ⊆ τ, so candidacy of B gives
B ⊆ f (ρ ∩ τ). Thus B is disjoint from f̄ (ρ) and is contained in f (ρ). Likewise B ⊆ g(ρ).
Consequently A ∪ B is a candidate at σ, whence B ⊆ A. This gives R ⊆ τ \ h(τ), as
required.

Finally, considering ρ = σ gives h ≤ f , g. If an admissible k is another lower bound,
(S) makes k(σ) a candidate, so k ≤ h.

This gives a recursive semantics for the whole language. Keep factual filtering, com-
plement negation, and the possibility test. Interpret conjunction by (C). Define necessity
by □φ = ¬♢¬φ: it tests whether the current information accepts φ. Define disjunction
by φ ∨ ψ = ¬(¬φ ∧ ¬ψ). Every sentence now denotes an admissible update, since the
possibility operator always produces a test. None of this requires W to be finite.

The account has the desired connection with acceptance. A state accepts a conjunction
exactly when it accepts both conjuncts: the entire input qualifies in (C) precisely in that
case. Every output accepts the sentence producing it. A self-contradiction always gives
empty output, because any candidate must lie in f (σ) ∩ f̄ (σ) = ∅. Its denial therefore
changes nothing. More generally, idempotence makes any nonempty output an accepting
state, so a sentence with no nonempty accepting state must always fail. Its denial is
likewise the identity update.

Return to the home example. At {w1, w2}, the only possible nonempty candidate for
♢p ∧ q is {w2}, because q excludes w1. But that candidate fails ♢p at itself. Hence

σ[α] = ∅, σ[¬(α ∧ ¬α)] = σ.

The denial leaves open which person is home. At the larger input {w1, w2, w3}, by contrast,
the conjunction returns {w2, w3}: Jane is home throughout, and Ariel’s being home remains
possible. Both conjuncts can be incorporated together.
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Successive assertions still have their familiar effects. At our original input, σ[♢p][q] =
{w2}, while σ[q][♢p] = ∅. What changes is the identification of such succession with
conjunction. Conjunction is now commutative and associative, as a greatest lower bound
should be; on factual filters it is ordinary intersection. Learning can overturn an earlier
assessment without being counted as the successful incorporation of that assessment and
its replacement.

5. Content beyond acceptance

Why think this construction captures a structure of meaning, rather than a convenient way
to avoid an unwanted calculation? Its correspondence with an independently motivated
semantics gives a reason to think so. Holliday and Mandelkern (2024) seek an account on
which epistemic contradictions have empty content, without making possibility factive.
The admissible updates represent exactly the regular contents in their epistemic extension
of P(W).

Their problem is readily stated. ‘It is raining and it might not be raining’ cannot be
coherently maintained. But ‘It might not be raining’ does not say that it is not raining.
If contents are ordinary sets of worlds and conjunction is intersection, these claims are
difficult to combine. Disjointness from the rain worlds would force the second content to
contain only non-rain worlds. The problem, familiar from Yalcin (2007, §1), motivates a
richer account of possibilities and their incompatibility.

The relevant possibilities are partial specifications, represented by pairs (A, I) with
∅ ̸= A ⊆ I ⊆ W. The first coordinate concerns how things are; the second bounds the
informational alternatives. For example, A can contain only rain worlds while I also
contains dry worlds. Such a possibility settles that it rains without settling that it must
rain. A complete world by itself cannot mark this distinction.

Two possibilities are compatible when their factual specifications overlap and each fits
within the other’s informational bounds:

(A, I) ∼ (B, J) iff A ∩ B ̸= ∅, A ⊆ J, B ⊆ I.

For a set X of possibilities, let X⊥ contain those compatible with none of X. This supplies
the interpretation of negation. Conjunction is intersection, and contents are restricted to
regular sets: those satisfying X = X⊥⊥. Regularity makes double negation hold. It also
means that a possibility belongs to a content whenever it is incompatible with everything
incompatible with that content.

The logic differs from ordinary set complementation. A partial possibility can belong
neither to X nor to X⊥: it may fail to settle X while remaining compatible with a possibility
that does. No possibility belongs to both, since compatibility is reflexive. This permits
gaps without permitting contradictions.

A factual p expressing P has content {(A, I) : A ⊆ P}. Necessity sends X to the
possibilities (A, I) for which every (B, J) satisfying A ⊆ B ⊆ J ⊆ I belongs to X. Possibility
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is its negation dual. These operations preserve regularity (Holliday and Mandelkern 2024,
§§4–5).

To connect these contents with updates, recall why (C) inspected an interval of states.
A candidate A at input I had to survive throughout the proposed change. We can use
exactly that condition to recover a content from an update: associate with f all the pairs
(A, I) for which A survives f at every intermediate input. Conversely, to update σ with a
content, collect the first coordinates of its possibilities whose second coordinate is σ.

Proposition 3. The assignments

X f = {(A, I) : ∀ρ (A ⊆ ρ ⊆ I ⇒ A ⊆ f (ρ))},

UX(σ) =
⋃
{A : (A, σ) ∈ X}

are inverse, order-preserving correspondences between admissible updates and regular
contents. They identify complement negation with ⊥, (C) with intersection, and the
factual and modal update clauses with the corresponding content operations.

Proof. Take admissible f . If (A, I) ∈ X f and (B, J) ∈ X f̄ were compatible, K = I ∩ J
would contain A, B. Then A ⊆ f (K) and B ⊆ f̄ (K), contrary to their overlap. Conversely,
if (A, I) /∈ X f̄ , some ρ between A and I has A ∩ f (ρ) ̸= ∅. By (S), ( f (ρ), ρ) ∈ X f , and
this point is compatible with (A, I). Thus X f̄ = X⊥

f . Applying this to f̄ establishes
regularity. Also UX f = f : every candidate lies in f (σ), and (S) makes f (σ) itself eligible
when nonempty.

For the converse, regularity gives two closure properties. First, (A, I) ∈ X and
A ⊆ J ⊆ I imply (A, J) ∈ X, because every point compatible with the latter is
compatible with the former. Second, a nonempty union of first coordinates at a fixed
second coordinate remains in X: any compatible point overlaps one of the original
coordinates and is compatible with that original point, so cannot belong to X⊥. These
properties establish (S) for UX.

We next show UX⊥(I) = I \ UX(I). Put A = UX(I) and R = I \ A. The outputs are
disjoint by compatibility. If R ̸= ∅ but (R, I) /∈ X⊥, some (B, J) ∈ X is compatible with
(R, I). Hence B ⊆ I, R ⊆ J, and B ∩ R ̸= ∅. If A = ∅, narrowing J to I gives (B, I) ∈ X,
a contradiction. Otherwise (A, I) ∈ X by union closure. Any (C, K) compatible with
(A ∪ B, I) is compatible with (A, I) if C intersects A. If it does not, C ⊆ R ⊆ J, and
it is compatible with (B, J). Thus every such point avoids X⊥, so (A ∪ B, I) ∈ X,
contradicting the definition of A. Consequently (R, I) ∈ X⊥. The equality follows,
establishing (S) for the complement of UX.

Finally, XUX = X. One inclusion follows by narrowing second coordinates. If
(A, I) /∈ X, choose a compatible (B, J) ∈ X⊥ and put K = I ∩ J. Then (B, K) ∈ X⊥, so
UX(K) is disjoint from B and cannot contain A. Hence (A, I) /∈ XUX .

Both assignments preserve inclusion. Being inverse, they also reflect it, so great-
est lower bounds correspond. The factual correspondence follows directly from the
definitions. For nonempty I, any (A, I) in the necessity of X requires (I, I) ∈ X;
conversely, (I, I) ∈ X puts (I, I) in its necessity. Its update is therefore the test that
UX(I) = I, exactly our necessity clause. Empty input is immediate; possibility follows
by duality.
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The claim is stronger than agreement on acceptance. Starting with any regular con-
tent, translating it into an update and translating back recovers that very content. The
same holds starting with an admissible update. Moreover, the translations commute
with composition: negating a content and then finding its update gives the same result
as complementing its update. Analogous claims hold for conjunction and the modal
operators.

Consider the factual case. If f (σ) = σ ∩ P, then A survives throughout the interval to
I exactly when A ⊆ P. We recover the content of p. For the necessity test □p, survival
instead requires I ⊆ P: the test must succeed at the original input, and then succeeds
at every smaller one. We recover the distinction between settling rain and settling its
necessity. The two coordinates are encoded in a function’s behavior across inputs; they
need not be added to the conversational states on which it operates.

This brings us back to the limits of acceptance. A state accepts p exactly when it accepts
□p: in either case, σ ⊆ P. Yet their update functions differ. At an input containing both
rain and dry worlds, p retains the rain worlds while □p fails. Consequently their negations
differ too. Denying rain eliminates the rain worlds; denying that it must rain, ¬□p, leaves
the mixed input unchanged. The latter requires only that dry weather remain possible.

An acceptance profile records where a sentence makes no further demand. It does
not record what the sentence does when a change is required. That information is
indispensable to composition under negation. The example establishes the insufficiency
of acceptance profiles; Proposition 3 establishes the sufficiency of full update functions
throughout the represented content structure.5 Conditions (i) and (ii) of Proposition 1 now
hold while (iii) fails. Changing conjunction has separated stable incorporation from the
stronger demand that acceptance profiles suffice for composition.

There are accordingly two different logical questions. Preservation of acceptance
validates p to □p, since any state accepting the premise accepts the conclusion. The
content ordering does not: at a mixed input, σ[p] ⊈ σ[□p]. By Proposition 3, pointwise
inclusion of updates corresponds exactly to inclusion of regular contents. Acceptance
equivalence can be useful for reasoning about commitments without licensing substitution
inside every connective. Requiring the denial of every impossible commitment to be
neutral does not force us to identify every pair of equally acceptable claims.

The correspondence also clarifies what has changed about negation. Holliday and
Mandelkern replace Boolean complementation with incompatibility complementation
while retaining intersection for conjunction. Here negation has kept its familiar update
clause, while conjunction has changed. These are two representations of the same structure.
Locating the departure from classical logic in a particular connective’s clause depends on
how meanings are represented.

5Holliday and Mandelkern (2024, §2) distinguish acceptance from content; Anttila (2026, §§1.3, 3.2)
discusses related failures of support to determine negation. Holliday and Mandelkern (§7) also consider
possible update accounts. The present representation is by complete update functions on sets of worlds. It
differs from reconstruction from accepting refinements in Gillies (2020, Fact 20) and Böhm (2024, §3.6.2), and
from the iterative repairs of Klinedinst and Rothschild (2014, §7).
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For example, p ∧♢¬p always fails: a candidate must consist entirely of p-worlds while
permitting a non-p world at itself. Nevertheless, ♢¬p need not eliminate the p-worlds.
So the impossibility of their conjunction does not make ♢¬p entail ¬p in the content
ordering. Ordinary complementation of update outputs has not restored Boolean logic.
Its interaction with stable conjunction supplies precisely the nonclassical behavior the
possibility semantics was designed to capture.

6. What the solution requires

The chief objection is to the demand for stability itself. Why should semantic procedures
establish anything? Gillies’s defense of changing one’s view during evaluation suggests
treating non-idempotence as a feature of the dynamic approach. That is a reasonable
position about succession. It becomes harder to maintain when the remainder of such a
procedure supplies what negation excludes. Our example shows the cost: a contradiction
has no sustainable outcome, but denying it acquires a factual consequence from its
temporary output.

The proposed conjunction removes that cost while retaining order effects in discourse.
It is determined by two requirements: impose both conjuncts’ restrictions and eliminate
no more than stability requires. The representation theorem then shows that these require-
ments recover an independently motivated compositional structure. We have an account
of incorporating claims with which to distinguish a conjunction from a conversational
transition.

One limitation remains. At a mixed input, learning p would produce information
accepting □p, but the update for □p does not perform that learning. It tests whether the
given information already settles p. A speaker can nevertheless use ‘It must be raining’
to convey a conclusion supported by evidence the audience lacks. Explaining that effect
requires an account of the relevant informational perspectives or their accommodation.
This is a familiar issue for test semantics, and a motivation for richer representations of
inquiry (Willer 2013, §§3.1.3, 3.2.3). The present construction specifies incorporation at a
given input; it does not exhaust the pragmatics of modal assertion.

Within that scope, the answer to our initial problem is definite. An update can establish
its sentence without protecting it from later learning, provided conjunction does not simply
reproduce the succession of its conjuncts. Acceptance alone still cannot determine meaning.
But what it leaves out is recoverable from the sentence’s potential to change information.
Denying a contradiction leaves the facts open, while learning a fact can still change what
might be so.
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