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Abstract

Tore Fjetland Øgaard left open whether Zach Weber’s logic subDL satisfies signed depth
variable sharing. It does. The proof uses a hierarchy of copies of the Anderson–Belnap matrix
M0. Finite levels separate occurrences by their →-depth, while a terminal level records
whether relevant implication is designated at every level. Unlike the infimum construction
considered by Logan and Øgaard, the terminal clause validates the bridges between → and ⇒.
Anderson and Belnap’s signed separation lemma then yields the result.

1 The question
The language of subDL is {¬, &, ∨, ⇒, →}. Only → raises depth; ⇒ reverses sign in its antecedent
but leaves depth unchanged. Thus, if P +

d (A) and P −
d (A) are the sets of variables occurring

positively and negatively, respectively, at →-depth d in A, the question left open by Øgaard is
whether

⊢subDL A → B =⇒ P ε
d (A) ∩ P ε

d (B) ̸= ∅ (1)

for some d ∈ N and ε ∈ {+, −} [4]. The separate results that subDL satisfies signed variable
sharing and depth relevance do not immediately entail (1): the shared variables supplied by the
two results need not be the same.

2 The matrix M0

We use the standard eight-element Anderson–Belnap matrix M0. Its values and designated values
are, respectively,

M0 = {−3, −2, −1, −0, +0, +1, +2, +3}, D = {+0, +1, +2, +3}.

Its underlying lattice is the eight-element Boolean lattice, with levels

{+3}, {+1, −0, +2}, {−2, +0, −1}, {−3}.

Relevant negation sends ±i to ∓i. Meet, join, and relevant negation interpret &, ∨, ¬, respectively,
and material implication is

x ⊃ y = ¬x ∨ y.

∗Initially prompted by Ryan Simonelli.
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Write m→ for the relevant implication operation of M0. Rows give its first argument and
columns its second:

m→ −3 −2 −1 −0 +0 +1 +2 +3
−3 +3 +3 +3 +3 +3 +3 +3 +3
−2 −3 +2 −3 +2 −3 −3 +2 +3
−1 −3 −3 +1 +1 −3 +1 −3 +3
−0 −3 −3 −3 +0 −3 −3 −3 +3
+0 −3 −2 −1 −0 +0 +1 +2 +3
+1 −3 −3 −1 −1 −3 +1 −3 +3
+2 −3 −2 −3 −2 −3 −3 +2 +3
+3 −3 −3 −3 −3 −3 −3 −3 +3

We also use the following designatedness collapse of the relevant arrow:

x⇝ y =
{

+0, if x m→ y ∈ D,

−3, if x m→ y /∈ D.

Thus m→ is the relevant arrow of M0, whereas ⇝ is a derived operation that retains only its
designatedness. Keeping the two operations distinct will matter below.

Lemma 1 (Facts about M0). For all x, y ∈ M0:

(i) if x m→ y ∈ D, then x ⊃ y ∈ D;

(ii) x m→ y ∈ D and y m→ x ∈ D iff x = y;

(iii) designatedness under ¬, ∧, ∨, ⊃ obeys the classical two-valued truth tables;

(iv) if formulas C, E have no atom occurring with the same sign in both, then some M0-
assignment u makes u(C)⇝ u(E) /∈ D.

Proof. For (i) and (ii), inspection of the displayed table shows that x m→ y ∈ D iff x ≤ y in
the lattice order. Clause (i) then follows because the designated values form an upset, and
clause (ii) follows by antisymmetry. For (iii), represent M0 as the Boolean lattice of unions
of <, =, >, with designation given by membership of the equality atom. Clause (iv) is the
standard matrix-separation lemma used in the strong Anderson–Belnap variable-sharing proof [1,
§22.1.3].

Notice especially that the squiggly arrow occurs only in clause (iv). The relevant arrow itself
is required in clauses (i) and (ii).

3 A terminal hierarchy over M0

A hierarchical assignment is a sequence v0, v1, . . . , vω, each vi assigning M0-values to propositional
variables. Extend it to evaluations Ii as follows. At every level, ¬, &, ∨ receive their M0-operations,
and

Ii(C ⇒ E) = Ii(C) ⊃ Ii(E).
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For the relevant conditional, put

I0(C → E) = +0,

In+1(C → E) = In(C) m→ In(E) (n < ω),

Iω(C → E) =
{

+0, if Ii(C) m→ Ii(E) ∈ D for every i ≤ ω,

−3, otherwise.

The last clause is well-founded: Iω(C) and Iω(E) are fixed before Iω(C → E) by induction on
formula complexity. A formula is valid when its value at ω is designated under every hierarchical
assignment.

The terminal clause is a simple designatedness version of Brady’s ω-clause for depth models [2].
It records whether the relevant implication succeeds at every level, without aggregating the full
algebraic values of those tests. This modification is needed because Logan’s infimum construction
does not validate the material translation of bridge (19). Indeed, let v0(p) = v0(q) = +3, while
v1(p) = +3 and v1(q) = −3. At level 1,

I1(p → q) = +3 but I1(p ⊃ q) = −3.

Hence (p → q) ⊃ (p ⊃ q) has value −3 at level 1, and taking the infimum of all finite-level values
makes its final value undesignated [4, fn. 12]. The issue is the mismatch between the level-shifting
relevant arrow and the current-level material arrow, not any failure of the designated values of
M0 to form a filter.

Lemma 2 (Soundness). Every theorem of subDL is valid in the terminal hierarchy.

Proof. We check the axioms and rules in Øgaard’s presentation [4, Definitions 2–3].
For axioms (1)–(14), every positive finite level reduces an outermost → to m→ one level down,

so the relevant and lattice principles reduce to their valid M0-instances. Level 0 is immediate
from the constant value +0. At the terminal level, the same laws hold pointwise at every level.
For example, if both Iω(A → B) and Iω(B → C) are +0, then

Ii(A) m→ Ii(B) ∈ D and Ii(B) m→ Ii(C) ∈ D

for every i ≤ ω. By the order characterization established in the proof of Lemma 1, Ii(A) ≤
Ii(B) ≤ Ii(C); consequently Iω(A → C) = +0. If either antecedent conjunct is −3, the outer
implication is designated automatically. This verifies axiom (2). Reflexivity, contraposition, and
the lattice-order axioms are similar; the De Morgan and distributive equivalences hold as algebraic
identities at each level, while excluded middle follows from the two-valued designatedness profile.

For bridge (19), let h = Iω(A → B). If h = −3, then

h ⊃
(
Iω(A) ⊃ Iω(B)

)
is designated by Lemma 1(iii). If h = +0, the terminal clause gives Iω(A) m→ Iω(B) ∈ D, and
Lemma 1(i) gives the required material implication. Thus

(A → B) ⇒ (A ⇒ B)

is valid.
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For bridge (20), if Iω(A ⇒ B) ∈ D, then its negation is undesignated, so the material
conditional is designated. If it is undesignated, the contrapositive of Lemma 1(i) gives Iω(A) m→
Iω(B) /∈ D. Hence Iω(A → B) = −3, whose negation is designated. Therefore

¬(A ⇒ B) ⇒ ¬(A → B)

is valid. Axiom (21) and the BCK-axioms (22)–(27) are classically valid at the level of designation
by Lemma 1(iii).

Rule (R1) is material modus ponens and is sound by Lemma 1(iii). For (R2), suppose A ↔ B
is valid and fix a hierarchy. The terminal clauses for its two conjuncts yield, for every i ≤ ω,

Ii(A) m→ Ii(B) ∈ D and Ii(B) m→ Ii(A) ∈ D.

Lemma 1(ii) gives Ii(A) = Ii(B) at every level. A structural induction on a context φ now gives
Ii(φ(A)) = Ii(φ(B)) at every level, including the terminal clause for →. Hence φ(A) ↔ φ(B) is
valid. Induction on Hilbert proofs completes the argument.

4 Signed-depth separation
For each d ∈ N, define an occurrence-sensitive translation ρd into the language of M0:

ρd(p) = pd, ρd(¬C) = ¬ρd(C),
ρd(C & E) = ρd(C) ∧ ρd(E), ρd(C ∨ E) = ρd(C) ∨ ρd(E),

ρd(C ⇒ E) = ¬ρd(C) ∨ ρd(E), ρd(C → E) = ρd+1(C) m→ ρd+1(E).

The subscript on an atom records exactly its →-depth. The translation also preserves sign:
replacing C ⇒ E by ¬C ∨ E reverses signs in the antecedent but does not change depth.

Lemma 3 (Separation). If A and B share no variable with both the same sign and the same
→-depth, then A → B is not valid in the terminal hierarchy.

Proof. By hypothesis, ρ0(A) and ρ0(B) share no indexed atom with the same sign. Lemma 1(iv)
supplies an M0-assignment u such that

u(ρ0(A))⇝ u(ρ0(B)) /∈ D. (*)

Let m exceed the maximum →-depth of an atom in A or B. Choose a hierarchical assignment
satisfying

vm−d(p) = u(pd)

for every indexed atom pd occurring in ρ0(A) or ρ0(B), and assign all other values arbitrarily. A
structural induction, using m − d > 0 whenever a relevant conditional at depth d is evaluated,
gives

Im(A) = u(ρ0(A)) and Im(B) = u(ρ0(B)).

By (*) and the definition of ⇝, u(ρ0(A)) m→ u(ρ0(B)) /∈ D. The level-m test in the terminal
clause for A → B therefore fails. Consequently Iω(A → B) = −3, so A → B is not valid.
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Theorem 4. subDL satisfies signed depth variable sharing.

Proof. Suppose ⊢subDL A → B. By Lemma 2, A → B is valid in the terminal hierarchy. The
contrapositive of Lemma 3 therefore yields a variable p, a sign ε, and a depth d such that

p ∈ P ε
d (A) ∩ P ε

d (B).

The answer to the first open question in Øgaard’s paper is therefore positive. The terminal
clause resolves the mismatch between the shifted evaluation of → and the current-level material
interpretation of ⇒, while leaving every finite level available for signed-depth separation.
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