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→,¬,◦ Does Not Satisfy Variable Sharing
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Abstract
Tedder asked whether the connexive extension RWB−

→,¬,◦ of the contraction-free rel-
evant logic RW− satisfies variable sharing. It does not. In fact, its intensional fragment
proves the schema

(¬B → B) → (A → ¬A).
Taking A and B to contain distinct variables gives a counterexample. The proof uses
neither fusion nor either double-negation axiom; among the two Boethius axioms, it uses
only the first.

Tedder’s system RWB−
→,¬,◦ extends the intensional relevant logic RW− with the Boethius

axioms and then adds fusion by a residuation rule [1]. Tedder left the following question open.

Open Problem 1 (Tedder’s Problem 4.7). Does RWB−
→,¬,◦ satisfy variable sharing? That

is, does
⊢RWB−

→,¬,◦
A → B =⇒ Var(A) ∩ Var(B) ̸= ∅

hold for all formulas A and B?

We answer the question negatively within the smaller language containing only → and ¬.
For reference, the proof uses only the following axiom schemata of RWB−

→,¬:

X → X, (Id)
(X → Y ) → ((Y → Z) → (X → Z)), (B′)
(X → (Y → Z)) → (Y → (X → Z)), (C)
(X → Y ) → ¬(X → ¬Y ), (Boe1)

and the rules
X → Y X

Y
(MP), X → Y

¬Y → ¬X
(rCont),

X → Y

(Z → X) → (Z → Y ) (rB), X → Y

(Y → Z) → (X → Z) (rB′).

The system is also closed under uniform substitution.
We will freely use two familiar derived rules, hypothetical syllogism and exchange:

X → Y Y → Z

X → Z
(rHS), X → (Y → Z)

Y → (X → Z) (rC)

The former follows from rB′ and modus ponens; the latter follows from (C) and modus ponens.
One further elementary observation packages the only composition needed below.

∗Initially prompted by Ryan Simonelli.
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Lemma 1. If ⊢ (X → Z) → Y , then

⊢ (X → W ) → ((W → Z) → Y ).

Proof. Applying rB to (X → Z) → Y gives

((W → Z) → (X → Z)) → ((W → Z) → Y ).

The required result now follows by hypothetical syllogism from the instance

(X → W ) → ((W → Z) → (X → Z))

of (B′).

Theorem 2. For all formulas A and B,

⊢RWB−
→,¬

(¬B → B) → (A → ¬A).

Consequently, neither RWB−
→,¬ nor RWB−

→,¬,◦ satisfies variable sharing.

Proof. Apply exchange to the identity instance (A → ¬B) → (A → ¬B) to obtain

⊢ A → ((A → ¬B) → ¬B). (1)

Contraposition gives
⊢ ¬((A → ¬B) → ¬B) → ¬A. (2)

The instance of (Boe1) obtained by putting X = A → ¬B and Y = B is

⊢ ((A → ¬B) → B) → ¬((A → ¬B) → ¬B). (3)

By hypothetical syllogism on (3) and (2),

⊢ ((A → ¬B) → B) → ¬A. (4)

Apply the lemma to (4), with X = A → ¬B, W = ¬B, Z = B, and Y = ¬A. This yields

⊢ ((A → ¬B) → ¬B) → ((¬B → B) → ¬A). (5)

Hypothetical syllogism on (1) and (5), followed by exchange, now gives

⊢ (¬B → B) → (A → ¬A).

If p and q are distinct propositional variables, the instance

⊢RWB−
→,¬

(¬q → q) → (p → ¬p)

violates variable sharing, since the antecedent contains only q and the consequent only p. Since
RWB−

→,¬,◦ extends RWB−
→,¬, variable sharing also fails in RWB−

→,¬,◦.
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