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1

Introduction

1.1 Introduction

This is an introductory course on logic. But what is logic? Clearly, whatever
it is, it’s connected with reasoning. We might say to someone “You're being
illogical!” By this, we generally mean that they’re not reasoning well—they're
making errors in reasoning, either concluding something that shouldn’t be
concluded or perhaps not concluding something that should be. Alternatively,
when someone makes some argument, we might say “That seems logical.” In
saying this, we are expressing that the conclusion seems to have been arrived
at by good reasoning. “Logical” and “illogical” are adjectives that describe
good or bad reasoning, and logic, as a field of study, is the field that investigates
what it is that makes certain lines reasoning good and others no good. Logic,
we might say, is the science of good reasoning. The word “good” is important
here. As the founder of modern logic, Gottlob Frege, famously emphasized,
insofar as logic is concerned with reasoning at all, it's not a descriptive science,
but a prescriptive science. That is to say, logic’s concern is not how we actually do
reason. That’s psychology’s concern, and logic is not a branch of psychology.
Rather, logic’s concern is how we ought to reason.

To see the contrast between psychology and logic, let’s consider a famous
experiment from the psychologist Benjamin Wason. Suppose you are shown
the following four cards, lying down on a table like so:

[El [x] [4 [7]

You're told that each card has a letter on one side and a number on the other,
and you are instructed to flip the minimal number of cards over to test whether

5



6 CHAPTER 1. INTRODUCTION

the following rule holds:

If there’s a vowel on one side, then there’s an even number on the other
side.

Most people, when faced with the task of checking whether this rule holds, flip
over the E and the 4. But that’s not quite right. The E, of course, you have to
flip over to make sure that there’s an even number on the other side. However,
you don’t actually have to flip over the 4. If you think about it for a moment,
you'll realize that, even if the letter on the other side of the 4 is an F, this doesn’t
violate the rule. Indeed, it’s perfectly compatible with the rule that there are
only even numbers on the cards. So most people make a mistake in thinking
that they have to turn over the four. Moreover, most people don’t turn over the
7, even though they need to. After all, if you turn over the 7, and on the other
side is an A, then you've falsified the rule, since there will be a card with an
vowel on one side and an odd number on the other.

So, when presented with this task, there’s a bad inference that people make,
and a good inference that people fail to make. The bad inference people make
is the following one:

If there’s a vowel on one side, then there’s an even number on the
other side.

So. ..

If there’s an even number on one side, then there’s a vowel on the
other side.

And the good inference that participants failed to make can be represented as
follows:

If there’s a vowel on one side, then there’s an even number on the
other side

So...

If there’s not an even number on one side, then there’s not a vowel
on the other side

Now, here’s an interesting psychological fact. If you switch up the example,
but keep everything structurally the same, people will no longer make the bad
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inference and they’ll no longer fail to make the good inference. Suppose you're
a security official at MTV Spring Break in Cancun, and you're tasked with
making sure that the following rule holds:

If someone’s drinking an alcoholic beverage, then they’re at least 21 years
old.

Where the cards are now either people’s ages or what they’re drinking, consider
what cards you need to flip over in order to test whether the rule holds:

|Beer| |Soda| [24] [19]

When you switch up the example in this way, people now no longer make the
bad inference (they don’t flip over the “24”), and they make the good inference
(they flip over the 9). It is an interesting question for psychology why people in
fact reason in this way. In logic, however, this is not our concern. Our concern
is just with the inferences that are good and bad, and what makes them such,
regardless of however people actually reason.

The sort of logic we’re going to do is what is sometimes called formal logic.
That is, we're concerned with whether certain inferences are good or not in
virtue of the logical forms of the sentences involved. So, we're going to abstract
away from the particular contents that sentences have—the various things they
say about the world—and consider only their form. Whether we're reasoning
about numbers and letters or beverages and ages, it’s all the same from our
perspective. The sort of logic that we're going to do is also sometimes called
symbolic logic. That just means that we’ll introduce special symbols just like
math. Just like, in math, we generally use the symbol “+” instead of writing

77

“plus” and “~" instead of writing “minus,” in logic, we also substitute English
words with symbols, for instance, using the symbol “~" instead of writing
“not” and using the symbol “—" instead of writing “If .. . then .. ..” We do this
so that we get formulas that we can manipulate in various systematic ways,
just like math. Indeed, formal or symbolic logic is a branch of mathematics.
Since we're going to abstract away from the specific content of sentences,
we can use sentence letters like V and E to represent simple sentence, and

then we can talk about conditionals (“If . . . then” sentences) and negations (“not”
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sentences) with the symbols — and —. So, the bad inference that people make,
represented solely in terms of its logical form, can be expressed as the following;:

Premise: V — E

Conclusion: E —» V

and the good inference that people fail to make can be expressed as the follow-

ing:

Premise: V — E

Conclusion: =E — =V

Now, the letters “V” and “E” here represent the sentences written above,
“There’s a vowel on one side” and “There’s an even number on the other side,”
but, from our perspective as formal logicians, they could be any sentences at
all. Once again, we're not concerned with what any particular sentences say—
just the logical forms of sentences and the logical relations that they bear to
one another in virtue of having these forms. At this level of abstraction, the
logic we’ll develop here will enable us to say why the first inference is bad,
why the second inference is good, and so on, for a wide class of inferences and

arguments that people might make.

7

Historical Note:

Logic, understood as the science of good reasoning, can be traced at
least to Aristotle (384-322BC). Aristotle introduced his theory of syllo-
gistic reasoning in his work, the Prior Analytics. Syllogisms are simple
two-premise arguments such as the following;:

1. All humans are mortal. 1. No reptiles are warm

) blooded.
2. Some philosophers are hu-

mans. 2. Alligators are reptiles.
So, 3. Some philosophers are mor-
tal. So, 3. Alligators are not warm
blooded.

Aristotle developed a systematic account of the goodness of argu-
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ments of these sorts, and this remained the gold standard in logic for
over two thousand years. Nowadays, however, philosophers generally
don’t use Aristotelian logic to think about arguments such as these. The
contemporary way of thinking about such arguments, which we’ll pur-
sue here, is largely owed to the German philosopher and mathematician
Gottlob Frege (1848-1925).

In 1879, Frege published a work called the Begriff-
schrift, a title which literally translates to “Concept
Script.” Frege described his new “concept script” as
a “a formula language for pure thought modeled on
that of arithmetic.” Frege’s basic idea was that, by de-
veloping a language of formulas for logical inferences,
just as we have a language of formulas for mathematical

inferences, we’d be able to reason very carefully in the
context of scientific inquiry and be certain that we’re not
making any mistakes. The notation that Frege used is
quite different than the notation we’ll use, but the basic system of pred-
icate logic that we’ll work up to in this course, which will enable us to
formalize the above arguments, was first fully realized in the work of
Frege. As we’ll see in the historical blurbs that follow, there were many
ideas of many other logicians, philosophers, and mathematicians that
contributed to the conceptual and formal apparatus that we’re devel-
oping here, but it was really Frege’s innovative approach to syllogistic
arguments that made the modern conception of logic possible.

1.2 Deductive Arguments

Once again, our concern in logic is with reasoning. The basic unit of reasoning
is the argument. The word “argument” is used in several different ways in
ordinary English. Often, we use the word “argument” to talk about a verbal
dispute that two people are having. That’s not how we’ll use the term in this
course. Our use of the term is going to be more closely related to the use
when someone says, for instance, “Here’s my argument for this claim,” and
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then proceeds to say a number of things that are supposed to entitle them to
conclude that claim or compel you to conclude it yourself. The 17t century
French philosopher René Descartes is making an argument, for instance, when
he says (though not quite in these words):

I'm thinking. If I'm thinking, then I exist. So, I exist.

Or, for instance, the 274 century Indian philosopher Nagarjuna is making an
argument when he says (though, once again, not quite in these words):

If two things ever stand in a relation of cause and effect, then the
effect is either contained in the cause or extrinsic to the cause. The
effect isn’t contained in the cause. The effect isn’t extrinsic to the
cause. So no two things ever stand in a relation of cause and effect.

Arguments such as these can be abstractly represented as pair consisting, first,
in a set of sentences—the premises—and, second, in a single sentence—the
conclusion. The conclusion is the claim that one is arguing for and the premises
are the claims from which the conclusion is supposed to follow logically.

I've just picked some examples from philosophy because that’s the field I
work in (and the field that this course is listed in) but of course, arguments
like this are put forward in a whole bunch of fields, from politics, economics,
various sciences, and so on. Sometimes, when arguments are very simple,
like the argument from Descartes” above, formally representing them to see if
they are good seems silly. Other times, when arguments are somewhat more
complicated, like the argument from Nagarjuna , it can be very helpful to be
able to formally represent the reasoning so that we can tell, for certain, that
we’re not making any errors in reasoning in going along with the argument.
By the end of this course, you'll be able to prove that this is a good argument.
The premises may not be true (you’d have to take a course on the metaphysics
of causation to settle that matter), but, if they are true, then the conclusion
necessarily follows. Now, if you think carefully about the argument for a bit,
you can probably tell this just intuitively, and so you might wonder whether
formal logic is really necessary. In many cases, it’s not necessary. As we’ll see,
however, arguments can much more complicated than this, and the ability to
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be able to tell, with mathematical certainty, whether a complex argument is a
good one can be a tremendous aid in reasoning.

The sort of arguments that we’re going to be concerned with here, of which
the two above are examples, are deductive arguments. This means that, if the
premises are true, the conclusion must, as a matter of necessity, also be true.
This contrasts with inductive or probabilistic arguments like the following:

This bag contains an unknown quantity of blue and an unknown
quantity of red marbles. I drew a marble from this bag 25 times,
and got a red marble 20 times and a blue marble 5 times. So, there
are more red marbles in the bag than blue marbles.

This argument seems like a pretty good one, and, indeed, it is. The conclusion
is indeed quite a reasonable one to draw, given the premises. Nevertheless,
the conclusion doesn’t follow, as a matter of necessity, from the premises. That
is, it’s possible, although rather unlikely, that there is the same number of red
marbles and blue marbles in the bag (or, indeed, even more blue marbles than
red ones). There are formal methods that enable us to investigate the goodness
of probabilistic arguments like this one. Such methods, however, are beyond the
scope of this course. We’ll concern ourselves solely with deductive arguments:
arguments that are good just in case, if the premises are true, then the conclusion
must, as a matter of necessity, also be true.

One more qualification needs to be made. Because we’re only concerned
with logical form of sentences, and not their particular contents, there is a class
of (broadly speaking) deductive arguments that fall outside of the scope of our
study. Consider the following argument:

Alice’s car is black. Bob’s car is gray. So Alice’s car is darker than
Bob’s car.

Clearly, it is not possible for the premises of this argument to be true and
the conclusion to be false. If something is black and something else is gray,
then the first thing must, as a matter of necessity, be darker than the second.
The “necessity” here, however, is not logical necessity. It is, rather, a kind of
conceptual or, as some philosophers might say, metaphysical necessity. The third
sentence follows from the first two in virtue of the content of the words “black,”
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“gray,” and “darker than” rather than in virtue of the form of the sentences that
contain these words. Once again, our concern is with whether arguments are
good or not in virtue of the logical forms of the sentences involved, not their
specific contents. In order for the conclusion of this argument to follow from
the premises as a matter of logical necessity, we need to explicitly add to the
premise set the conceptual or metaphysical principle that makes the conclusion
follow from the premises as a matter of conceptual or metaphysical necessity.
That is, we need to rewrite the argument as follows:

Alice’s car is black. Bob’s car is gray. If something is black and
something else is gray, then the first thing is darker than the second.
So the Alice’s car is darker than Bob’s car.

This is now an argument whose validity we’ll be able to represent once we get
to predicate logic in the second half of this course. From hereon out, when we
speak of an argument as being “deductively valid,” we mean specifically that

its conclusion follows from its premises as a matter of logical form.

7

Historical Note:

One of the first philosophers to really crystallize this modern concep-
tion of symbolic logic was Susan Stebbing (1885-1943). Her 1930 book,
A Modern Introduction to Logic, is the first modern logic textbook, sys-
tematically presenting the contemporary conception of logic that we're
learning here and contrasting it with the earlier Aristotelian approach.

Stebbing’s work played a critical role in the devel-
opment of analytic philosophy, the approach to philos-

0th century, according

ophy that emerged in the early 2
to which philosophical problems were to be adressed
with rigorous logical analyses, made possible by the

new developments in symbolic logic. In addition to sys-

tematically laying out the distinctive method of analytic

philosophy, she was also the founder of the journal Anal-

ysis, which is the leading journal to this day of short papers in analytic
philosophy.
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1.3 Validity and Soundness

When a deductive argument is good in the sense that, if all of the premises are
true, then the conclusion must also be true, we say that the argument is valid. A
valid argument is, from a logical perspective, a good argument. That is, there’s
nothing wrong with the logical reasoning that the argument deploys. This
doesn’t mean, however, that the argument will be “good” in the sense of being
convincing. For one, even if an argument is valid, some of the premises might
be false, and so the conclusion might be false as well. Consider, for instance,

the following argument:

Kermit is either purple or red. Kermit’s not purple. So Kermit is
red.

This argument is logically valid. If both of the premises are true, then the
conclusion must also be true. So for our purely logical purposes, it counts as
a “good” argument. Still, there’s clearly a sense in which this is not a good
argument, as the first premise is simply false. Kermit is neither purple nor red;
he’s green.

So an argument can have false premises and a false conclusion and still
be valid. On the flip side, an argument can have true premises and a true
conclusion, and nevertheless be invalid. Consider, for instance, the following

argument:

Kermit is a frog. Some frogs are green. So Kermit is green.

Here, both premises are true and so is the conclusion. However, the argument
is not valid since the conclusion doesn’t logically follow from the premises. To
see that this argument really is invalid, we can consider an argument that is
completely structurally similar and yet has true premises and a false conclusion.
For instance, the following argument has exactly the same logical form:

Kermit is a frog. Some frogs are poisonous. So Kermit is poisonous.

The premises here are true, but the conclusion is false. Since, an argument’s
being valid means that it’s not possible for the premises to be true and the
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conclusion to be false, this argument can’t possibly be valid, and so neither
can the argument above it which has the same logical form. In this way, this
argument constitutes an intuitive counterexample to the proposed validity of the
above argument.

Only an argument that is both valid and has all true premises really ensures
that the conclusion is true. Such an argument is said to be not just valid, but
sound. So, we have the following two notions:

Validity: An argument is valid just in case, if all of the premises are
true, then the conclusion must also be true.

Soundness: An argument is sound just in case it is valid and all of
the premises are true.

Determining whether an argument is sound can be much harder than telling
whether it’s valid, since knowing whether the premises of an argument is true
will generally require knowledge about the specific subject matter that the
argument concerns. For instance, if one has never heard of Seseme Street or
the Muppets, one won’t know the color of Ernie, so one won’t be able to say
whether the following argument is sound (it is, as a matter of fact):

Ernie is a Muppet and Ernie is orange. So some Muppets are orange.

Still, even if one’s never heard of Seseme Street, one will be able to say that
it’s valid. Regardless of whether the premises are in fact true, if they are true,
then the conclusion must also be true. Logic is all one needs to know in order
to determine that. Our concern in this class, as logicians, is not going to be
with determining whether or not arguments are sound, but simply whether
arguments are valid.

It's perhaps also noting that, just because an argument is sound, this still
doesn’t necessarily mean that it’s going to be convincing. Consider, for instance,

the following argument:

Either 2+2 equals 5 or the Earth is over a billion years old. 2+2 does
not equal 5. So the Earth is over a billion years old.

This argument is valid. The conclusion follows from the premises. It’s also
sound. As we’ll soon see officially, all it takes for a statement of the form P or Q
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to be true is that either P be true or Q be true, and so, since Earth is over a billion
years old, the first premise is true. The second premise is also clearly true. So,
the argument is valid and the premises are true, so it’s sound. Nevertheless, it’s
clearly not a good argument. The problem with this argument is that it begs the
question against someone who thinks that the Earth is less than a billion years
old. The only reason we have for thinking the first premise is true is that we
think the Earth is over a billion years old—but that’s the very conclusion that
we’re supposedly arguing for.

Our main concern, once again, is with validity. In any activity in which
you're engaging in argumentative exchanges, it can be very useful to be able
discern validity or invalidity and to be able to demonstrate it without a doubt.
On the one hand, if someone gives you an argument that is not valid, then, the
conclusion simply doesn’t follow from the premises. If you can show this, then
you’ll show that you're under no compulsion to accept the conclusion, even if
you accept the premises. On the other hand, if you give an argument for some
claim, and you can show that the argument is valid, then, if the person who
you're trying to convince wants to reject the conclusion, then they’re compelled
toreject one of the premises. Having clarity about validity in this way can enable
us to really get down to the points on which we actually disagree, and make
progress rather than just talking past each other. Though our main concern is
with validity, there are some other logical notions that we’ll be concerned with,
such as a sentence’s being a tautology (a logical truth) or a contradiction (a logical
falsehood) and a set of sentences being consistent or inconsistent.

1.4 Discerning Premises and Conclusions

In order to tell if an argument is valid or not, we need to be able to discern
its logical structure. The most basic part of this task is to discern the premises
and conclusion. Once again, the conclusion is the claim that’s being argued
for and the premises are the claims that are put forward in support of the
conclusion. In the examples given above, all of the arguments had something
like the following form:

A. B. So C.
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Here, it’s very clear that A and B are the premises, and C is the conclusion.
However, most arguments that you come across in the wild won’t be written
exactly like this. Consider the following rewrite of Descartes’s simple argument,
above.

I exist. For I am thinking, and, clearly, if I'm thinking, then I exist.

This is the very same argument, but here, the conclusion is written first. Rather
than the word “So” indicating the conclusion as coming after the premises,
here, the word “For” indicates the premises as coming after the conclusions.

i

Other words that typically mark a conclusion are words like “thus,” “therefore,”

“hence,” and “consequently,” and other words that typically mark premises are

/i

words like “because,” “since,” “for,” and “as.”

Even with the logical tools we’ll develop in this course, it will still take time
and practice to be able to read a text and reconstruct the argument in such a
way that its logical structure is clear. That will come with actually doing work
in philosophy or in some other discipline which centrally involves rationally
reconstructing arguments. Such rational reconstruction will not be the focus
of this course (a course in academic writing will focus on such things). The
arguments that we will be dealing with will mostly be given in a simplified as
in the examples above, where the most of the work of rational reconstruction
is already done for you, and it will be relatively straightforward to put it into
explicit premise and conclusion form. The main thing we will learn to do in
this course is take such an argument, use a logical language to formalize that
structure of that argument, and determine, in a mathematically rigorous way,
whether it is valid or invalid.

1.5 The Logical Systems We’ll Develop

We're going to develop two logical systems, the first being a simple system
with relatively limited expressive power and the second being a more complex
system with more expressive power that contains the first. The first system that
we’re going to develop is called Sentential Logic or SL for short. This system
treats simple sentences like “The cat is on the mat” or “Descartes is thinking”
as atomic units, representing them with sentence letters like “C” or “D.” The
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second logical system that we’ll develop is called Predicate Logic or PL for short.
Predicate logic enables us to “look inside” sentences, as it were, representing
the internal structure of simple sentences rather than treating them as atomic
units. Thus, we might represent the sentence “The cat is on the mat” as “Ocm”
and this system will enable us to reason from this sentence to a sentence like
“There is something that the cat is on,” which we’d represent like this dx(Ocx).
Because of this it is significantly more expressively powerful. All of the ideas
from sentential logic will still apply when we get to predicate logic, so we're
going to make sure we have a very good grip on the simpler, less powerful
system before moving on to the more complex, more powerful one.

We will begin our dive into Sentential Logic in the next chapter. Here, we
can say some things general things about these logical systems. Each of the
systems will consist in three basic parts:

1. A symbolic language into which we can translate sentences of English so as
to precisely represent their logical form.

2. A semantics with which we can systematically think about the conditions
under which the sentences of the symbolic language are true or false.

3. Adeductive system with which we can systematically prove some sentences
of the symbolic language from sets of other such sentences.

These logical system have the nice property that, for any argument that is valid
in the sense that there’s no way for the premises to be true and the conclusion
false, the conclusion will also be provable from those premises. Conversely,
for any conclusion that we can prove from some set of premises, the argument
consisting in those premises and that conclusion will be valid. The first property
is called soundness (note that, somewhat confusingly, this is a different sense of
“soundness,” applying to whole logical systems, than that introduced above,
applying to particular arguments). The second property is called completeness.
If you take a more advanced course in mathematical logic, you'll actually
mathematically prove that these systems have these nice properties. In this
course, you'll just have to take my word for it (or, if you want, I can point you
to resources that go through these proofs).
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Historical Note:

The completeness of predicate logic, the more pow-
erful of the two systems we’ll develop, was first proven
by Kurt Godel (1906-1978) in 1929, as part of his disserta-
tion. Two years later, Godel would later prove an even
more famous result, a pair of incompleteness theorems,
showing that certain systems stronger than first-order

logic, which add axioms so that one can prove the the-
orems of arithmetic in them, will always be incomplete.
That is, there will always be true statements which can
be formulated in those systems that cannot be proven within them.

1.6 A Note on Different Logical Systems

Now, the title of this course is Introduction to Logic, but I think it’s important to
be clear from the outset that there is not one single thing that is logic that you
learn when you take an introductory logic course such as this one. You learn
a particular kind of logic called classical logic. There’s good reason why, when
one learns logic, this kind of logic should be the first logic one learns, and so
the name of the course is not actually inaccurate. To be introduced to classical
logic is to be introduced to logic. Still, the particular kind of logical system that
we’re going to develop is not the only kind logical system that there is. Many
philosophers think that it’s the most important one. Some even would go as
far as to say that it’s the only one that really counts as “logic,” in the most proper
sense of the term. Many other philosophers, however, favor logical systems
other than classical logic, or think that no particular logical system should be
favored full-stop but that different logical systems are good for different things.
There’s a number different views on the place of classical logic among all the
different kinds of logical system that there are, but, whatever one’s view is, it’s
worth noting from the outset that there are different kinds of logical systems
other than the one we’ll be developing here.

To consider one of the most distinctive features of classical logic, let us start
by taking a look at the following argument:
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Paris is in France. Paris isn’t in France. So I'm seventeen feet tall.

This seems like a terrible argument, and it seems like one for a few reasons.
First, of course, one of the premises is obviously false. Paris is in France, so
the second premise, “Paris isn’t in France” is false. So, the argument is not
sound. Intuitively, however, it also seems invalid—it just doesn’t seem that the
conclusion follows from the premises. Even if it were the case that Paris is both
in France and not in France, why in the world would it follow that I'm seventeen
feet tall? Though there is a clear sense in which this argument seems intuitively
invalid, if we apply our criterion for validity, we see that this argument is
indeed valid by our official definition of validity. It's impossible for both of the
premises to be true—it can’t possibly be the case that both Paris is in France
and Paris isn’t in France. Since it’s impossible for both of the premises to be
true, it’s also impossible for both of the premises to be true and the conclusion
to be false (as this would of course require both of the premises to be true),
and so, by our official criterion, this argument is indeed valid. This means
that, in our system, anything will follow from a contradiction. Our logic has
the principle of ex falso quodlibet, a Latin phrase which means “from falsehood
(or, really, contradiction) anything (follows),” also known as explosion, since,
when you have a contradiction, it’s as if there’s an explosion of all the formulas
and everything is the case. Many logicians have been unhappy with this fact
and have developed other logical systems beyond the scope of this course
that are such that an argument is valid only if the premises are relevant to the
conclusion. Some logicians even think that there really are true contradictions
in the world, and so, since it’s clearly not the case that everything is true, the
principle explosion couldn’t possibly be valid!

This is just one example of a place where some logicians have felt motiva-
tion to develop systems other than classical logic, and there are many other
examples. I note this from the outset because there are going to be a few points
in this course where the answer to some question about why things work the
way they do is just going to be “Well, that’s how things work in classical logic.
If you want things to work differently, you’ll have to adopt a different logical
system.” One shouldn’t come away from considering these examples thinking
that classical logic, the sort of logic that we’ll learn, is no good. As I've already
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said, it’s regarded by many to be the most important and fundamental kind of
logical system. But, as we can see through examples like this and as we’ll see
going forward in the course, it won’t cover absolutely every kind of reasoning
that we might want to cover. That fact shouldn’t discourage you from the
aim of using formal logic to rigorously analyze arguments, but, rather, should
encourage you to do more logic after you complete this course! This course
will give you the foundation you need to go in a number of paths after you
complete it. At the end of this book, we’ll consider one such path, considering
a non-classical logic in which the seemingly invalid argument above actually
is invalid. However, this will be to just give you a sense of the vast world
of alternative logics that are out there for you to explore after completing this
book.

1.7 Exercises

1.1 Say whether each of the following arguments are deductive or non-
deductive:

a) Every raven I've seen is black, and I've seen a lot of ravens from a
lot of different parts of the world. So all ravens are black.

b) Every raven I've seen is black, and I've seen every single raven. So
all ravens are black.

c) Either Maddy is home or she’s at work. If Maddy’s at home, then
her car is in the driveway. So, if Maddy’s car is not in the driveway,
then she’s at work.

d) The sand in front of the ocean is dry. So the tide is coming in.
1.2 Classify each of the following statements as correct or incorrect.

a) Every argument that has a true conclusion is deductively valid.

b) Some sound arguments have a false conclusion.

¢) Some arguments that have a false conclusion are deductively valid.
d) Some valid arguments have all false premises and a true conclusion.
e) Every good inductive argument is deductively valid.

f) If an argument is not sound, then it is not deductively valid or it has
a false premise.
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1.3 Consider each of the following arguments and say (1) whether the argu-
ment is valid and (2) whether it is sound. If you say that it is invalid,
provide a counterexample.

a) All frogs are purple. Kermit’s a frog. So Kermit is purple.

b) If Kermitisa green frog, then there is at least one green frog. Kermit’s
a green frog. So there is at least one green frog.

c) All frogs are amphibians. Some amphibians are animals. So some
frogs are animals.

d) If Ernie is orange, then Bert is yellow. If Bert is yellow, then he’s not
orange. So, it’s not the case that both Ernie and Bert are orange.

1.4 Break down the following argument into premises and conclusion in such
a way that it is valid (note there are multiple ways of doing this):

That than which nothing greater can be conceived cannot exist
in the understanding alone. For suppose it exists in the un-
derstanding alone: then it can be conceived to exist in reality;
which is greater. Therefore, if that than which nothing greater
can be conceived, exists in the understanding alone, the very
being, than which nothing greater can be conceived, is one,
than which a greater can be conceived. But obviously this is
impossible. Hence, there is no doubt that there exists a being,
than which nothing greater can be conceived, and it exists both
in the understanding and in reality.
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The Language of SL

2.1 Introduction

We're now going to start constructing Sentential Logic (“SL” for short), the first
formal system that we’ll use to represent English sentences (or sentences of
any language, for that matter) and arguments consisting in such sentences so
as to be able to evaluate the validity of arguments in a mathematically precise
manner. This system will be a formal language. In contrast with a rather messy
natural language like English or Spanish, SL will be a nice and neat language
with precisely defined rules so that every sentence is perfectly unambiguous.
This language will have a semantics, which will enable us to say precisely what
sentences of this formal language mean, and a deductive system which provides
us with a definite set of rules that lets us reason from some sentences to others.
We'll get to the semantics and the deductive system in the next two chapters.
In this chapter, we’ll concern ourselves with the formal language itself and its
relation to English (or any other natural language, but we’ll stick with English
here, because that’s the language in which this book is written). The basicidea is
that we want to be able to translate sentences of English into the formal language
of SL in a way that preserves their logical structure so that we can use the formal
semantics and deductive system of SL to say whether arguments consisting in
English sentences are valid or not (and various other things we might want to
say about English sentences, such that they are tautologies, contradictions, that

a set of them is inconsistent, and so on).

25
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2.2 The Vocabulary of SL

There are two main kinds of expressions of SL. The first kind of expressions of
SL are sentence letters. These are letters like A, B, C ... P, Q, R and so on. We'll
exclude the letter X, Y, and Z from our official list of sentence letters, so that we
can use them for another purpose which we’ll see shortly. Furthermore, though
we won't need to appeal to them here (since we’re not going to be considering
any sort of logical arguments or formulas involving more than several simple
sentences), we'll also allow sentence letters with numerical subscripts like Py,
Ay and so on. In this way, our language contains an indefinite number of
sentence letters. Sentence letters stand for simple English sentences; sentences

s

that don’t contain any logical words like “not,” “and,” or “if.” For instance,
“Kermit is green” is a simple sentence, one that we might represent with the
sentence letter “G.” “The cat is on the mat” is also a simple sentence, which
we might represent with the sentence letter “C.” It doesn’t actually matter
which sentence letters we choose to represent simple sentences of English,
but it’s generally helpful in keeping track of what letters are symbolizing what
sentences to choose a letter that one of the key words in the sentence starts with.
When we actually do translations of English sentences and arguments into SL,
we’ll be sure to provide a translation key that says which simple sentences of
English correspond to which SL sentence letters.

The second kind of expression of SL are logical connectives. Logical con-
nectives are expressions of SL that express the logical operations expressed
in English by words like “not” and “and.” We have five of them. These are

explicated as follows:

“"_r

Negation: The symbol “—~" expresses negation, the logical operation
expressed in English by the phrase “It’s not the case that” or just
the word “not.” Thus, where G stands for the sentence “Kermit is
green,” =G would stand for the sentence “It’s not the case that Kermit
is green” or, more simply, “Kermit is not green.”

Conjunction: The symbol “A” expresses conjunction, the logical
operation generally expressed in English by “and.” Thus, where
G standstence “Elmo is red,” G A R would stand for the sentence
“Kermit is green and Elmo is red.” Here, we refer to G and R as the
two conjuncts of the conjunction G A R.
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Disjunction: The symbol “V” expresses the operation of disjunction,
the logical operation expressed in English by “or.” Thus, where
G stands for the sentence “Kermit is green” and R stands for the
sentence “Elmoisred,” (GVR) would stand for the sentence “Kermit
is green or Elmoisred.” Here, we refer to G and R as the two disjuncts
of the conjunction G Vv R.

The Conditional: The symbol “—" expresses the conditional, the
logical operator whose work is done in English by the locution “If
...then ....” Thus, where G stands for the sentence “Kermit is
green” and C stands for the sentence “Kermit is colored,” G — C
would stand for the sentence “If Kermit is green, then Kermit is
colored.” Here, we refer to G as the antecedent of the conditional
G — C, and we refer to C as the consequent of the conditional.

The Biconditional: The symbol “<” expresses the biconditional, the
logical operator expressed in English by the phrase “if and only if”
or “just in case.” Thus, where S stands for “Kermit is in Sesame
Street” and M stands for “Kermit is in the Muppets,” S < M would
stand for the sentence “Kermit is in Seseme Street if and only if he’s
in the Muppets.”

In other books or courses, different symbols might be used. In particular,

£“" 4 “” 7
~ .

sometimes is used instead of “—,” sometimes “&” or is used instead of

“A,” sometimes “D” is used instead of “—,” and sometimes “=" is used instead
of “&.” If you've looked at a logic book before or take a logic course in the
future (which I hope you do) and some of these other symbols are used instead
of the ones we use here, note that it makes no difference.

We will talk more about the precise meanings of these logical operations
in the next chapter. For now, just think of their meaning in terms of our
intuitive understanding of “not,” “or,” “and,” and “if ...then ....” When
we do precisely articulate their meanings in the next chapter, we'll see that
the meanings of some of the logical expressions of our formal language don’t
correspond exactly to the meanings of corresponding logical words in English,
but the correspondence will be close enough for our purposes. We will largely
ignore the biconditional in this course. That’s not because it’s not important.
Biconditionals are very important in philosophy and mathematics, and if you
look out for them, you'll notice a lot of “just in case”s throughout this book.
Those are all biconditionals. The reason we won’t pay much attention to the
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biconditional is simply that it is just a conjunction of two conditionals. That is,
P & Qis the same as the (P — Q) A (Q — P).

In addition to Sentence Letters and Logical Connectives, SL also contains left
and right parentheses. These are necessary to avoid ambiguity in SL formulas.
A crucial feature of SL is that, unlike a natural language like English, it is never
ambiguous. Consider, for instance, the following sentence:

I'm going to dinner or I'm going to the movies and I'm not going to
do my homework.

What am I saying here? Well, the sentence itself isn’t sufficient to say; it’s am-
biguous. I could be saying one of two things here, which we can disambiguate
with the use of parentheses:

I'm going to dinner or (I'm going to the movies and I'm not going
to do my homework)
(I'm going to dinner or I'm going to the movies) and I'm not going
to do my homework

These two sentences have two different meanings. If the first one of these is
true, it doesn’t rule out that I'm going to do my homework. If the second one
of these is true, it does rule out that I'm going to do my homework. In SL, we’d
write these two sentences as follows:

DV (M A (=H))
(DV M)A (=H)

These two sentences have different main connectives. The main connective of the
first one is disjunction, and the main connective of the second one is conjunction.
The function of parentheses is here is exactly the same as in arithmetic, where
you do the operations enclosed in parentheses first. So, consider the two
formulas above by analogy to the following two:

(9 +5)x (7-2)
9+((5x7)-2)
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The parentheses are the way we know which operations to do first, and which
to do last. The use of parentheses here tells us that, in the first expression,
multiplication is the main operator, and, in the second expression, addition is
the main operator. They play exactly the same role in SL in telling us which
logical operations to do first, and which to do last, enabling us to determine the

That’s the entirety of the symbols that are used in the language of SL. We
can list them all officially as follows:

SL Vocabulary:
1. An infinite number of sentence letters: A,B,C...A1,B;... (ex-
cept X, Y, Z)
2. One unary connective: -
3. Four binary connectives: A,V, —, &

4. Left and right parentheses: (,)

Historical Note:

The sort of logical symbolism that we use here, both
for SL and PL when we get there, is owed primarily to
Bertrand Russell (1872-1970) and Alfred North White-
head (1861-1947), whose monumental work Principia
Mathematica (1910-1913) systematically laid out contem-
porary logical theory, and was responsible for much of

the interest in symbolic logic in the early 20 century.
Though they used - instead of A, ~ instead of -, and D
instead of —, the basic way of writing logical formulas
is owed to their work.

Frege’s way of writing formulas was actually very different from how
we write them. In the notation developed in the Begriffschrift, the way
you'd write the formula P —» (Q — —R) is with the following two-

dimensional formula:
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As you might imagine, as formulas get more and more complicated,
they get more and more unweildy in Frege’s notation. Frege’s Begreff-
schrift contains some formulas that take up half a page of text by them-
selves!

2.3 The Grammar of SL

Now that we’ve specified the different types of symbols that are used in SL,
we need to say, officially, the different ways in which they can be combined to
form formulas of SL. Just as you can’t combine English words any which way
and form an English sentence, you can’t combine SL symbols any which way
and form a SL formula. Rather, formulas need to be constructed in accord with
the formation rules of the language. These formation rules say which strings of
symbols actually constitute formulas.! The rules are the following:

1. Any sentence letters is a formula.
2. If X is a formula, then (=X) is a formula.

3. If X and Y are formulas and o is a binary connective, then (X oY) is a
formula.

4. Only strings that can be produced by way of some combination of rules
(1), (2), and (3) are formulas.

This set of rules provides a recursive definition of the set of SL formulas. It allows

us to generate an infinite set of formulas from a finite set of rules. Note that I've

n other logic books, you'll often see the phrase “wff” used to abbreviate “well-formed
formula.” We just use the word “formula” to mean “well-formed formula.” In this terminology,
any string of symbols that isn’t well-formed isn’t a formula.
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used “X” and “Y” here, rather than the usual sentence letters like P or Q. As a
convention, throughout this course, the letters X, Y, and Z will be understood
as potentionally standing for any formula of the language, not merely sentence
letters. So, “X” in the above set of rules could be P, but it could also be (P V Q),
((P v Q) A (=R)), or anything that can be constructed in accordance with these
rules.?

Once again, a string of SL symbols is a formula just in case it can be con-
structed according to these formation rules. So, for instance, “(((P V Q) A P) —
(=P))” is formula whereas “(P A AQ(—" is not. We can check whether a string

of symbols is a formula or not by decomposing it with a tree like so:

(P V Q) AR) = (=P))

/=N

(PVQ)AR) (=P)
(PVQ) P

P/V\Q

We then see if we can construct it back up from the bottom nodes to the top
using our formation rules at each step. In order for this to be possible, the non-
branching nodes at the bottom are all going to have to be sentence letters, and
every move up the tree needs to be an application of some particular formation
rule.

As a matter of convention, we generally omit outer parentheses, since doing
so leads to no ambiguity. So, for instance, rather than writing ((P vV Q) A R),
we’ll just write (P V Q) A R. You can think of this latter formula, without the
outer parentheses, as a convenient shorthand for the former one. We’ll also
omit parentheses around negation. For this convention, we have to clarify that
negation has priority in the order of operations over the other connectives.

2Some books will use the Greek letters ¢ and ¢ for this purpose, but those can be a bit hard
to keep track of if you're not used to using them.
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So, =P A Q is shorthand for (=P) A Q rather than =(P A Q). So, we can write
((PVQ)AR) - (=P))as ((PV Q) AR) » =P. From hereon out, we'll use these
conventions.

Another convention that can be helpful when dealing with complex formu-
las with many different sets of parentheses is to use different types of paren-
theses. For instance, to make the formula A A (B V ((C A D) — (A A C))) a bit
easier to parse, we can, for instance, use square brackets and curly brackets in
addition to regular parentheses to be clear which pairs of parentheses go with
each other, rewriting as A A {BV [(C A D) — (A A C)]}. I'll generally just stick
with normal parentheses, but this is something you can do in your assignments
if it helps.

2.4 Translations

The language of SL is a formal language. It is designed, however, so that we
can use it to represent sentences, and, consequently, arguments of a natural
language such as English. In order to do this, we have to translate English sen-
tences and arguments into the language of SL. For a simple example, consider
the following argument we looked at in the last chapter:

Kermit is either purple or red. Kermit’s not purple. So Kermit is
red.

The first thing we want to do is break this argument down into the premises and
conclusion. In this case, it’s easy:

Premise 1: Kermit is either purple or red.
Premise 2: Kermit’s not purple.
Conclusion: Kermit is red.

We now want to turn these sentences of English into sentences of SL.

The first thing we need to do is assign sentence letters to the simple sentences—
those not containing logical operators that for which we have symbols—that
are involved in this argument. Let’s use the letter P to symbolize “Kermit is
purple” and the letter R to symbolize “Kermit is red.” Note that each sentence
letter of SL must stand for a complete sentence of English. So it’d be wrong to
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have P just symbolize “purple,” since that’s just a word, not a sentence. When
we decide on the sentence letters that we’re going to use to symbolize simple
sentences of English, we have to show what we’ve decided with a translation
key that looks like this:

Translation Key:

P = “Kermit is purple.”
R = “Kermit is red.”

Whenever you make a translation key, make sure that there are no words like

" awri

not,” “or,” “and,” “if” or “then” in the sentences that are assigned sentence
letters.

Now, that we’ve decided on sentence letters for the simple sentences, and
provided a translation key, we need to represent the premises and the conclu-

sion as SL sentences. For this simple example, it’s quite easy:

P1: PVR
P2: =P
C:R

Note that, in the English argument we are given, the first premise reads “Kermit
is either purple or red,” whereas, if we now translate our SL translation of this
sentence back into English using our translation key, we get “Kermit is purple
or Kermit is red.” Likewise, in the argument we are given, the second premise
reads “Kermit’s not purple,” whereas, in our trasnlation, it is rendered as “It’s

4

not the case that Kermit is purple.” This is because the logical operators of
our logical language operate on whole sentences rather than individual verbs
or adjectives like “purple.” So, whenever we see a sentence like “Kermit’s not
purple,” our translation will render it as “It’s not the case that Kermit is purple.”
Though this might not have exactly the same meaning as the original sentence,
it will be close enough for our purposes.

Now that we have the basic translation procedure down, let’s try a more

serious example. Consider the following argument:

1. If there’s evil in the world, then either God is not all-knowing, not all-
good, or not all-powerful.
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2. There’s evil in the world.

3. So, if God is all-knowing, then he’s not both all-good and all-powerful.

Here’s our translation key:

Translation Key:

E = “There’s evil in the world.”
K ="God is all-knowing.”

G = “God is all-good.”

P ="God is all-powerful.”

And we translate it like so:

P1: E —» ((-KV =G) V =P)
P2: E
C:K— =(GADP)

Note here the parentheses around the disjuncts in the first premise. When we
have a disjunction such as X VY V Z or a conjunction such as X A Y A Z, the
order doesn’t actually matter, but, nevertheless, we need to add parentheses in
order for these formulas to be well-formed, given our formation rules. So, we
need to write (X VY)V Zor XV (Y V Z) rather than X V Y V Z, even though (as
we’ll see officially in the next chapter) the way in which we group the disjuncts
doesn’t actually matter in determining the truth value of the sentence.

It's worth emphasizing that our logical langauge is quite limited in the
amount of logical structure that it can symbolize. Consider how we might try
to transcribe the following argument:

1. All humans are mortal.
2. Socrates is human.

3. So, Socrates is mortal.
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Clearly, this is a valid argument. However, how should we symbolize the
first premise? We can’t, for instance, write H — M, to express “If human,
then mortal,” since sentence letters need to symoblize complete sentences, not
individual words like “human” or “mortal.” Of course, if the first premise was
“If Soctates is a human, then Socrates is mortal,” we could represent it in such
a way that shows that the argument is valid. But that’s simply not what the
tirst premise is. All we can do, in SL, is represent the first premise as a simple
sentence A. We thus represent the argument as follows:

P1: A
P2: H
C:M

Symbolized in this way, there’s no logical connection between the premises and
the conclusion discernable in our formal representation of the argument, and
so the argument will come out as invalid. This is simply a limitation of SL, one
that will be overcome when we get to PL in the second part of the course. I
note it now just so you're aware of this limitation from the outset.

2.5 Exercises

2.1 Consider the following strings of symbols. Determine if they are formulas
of SL. If they are, provide a construction tree to show that they are, and
specify the main connective. In they are not, briefly explain what is wrong
with them (1 pt. each):

a) PA(QV -R)

b) P-AQ

c) PARVQ

d) —=(A < (BAQ))

e) (PVQ)-

f) (AAB)V(BAA)AC

2.2 Translate the following sentences into SL. Provide a translation key that
shows which sentence letters symbolize which sentences. (1pt. each)
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a) If Ernie is orange, then Bert is yellow, and if Bert is orange, then Ernie

is yellow.

b) Either Norm will do the dishes and Maddy will sweep the floor or
Norm won’t do the dishes and Maddy will both do the dishes and

sweep the floors.
c) Bob is extremely qualified, but Mary or Carl will get the job.

d) The second light flashes or the first light flashes, and either the first
or the third light does not flash.

2.3 The following sentence is ambiguous in English:
Dessert will be either cookies or cake and icecream.

Provide two distinct translations of this sentence into SL and explain, in
English, the difference in meaning between these two translations.
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Semantics for Sentential Logic

3.1 Introduction

We’ve stated informally what the connectives of SL mean: — means “not,” A
means “and,” V means “or,” and — means “If ...then ....” But we now want
to say precisely what these logical connectives mean. As we’ll see, the meanings
we assign to these connectives won't capture all of the complex subtitles of
the ways in which we use the corresponding English expressions in natural
language. However, that will be the trade off for having simple and precise
accounts of the meanings of our logical symbols.

3.2 Truth-Tables: The Basic Idea

Since we’re only concerned with the logical form of sentences and not their non-
logical content, we suppose that any simple sentence—any sentence symbolized
with a sentence letter like A, B, P, or Q—can be either true or false and must
be exactly one of these truth values. That is, no sentence can be both true and
false, and no sentence can be neither true nor false. So, for instance, if we’re
considering a logically complex sentence or argument that involves two simple
sentences, A and B, then there are four possible scenarios: A and B can both be
true, A can be true and B can be false, A can be false and B can be true, or they
can both be false. Laying out these possible scenarios as a table, we can show
them all as follows:

37
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ndmﬁ'—]‘m
*na'-nn—]‘m

These tables, where we assign a column for each simple sentence and each row
is a different truth-possibility, are called truth tables. Here, where we have two
simple sentences, and so two columns, we have four truth-possibilities, and so
four rows. Likewise, if we have three simple sentences, A, B, and C, then there
are eight truth-possibilities:

el s B B B I B S
I I B I - I A o'
oo I s o B B o B B s B R

In general, the following fact holds:

Truth-Possibilities: For n simple sentences, there are 2" truth-
possibilities.

Thus, if we had 4 simple sentences, we’d have 24 or 16 rows, and so on.
Generally, the way to organize a truth-table is to note how many simple
sentences you have, then use this formula to find out how many total rows
you're going to have. Start with the first simple sentence, put it in the first
column, and do half of the rows true, followed by half of the rows false. Then,
for the next simple sentence in the next column, a quarter of the rows true, a
quarter false, a quarter true, and then a quarter false. Then, for the next, an
eight, and so on. So, for instance, if you have 4 simple sentences, and so 16
rows, for your first column, you have 8 Ts, followed by 8 Fs. In the next column,
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you'll have 4 Ts, 4 Fs, 4 Ts, and then 4 Fs. In the next, 2 Ts, 2 Fs, 2 Ts, 2 Fs, and
so on. Proceeding in this manner, you won'’t repeat any rows, and so you'll be
sure that every truth-possibility is listed.

As we'll see in the next chapter, truth tables will be very useful for making
precise sense of many important logical notions, such as a sentence’s being
a contradiction or a tautology, a set of sentences being inconsistent, or an
argument’s being validm or invalid. In this chapter, we’ll look at how truth
tables can be used to provide precise definitions of the meanings of our logical

connectives.

Historical Note:

Truth tables of this sort were first developed and put
forward by the German philosopher Ludwig Wittgen-
stein in his 1921 book Tractatus Logico-Philosophicus, and
this is where the term “truth-possibilities” is drawn
from. Wittgenstein took it that each “atomic proposi-
tion,” expressed by a sentence letter such as P or Q, is
such as to be made true by the obtaining or not of an

“atomic fact,” and, at least from a logical perspective, all
atomic facts could either obtain or not obtain.

3.3 Truth-Tables for Negation and Conjunction Disjunction

Now, remember, the symbol - is supposed to express negation, the logical
operation expressed in English by “not.” So, let us ask, considering the two
truth-possibilities for P—the possibility that it’s true and the possibility that it’s
false—in which of these possibilities is =P true? Clearly, =P is true just in case
P is false. After all, if I say P, and you say “No, it’s not the case that P,” what
you've said is true just in case what I've said is false. Conversely, what you've
said is false just in case what I've said is true. So, —P is false just in case P is
true. We can show this with the following truth-table:
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X | =X
Truth-Table for Negation: T | F
F| T

Now, remember, since we’ve used X here, this can stand for a SL formula of
any complexity. So, this table tells us not only that —P is true just in case P is
false, but it also tells us that =(P A Q) is true just in case P A Q is false, and so on.
What this truth-table provides is a precise account of the meaning of negation
in terms of how applying a negation operator to some sentence transforms the
truth-value of that sentence, making it false if that sentence is true, and making
it true if that sentence is false.

Now, truth-tables let us define the notion of logical equivalence between
sentences:

Logical Equivalence: Two sentences X and Y are logically equiva-
lent just in case they have the same truth-conditions. That is, they
have same truth-value in each truth-possibility.

Note now that it follows from the truth-table for negation that X is logically
equivalent to =—X, as shown by the following truth-table:

X | -x | --X
T F | T
F| T | F

Since, if X is true, =X is false, and, if =X is false, then ==X is true, if X is true,
—-—X is true. Likewise, if X is false, then —X is true, and if =X is true, then ==X
is false, and so, if X is false, then ==X is false. So, X and ==X have precisely the
same truth-conditions. Given our way of formally capturing meaning, in terms
of truth-tables, they have the same meaning. In one of the homework exercises,
you'll consider whether or not you think this is a plausible claim about the
natural language sentences these formulas represent.

Consider now conjunction. This one is pretty straightforward. Once again,
conjunction, expressed by “A,” is the logical operation expressed in English by
“and.” P A Q is true just in case both P is true and Q is true, false if P is false, if
Q is false, or if they're both false. This is shown by the following truth-table:
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XY |XAY
T|T T
Truth-Table for Conjunction: T | F F
F|T F
F | F F

Once again, we use X and Y here to show that this truth table determines the
truth-conditions of any conjunction, whether the conjucts are simple sentences
or logically complex sentences.

Now, consider disjunction—the logical operation expressed in English by
“or,” which, in SL, we express with “V.” A disjunction of the form P Vv Q is true
just in case either P or Q is true, and so false just in the case that P and Q are
both false. This is shown as follows:

XVY

Truth-Table for Disjunction:

o o | X
o4 o A=<

mHoH 3 3 <

It’s worth taking a moment to consider the first line of this truth table, because
you might think that it’s not quite right. Suppose, for instance,  say “I'm going
to eat chicken or steak tonight.” It seems that what I'm saying here is that
I'm going to have either chicken or steak, not that I'm going to have both. So,
how is this first line of the truth-table correct? Shouldn’t C V S, the translation
of this sentence, be true only if C is true or S is true, but not both? This is
a good question, but there’s reason to think that this truth table does indeed
get the truth-conditions of English “or” right. Suppose I did actually eat both
chicken and steak tonight. Would I have said something that’s actually false?
Presumably not. I didn’t actually say I wasn’t going to have both. I merely
implied it. However, I can cancel this implication by following what I say with,
“In fact, I'm so hungry, that I might eat both!” It seems that in saying this, I
didn’t actually contradict what I actually said. If I do eat both, what I originally
said is still technically true, just a bit misleading.
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The question of whether the first line of this truth table for disjunction,
where X and Y are both true, should be true or false is the question of whether
to treat disjunction as inclusive or exclusive. The sort of disjunction we use in
SL and in logic more generally, expressed with the connective V, is inclusive.
It’s worth being clear, however, that the exclusive disjunction, which is often
written as “V” is a perfectly legitimate logical connective—it’s just not the one

4

that we use to symbolize English “or.” Here’s a more concrete and decisive
reason to think that our choice is the correct one. Suppose I say “I'm not going
to eat chicken or steak tonight.” Clearly, in saying this, I'm saying that I'm not
going to eat chicken and I'm also not going to eat steak. That is the result we
get if we treat “or” as inclusive.

To see this officially, let us calculate the truth-conditions for —(C v S) using
our knowledge of the truth table for negation and the truth table for conjunciton

to see in which truth-possibilities it’s true:

cls|cvs|-cvs
T(T| T F
T|E| T F
F|IT| T F
F|F| F T

The only possibility in which —~(C V S) is true is the one in which both C and S
are false. We can now see that this is the same with —-C A =S:

C|S|-C|=S5|-CA=S
T|T| T | F F
TIF| T | F F
F|T| T | F F
F|F| F | F T

So, ~(C Vv S) and —~C A =S are logically equivalent. Intuitively, that seems like
the right result. Saying “I’'m not going to eat chicken or steak tonight” seems to
mean the same thing as saying “I'm not going to eat chicken and I'm not going
to eat steak tonight.” If, on the other hand we translated “I'm not going to eat
chicken or steak tonight” as involving exclusive “or,” we’d get the following
truth-conditions:
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cls|cvs|-cvs
T|T| E T
TIE| T F
F|T| T F
F|F| F T

We thus get the result that if I say “I'm not going to eat chicken or steak tonight”
whatIsay is trueif I eat both chicken and steak. But it seems that, clearly, in such
a case, what I've said is false. So, particularly when we consider the interaction
of disjunction and negation, the truth-conditions of inclusive disjunction more
closely match the truth-conditions of English “or” than the truth-conditions of

exclusive disjunction.

This way of distinguishing between what the truth
of a sentence strictly entails and what is implied by the
use of a sentence in a particular circumstance, which we
appeal to in order to explain why it is right to think of
the literal meaning of “or” in inclusive rather exclusive

terms, is owed to the philosopher H.P. Grice. Grice is

largely responsible for the distinction that is now drawn
in philosophy of language and linguistics between se-
mantics, the theory of the literal meanings of sentences, and pragmatics,
the theory of how speakers mean what they do when they use sentences
in particular occasions. On this way of carving things up, “I'm going
to eat chicken or steak tonight” semantically entails that, if I don’t eat
chicken, then I'll eat steak, whereas it pragmatically implies that I won't
eat both chicken and steak.

Now, Grice actually wanted to extend this approach to argue, much
more contentiously, that the meaning of English “If ...then ...” is
really just what is given by the truth-table we’ll provide below. Most
contemporary philosophers of language don’t think this (we’ll see what
they do think in a blurb shortly). However, Grice’s general approach of
separating a sentence’s literal meaning from a speaker’s implied meaning
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remains very influential.

3.4 Venn Diagramatic Reasoning

A good way to picture the truth-conditions for logically complex sentences
provided by truth tables is with Venn Diagrams. The circles in the diagrams
depict the sets of scenarios in which simple sentences are true. For instance,
a circle marked P depicts the set of scenarios in which P is true. With this in
mind, consider the following Venn diagramatic representation of the scenarios
in which P A Q is true:

PAQ

Here, the circle labled P represents the set of scenarios in which P is true, and the
circle labeled Q depicts the set of scenarios in which Q is true. The intersection
of these two sets—the set consisting of the scenarios that are elements of both
sets—is the set of scenarios in which P A Q is true. Now consider the Venn
diagram depicting the set of scenarios in which P V Q is true:
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PVQ

As this diagram shows, the set of scenarios in which PV Q is true, is the union of
the set of scenarios in which P is true and the set of scenarios in which Q is true.
What about the negation of P v Q, the set of scenarios in which —(P Vv Q)? Here,
we take the (absolute) complement of the above set—the set of all scenarios other
than the ones in this set:

=(PVv Q)

So, the logical operation of conjunction corresponds to the set-theoretic opera-
tion of intersection, disjunction corresponds to union, and negation corresponds
to complementation. To construct a Venn Diagram for some formula containing
these operations, you start with the inner-most logical operators (those done
tirst in the order of operations) and work your way out to the main connec-
tive, performing these set-theoretic operations until you ultimately perform
the set-theoretic operation corresponding to the main connective. To take one
more slightly more complicated example example, consider how to construct
the Venn diagram for (P A =Q) V R:
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(PA-Q) VR

A
(N

To construct this diagram, we start by taking the complement of Q and then
intersecting this region with P, and we then intersect this region with that of R.
If you play around a bit with constructing these diagrams in this way, as you
will in the exercises, you'll get a good sense of how the operators A, V, and -
work.

In the exercises for this chapter, I want you to construct Venn Diagrams in
this step-wise way to get a feel for how the truth-conditions of these formulas
are determined. However, to check your work, it’s worth pointing out that
there’s a way of translating directly between truth-tables and Venn Diagrams.
Consider first the different truth-possibilities for two simple sentences:

Q

=W N e
m o 4 4
o 4 A

These four different truth-possibilities correspond to the following four regions
of the Venn Diagram:
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For any formula involving just the simple sentences P and Q, you know how to
construct its truth-table, and the numbers of the rows in which that formula is
true will correspond to the numbers of the regions that are to be shaded in the
Venn Diagram that shows the truth-conditions of that formula. Likewise, for
formulas with three simple sentences, we have the following truth-possibilities

Pl|QI|R
LiT|T|T
2. |T|T|F
3.]T|F|T
4 |T|F|F
50 F|T|T
6. |F| T|F
7 F|F|T
8.|F|F|F

And these truth-possibilities correspond to the following eight regions:

8

2
(NN
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So, for instance, if we construct the truth-table for (P A =Q) V R:

@)

== I - e S e R R
i
@)

PA=-Q | (PA-Q)VR

© NS Ok W=
oo e o L o L o B B e I B
oI T I N - R T R
= = ™A 4 ™ -
ol T T R R B R
oo I L o e B e B w

We know that, if we want to construct the Venn Diagram for this sentence, we
need to shade regions 1, 3, 4, 5, and 7. Doing that, we get the Venn Diagram
for this sentence shown above. By taking truth-possibilities to correspond to
regions of a Venn Diagram in this way, the truth-conditions of any sentence of
SL can be represented with a Venn Diagram. It's perhaps worth mentioning
that if you want to do this for more than 3 simple sentences, you can’t use
circles—you either have to use elipses or three-dimensional shapes—but we
won’t be doing any examples that require that.

There are a few important facts about the relationship between conjunction,
disjunction, and negation worth noting explicitly. The first is that the operations
A and V distribute over each other. That is:

Distributive Laws:

LXA(YVZ) e XAY)V(XAZ)
2. XVIYAZ) & (XVY)AXVZ)

In the exercises, you'll use both truth-tables and Venn Diagrams to see that these
laws do in fact hold. Also, as we showed in the previous section with truth-
tables when we considered our example of eating steak or chicken: ~(X Vv Y) is
llogically equalent to X A =Y. Likewise, ~(X A Y) is equivalent to =X Vv =Y.
These two equivalences are known as De Morgan’s Laws:

De Morgan’s Laws:
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1. 2(XVY)e -XA-Y
2. a(XAY)e =X VY

You can think of the De Morgan Laws as a special kind of distributive laws:
you can distribute a negation over a conjunction or disjunction, but it requires
flipping the operator.

Historical Note:

The first person to really think of the logical operations
of conjunction, disjunction, and negation in algebreic
terms was George Boole in his 1847 book The Mathemat-
ical Analysis of Logic. Venn diagrams of the sort shown
here were named after John Venn, who introduced them
in his 1881 book, Symbolic Logic.

3.5 The Material Conditional

The symbol “—” is what we’re using to express the logical operation of the
conditional, a logical operation expressed in English by “If ...then ....” So,
X — Y is our translation of the “If X, then Y.” What should the truth-table for
this connective be? Once again, there are four possible cases:

XY | X->Y
T|T ?
T|F ?
F|T ?
F|F ?

Let’s start by considering the first two cases, in which X is true. Clearly, if X
is true and Y is false, then this falsifies the conditional X — Y, since X — Y'is
saying that, if X is true, then Y is true, not false. So, in the second case, X — Y is
false. Now, given the specification we just gave of what X — Y is saying, then,
in the case that X is true and Y is true, X — Y should be true too. We can fill in
the truth table as follows:
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X

oo | X
o R S RS
~ o~ oA

Having determined truth values for the two cases in which X is true, we now
need to consider the two cases in which X is false. Here’s where things get a
bit tricky.

It might seem that, in these two cases, we simply don’t have enough infor-
mation to judge whether X — Y is true or false. After all X — Y seems to say
what happens if X is true, and so, in order to evaluate whether X — Y is true
in a case where X is false, it seems that we need to consider what would be the
case if X were true. That is, we need to consider not just the actual case but some
counterfactual cases in which X is true, and then see, in those cases, whether Y is
also true. This is, indeed, how we generally evaluate “If . . . then ...” sentences
in an ordinary language such as English, and the basic idea has been developed
formally by philosophers like David Lewis and Robert Stalnaker (see the note
below). However, in the simple set-up that we’ve already successfully applied
to negation, conjunction, and disjunction, we’re thinking of the truth-values of
the sentential connectives as a function of the truth-values of the sentences that
they connect. If we have missing rows of the truth-tables, none of the things
we’re going to want to do with truth-tables is going to work. This means that
we're required, given truth values to X and Y, to assign some truth-value to
X = Y. So, though doing this won't perfectly capture the meaning of ordinary
“If ... then ...” sentences, we’ve got to do the best we can.

We can arrive at the only good candidate for the truth-table by process of
elimination. Let us consider first the last row of the truth-table, where X is false
and Y is false. We can decisively argue that, in this row X — Y must be true.
Suppose we said that, in this row, X — Y is false. Then, in the third row X — Y
is either true or false. Suppose then, that, in the third row, X — Y'is true. In that
case (once again, still supposing that, in the last row, X — Y'is false) X — Y has
the same truth conditions as just Y by itself. That can’t be right, since, whatever
truth-conditions we assign to X — Y they should depend, in some way, on
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the truth-conditions of both X and Y. So—once again, on the supposition that
the last row is false—it can’t be that the third row is true. So, if we say that
the last row is false, then we need to say that the third row is also false. In
that case, however, we will have assigned the very same truth-conditions to
the conditional X — Y as we assigned to the conjunction X A Y. But clearly, we
want the formulas we use to represent sentences of the form “If X then Y” and
“X and Y” to be different! Since, under the assumption that the last row is tru

Given the above argument, we have just one more row of the truth-table
that we need to determine:

X|Y|X->Y
T|T T
T|F F
F|T ?
F|F T

At this point, the argument is easy. Suppose that we said that, in this third row,
X — Y were false. In that case, X — Y would be true just in case X and Y both
have the same truth value, either both being true or both being false. But those
are the truth conditions that we want to reserve for the biconditional sentence
X < Y, which says that X is true just in case Y is true. Accordingly, assigning
truth-conditions for X — Y, we need to say that, in the third row X — Y is true.

With all of these considerations, the only real candidate truth-table for the
conditional is the following:

X|Y|X->Y
T|T T
Truth-Table for the Conditional: T | F F
F|T T
F|F T

Let us see how we did. As you can see, according to this truth table, the
conditional X — Yis true just in case it’s not the case that X is true and Y is false.
Indeed, X — Y has the very same truth-conditions as =(X A =Y) as you can see
if you construct the truth table for that latter formula. X — Y also has the very
same truth-conditions as =X VY.
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It’s best to think about the truth-conditions for the conditional that we’ve
specified as the minimal conditions for a statement of the form “If X, then Y” to
be not be false. That is, if “If X, then Y” is true, then, at the very least, it’s not the
case that X and not-Y. Suppose your mom says, “If you get an A in logic class,
I'll take you to Disney World.” You can say, definitively that she lied just in case
you get an A and she doesn’t take you to Disney World. If you don’t get an A
and she still takes you to Disney, then, surely she didn’t lie. If you don’t get an
A and she doesn’t take you to Disney, then you can’t say she lied either. Our
intuitions about the truth-conditions of English “If . .. then ...” sentences will
not align perfectly with the truth-conditions we’ve assigned to —, but what
we’ve done is the best we can do in purely truth-functional terms.

7

Going Beyond Truth-Functions:

Suppose I'm traveling from New York to Rhode Island. It’s 3pm, and
I say, “If there’s no traffic, I'll be there by 4.” I end up hitting some
traffic on the way, and I get there by 8. So, both the antecedent and the
consequent of the conditional I uttered are false. Accordingly, given our
truth-functional analysis, the conditional is true. Intuitively, however,
that’s not right. I've said something false because, if we consider a coun-
terfactual scenario in which there there was no traffic at all, I wouldn’t
get there by 4: it takes longer than an hour to get from New York to
Rhode Island.

This idea has been developed systematically by
David Lewis and Robert Stalnaker. Here’s the idea. In
order to evaluate a conditional with a false antecedent,
we need to look beyond the actual scenario. We look at
the possible scenario that is most like the actual scenario
in which the antecedent of the conditional is true and

check, in that scenario, whether the consequent is true.

So a conditional is true in some scenario just in case the

“"

scenario that’s “closest” to that scenario in which the antecedent is true

is one in which the consequent is true. Making this idea formally precise,
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we get a different logic for the conditional, in which different arguments
are valid. For instance, P — Q does not follow from —P. Likewise, in our
in truth-functional semantics, the argument from P — Q to (P AR) — Q
is valid, but, in a Lewis/Stalnaker semantics, it’s not.
While the approach developed by Lewis and Stal-
naker has been influential, it is far from uncontrover-
sial. The philosopher Dorothy Edgington has argued
that, when we consider our judgments of the probabil-

ity of conditional sentences of which we are uncertain,

we should give up the idea that the meanings of these
sentences can be understood in terms of their truth-
conditions. The main reason for this is that only if we
give up the idea that a conditional sentence can be understood in terms of
the set of scenarios in which its true can we maintain the intuitive thought
that the probability of a conditional is the probability of its consequent,
given the antecedent.

It is an ongoing debate as to how conditional sentences of English
are to be understood, with some philosophers and linguists endorsing
truth-conditional theories of the sort proposed by Lewis and Stalnaker,
some endorsing probabilistic theories of the sort proposed by Edgington,
and others endorsing yet different theories. In this course, it will be
important to keep in mind that our formal language of Sentential Logic
is not meant to capture the subtleties of a natural language like English
perfectly. Rather, to provide a regimented language, these subtleties will
be “lost in translation” as we translate English sentences into our formal

languages like Sentential Logic.

3.6 “If,” “Only If,” and “If and Only If”

Conditionals are not only expressed with sentences of the form “If X, then Y.”
Consider, for instance, the following two sentences:

1. Judit will win the chess game if Hikaru makes a mistake.
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2. Judit will win the chess game only if Hikaru makes a mistake.

The first sentence is clearly saying the same thing that one says if one says “If
Hikaru makes a mistake, then Judit will win the chess game,” a sentence we’d
symbolize like this: M — W, where M is “Hikaru makes a mistake” and W is
“Judit wins.” We can think of this first sentence, then, as saying that Hikaru’s
making a mistake is a sufficient condition for Judit’s winning the game, in the
sense that the first event suffices for the second. Providing a circumstance in
which this sentence would be true can make this notion more concrete. Suppose
Judit is a very accurate player, and so, if someone makes a mistake, she’ll be
able to capitalize on this mistake and convert it into a victory. To express this,
we might utter the first sentence.

The second sentence says something different. It says, that Hikaru’s making
a mistake is a necessary condition for Judit’s winning the game. Once again,
providing a specific circumstance in which this sentence is true can make this
more concrete. Suppose Hikaru has a very good position, and he should be
able to convert it into a victory—the only chance for Judit to win is for Hikaru
to make a mistake. In such a case, we can say that if Judit does win, then this
means that Hikaru made a mistake. Thus, we have W — M. A different way to
express the same thought is to say that if Hikaru doesn’t make a mistake, then
this means that Judit won’t win. That is, =M — =W. We can confirm with

truth-tables that these two sentences are indeed logically equivalent:

WM W-M Wi M|-M|-W|-M--W
T | T T T|T| F F T
T | F F T|F| T F F
F|T T F|T| F T T
F | F T F|F | T T T

In general, then, a conditional of the form X — Y can be understood as saying
that X is a sufficient condition for Y, and, equivalently that Y is a necessary condition
for X, where that latter reading might be made more clear by the equivalent
statement -Y — —X. This equivalent formulation of X — Y is known as the
contrapositive of that conditional.

Finally, consider the following sentence, which conjoins (1) and (2) above:
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3. Judit will win the chess game if and only if Hikaru makes a mistake.

Combining the (1) and (2), we can think of this sentence as expressing the
fact that Hikaru’s making a mistake is both sufficient and necessary for Judit’s
winning the game. Suppose, for instance, that both Judit and Hikaru are
extremely accurate chess players, and so Judit will capitalize and win the game
if Hikaru makes a mistake (so the “if” condition holds), but if Hikaru doesn’t
make a mistake, then Judit will at best be able to draw (so the “only if” condition
holds). In such a case, we might say that Judit will win the chess game just
in case Hikaru makes a mistake. We can specify the truth-conditions for (3) as

those of the conjunction of (1) and (2):

T| T T T T
T| F F T F
F| T T F F
F | F T T T

We can abbreviate (M — W) A (W — M) as M <& W. In general, we can think
of the meaning of this connective as having the following truth-table:

XY | XY
T|T T
Truth-Table for the Biconditional: T | F F
F|T F
F|F T

Here too, it’s important to rember that the biconditional, as a conjunction of
two material conditionals, is truth-functional and so it doesn’t have the sort of
explantory “umph” that we might expect to have. The truth of a sentence of
the form X < Y only requires that either both X and Y are true or that they are
both false; it needn’t be the case that there is any connection between the truth

or falsity of the two sentences.
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Exercises

Suppose I want to construct a truth-table for an SL formula containing 7
different simple sentences. How many rows would it have? (1pt)

Transcribe the following two sentences into SL (giving a translation key),
then use truth-tables to determine whether or not they are logically equiv-
alent: (2pts)

a) If Bert is not orange, then Ernie is.

b) If Ernie is not orange, then Bert is.
Same instruction as above (2pts):

a) I'll watch the game only if the Eagles or the Patriots are playing.
b) If the Eagles or the Patriots are playing, I'll watch the game.

We provided a truth-table to officially specify the meaning of X — Y,
noting that this meaning doesn’t correspond exactly to what we usually
mean in ordinary language when we say “If X, then Y.”

a) Use truth-tables to show that X — Y is logically equivalent to both
(X A=Y)and X VY. (2pts)

b) Draw a Venn Diagram illustrating the truth-conditions of X — Y

(1pt)

What is the relationship between the biconditional, «<», and the exclusive
disjunction, ¥? (1pt)

Useboth truth-tables and Venn Diagrams to show that the two distributive
laws hold. (4pts)

Use truth-tables to determine whether or not P V (Q A R) and (P V Q) AR
are logically equivalent. (2pt)

It is possible to define all of the logical connectives in terms of the con-
nectives — and A. Using just these two connectives, we can define X — Y
as (X A=Y)and X VY as =(=X A =Y).

a) Usetruth-tables to show that these definitions get the truth-conditions
of — and V correct. (2pts)
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b) It’s also possible to define all the connectives in terms of just = and
V or -~ and —. Do the latter. That is, provide definitions for A and Vv
in terms of — and — and use truth-tables to show that they get the
truth-conditions correct. (4pts)

¢) Bonus: In fact, it’s possible to define all the connectives in terms of
just one connective, and there are two possibilities for this:

e |, known as the “Sheffer Stroke,” where X | Y, which can be read
as X nand Y, is equivalent to =(X A Y)

e |, known as “Peirce’s Arrow,” where X | Y, which can be read
as X nor Y, is equivalent to ~(X V Y)

Pick one of these two connectives, give its truth table, and define all
four of our connectives (-, A, V, and —) in terms of it (+2pts). Extra
bonus: do the other (+1pt).

3.9 Suppose Maddy goes to the movies with Norm, and, when Norm asks
her what she thought of the movie, she replies:

I didn’t not like it.

In SL, we might let L be the simple sentence “Maddy liked the movie,”
and represent her statement as ~—L: it’s not the case that it’s not the case
that she liked the move. Given the truth table for -, this is logically
equivalent to L. Intuitively, however, she’s not saying that she liked the
movie. Provide a diagnosis of what’s going on here. Note: There’s no one
right answer here. (2pts)






4

Putting Truth Tables to Work

4.1 Introduction

In the last chapter, we used truth-tables to precisely understand the meanings of
our logical connectives in terms of their truth-conditions. We also used truth-
tables to establish certain logical equivalences, for instance, the De Morgan
equivalences. In this chapter, we’ll use truth-tables to define important logical
concepts, tautologies, contradictions, and validity and to establish whether or
not these concepts apply in particular cases.

4.2 Tautologies and Contradictions

Truth-tables let us define some important logical concepts. Two of those con-
cepts are that of a tautology, a logical truth, and a contradiction, a logical false-
hood. These are officially defined as follows:

Tautology: A formula that is true in every possible scenario, as-
signed the value T on each row of its truth-table.

Contradiction: A formula is false in every possible scenario, as-
signed the value F on each row of its truth-table.

Note, that, given the way our negation operator works, flipping the truth-value
of a formula from T to F and F to T, if a formula is a tautology, its negation
will be a contradiction, and if a formula is a contradiction, its negation will be
a tautology.

Consider, for instance, the formula —(P A =P). This is known as the “Law of
Non-Contradiction.” Intuitively, what it says, is that, for an arbitrary sentence
P, it’s not the case that both P is the case and P is not the case. It seems clear
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that there’s no possible way that P could be both the case and not the case, and
so it’s necessarily the case that it’s not the case that both P is the case and not
the case. That is to say, ~(P A —P) is a logical truth or a tautology. To show that
this is indeed so, we can construct a truth-tables that shows that this formula
always gets assigned the value T, regardless of the truth value assigned to P.
Here’s the truth-table:

P|-P|PA=P | ~(PA-P)
T| F F T
F| T F T

In constructing this truth-table, we start with the first column, listing all of the
truth-possibilities for P. We then calculate the truth-values of —P in each of
those truth-possibilities, which is just the opposite of the truth-value of P. We
then calculate the truth-values of P A =P, which is T just in case both P is T
and —P is T. Finally, we can calculate the truth-values of —=(P A =P), which are
the opposites of those assigned to P A =P. As we see, the truth-value of this
formula is always T, and this means that it is a tautology.

This way of constructing a truth-table shown above involves giving a col-
umn for each sub-formula of contained in the formula whose truth-conditions
we want to know, starting with the starting with the simple sentence letters and
building up to the whole formula. When we start constructing more involved
truth-tables, this method of construction can get a bit tedious. A different way
to construct the same truth-table is to simply space out the elements of the
formula, with each sentence letter and each connective being given its own row
like this:

| @®|A|-]|P)
T|T|F|F|T
T|F|F|T|F

Using this method, we proceed in the same manner, starting by listing the
truth-possibilities of the simple sentence letters, then calculating the truth-
values of the increasingly complex expressions in which those sentence letters
are embedded, ultimately arriving at the truth-values of the main connective.
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We then highlight or circle that column of the truth-table to indicate that those
truth-values list the truth-conditions of the formula as a whole.

Let’s consider these two methods with another example, this time showing
that (PV Q) A (=P A =Q) is a contradiction. Using the first method, we construct
this truth-table as follows:

P Q|PVQ|=-P|-Q|-PA=Q | PVQ)A(=PA-Q)
T| T T F F F F
T|F T F T F F
F|T T T F F F
F|F F T T T F

Using the second method, we construct it as follows:

PIVIQ|A|E | PIAI=]9Q
T|T|T|F|F|T| F|F|T
T|T|F|F|F|T|F|T|F
F|T|T|F|T|F|F|F|T
F|F|F |F|T|F|T|T|F

You can use whichever method you prefer. However, when we start construct-
ing truth-tables to evaluate whether arguments with multiple complex premises
are valid, it will generally be more convenient to use this second method.

4.3 Validity and Invalidity

Now, our main aim in this course is to be able to discern which arguments
are valid or invalid. Truth-tables give us a way of doing this for arguments
formalized in SL.

We said in Chapter 1 that an argument is valid just in case it’s not possible
for all of the premises to be true and the conclusion to be false. We can now
officially define valid arguments as follows:

Validity: An argument is valid just in case there are no possible
scenarios in which all of the premises are true and the conclusion
false. That is, there is no row of the truth-table where each premise
is assigned T and the conclusion is assigned F.
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We can call a scenario in which all of the premises of an argument are true and
a conclusion is false a counterexample to that argument. So, a valid argument
is just an argument that has no counter-examples. An invalid argument, on
the other hand, is an argument that has some counterexample. To show an
arugment is valid, we need to show the whole truth-table to show that there is
no line of it in which all of the premises are true and the conclusion is false. To
show that an argument is invalid, on the other hand, we only need to show one
row of the truth-table in which all of the premises are truth and the conclusion
is false, since providing just one such counterexample suffices to show that the
argument is invalid.

Let us start with a very simple example. Consider again the simple argu-
ment which we considered in Chapters 1 and 2:

Premise 1: Kermit is either purple or red.
Premise 2: Kermit’s not purple.
Conclusion: Kermit is red.

Once again, Premise 1 of this argument is clearly false, so this argument is not
sound. However, our concern is only with the logical form of this argument,
for that is all we look at in determining whether the argument valid. In SL, we

represent its form as follows:

P1: PV R
P2: =P
C:R

Now, we know, intuitively that it is valid. To officially establish this, however,
we must construct a truth-table. Let’s do so:

P{VvV|R|-=|P|R
T|T|T|T|TY|T
T|T|F|F|T|F
F|T|T||T|F|T
F|F|F|F|F|T

The truth-table for an argument is just the combination of the truth-tables for
the premises and the conclusion. After constructing this truth table, we look



4.3. VALIDITY AND INVALIDITY 63

at all of the possibilities in which each premise is true and we check, for each
of those possibilities, whether the conclusion is true. If the conclusion is true
in each of these possibilities, the argument is valid. If the conclusion is false in
any of these possibilities, the argument is invalid. Here, we see that rows 1 and
3 are the only rows in which both premises are true:

P/V|IR|=-|P|R
T|T|T|T|T|]T

T|T|F|F|T]|F
E|IT|TITI|F[T

F|F|F|F|F|T

In both of these rows where both premises are true, the conclusion is true too.
So the argument is valid.
Let’s consider another very simple example. Consider the following argu-

ment:

P1: P—>Q
P2: -P
C:.-Q

Once again, we construct the truth table and look at all of the rows in which
the premises are true:

P|l—->|1Q|-~|P|-]Q
T|T|T|F|T|F|T
T|F|F|F|T|T|F
E|T|T|T|F[F|T
E|T|F|TI|E|T]|F

In this case, there are two rows where both of the premises are true. While, in
the fourth row, the conclusion is true, in the third row, the conclusion is false.
This third row, then, is our counter-example to the argument. What we’ve shown
is that in the case in which P is false and Q is true, then both of the premises are
true, but the conclusion is false. So the argument is invalid.
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It's worth pointing out one important consequence of this definition of
validity. Consider the following argument:

P1: P A =P
C:Q

Intuitively, this might not seem like a very good argument. However, if you
think about our definition of validity, you'll see that it is technically valid.
Consider its truth-table:

(P pP)

o 3
oo | >
= =3 ™ |
o =
mo-H om 10

Here, we’ve circled no rows, because there are no rows in which all of the
premises are true. Accordingly, it trivially follows that there are no roes in
which all of the premises are true and the conclusion is false, and so it is valid.
Such an argument, we can say;, is vacuously valid.

Let’s now turn to a case that is a just bit more involved. Consider again the
argument against causation from Nagarjuna, introduced first in Chapter 1:

Premise 1: If two things stand in a relation of cause and effect, then
the effect is either contained in the cause or extrinsic to the cause:
C—->(VE)

Premise 2: The effect isn’t contained in the cause: —I

Premise 3: The effect isn’t extrinsic to the cause: —E

Conclusion: No two things ever stand in a relation of cause and
effect: =C.

Now, intuitively, this argument is clearly valid. However, we can now demon-

strate this decisively, constructing the truth-table as follows:
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Cl=>|U|v|B|-~|TI|-]E|~-|C
T|T|T|T|T|F|T|F|T|F|T
T|T|T|T|F|F|T|T|F|F|T
T|T|E|T|T|T|E|F|T|F|T
T|F|F|F|F|T|E|T|F|F|T
F|T|T|T|T|F|T|F|T|T|F
F|T|T|T|F|F|F|T|F|T|F
F|T|F|T|T|T|F|F|T|T|F
(E|T|F|F|F|T|F|T|FE|T]|F)

Once again, we need only look at the rows where all of the premises are true.
Here, there is just one row where this is the case—the final row—and, in this
row, the conclusion is true too. So this argument is valid.

Another way to say that an argument with premises X and Y and conclusion
Z is to say that the X and Y entail Z. This is often written with the use of the
double-turnstile symbol, k. Thus, to say that the argument with premises X
and Y and conclusion Z is valid, or, equivalently, that X and Y entail Z, we can
write X, Y k£ Z. Likewise, to say that the argument with premises X and Y and
conclusion Z is invalid, or, equivalently, that X and Y don’t entail Z, we can
write X, Y ¥ Z.

4.4 Consistency and Inconsistency

Another thing that we can do with truth-tables is determine whether a set of
sentences is consistent or inconsistent. These two notions are defined as follows:

Consistency: A set of sentences is consistent just in case there is
some possible scenario in which all they are all true. That is, there
is some row of the truth-table where each sentence is assigned T.

Inconsistency: A set of sentences is inconsistent just in case there is
no possible scenario in which all they are all true. That is, there is
no row of the truth-table where each sentence is assigned T.

Consider, for example, the following set of sentences:

{P->-Q,QV-R,RAP}
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To determine whether this set is consistent or inconsistent, we simply construct
the truth-table and check to see if there is some row in which all of the sentences
are assigned true:

Plo|=]Qllolv|-|R|R[A]lP
T|F|F|T|T|T|F|T|T|[T]|T
T|F|F|T|T|T|T|F|F|F|T
T|T|T|F|F|F|F|T|T|T|T
T|T|T|F|F|T|T|F|F|F|T
F|T|F|T|T|T|F|T|T|F|F
FIT|F|T|T|T|T|F|F|F|F
FI|T|T|F|F|F|F|T|T|F|F
F|T|T|F|F|T|T|F|F|F|F

As you can see, there is no line of the truth-table where all of the sentences are
true. Accordingly, this set of sentences is inconsistent.

You might notice that there is a very close connection between validity
and inconsistency. First, it should be clear that, if you have a valid argument,
then the set of sentences consisting in all of the premises and the negation of
the conclusion must be inconsistent. After all, if the argument is valid, then
it’s not possible for all of the premises to be true and the conclusion to be
false, and, since the conclusion is false just in case its negation is true, it’s
not possible for all of the premises along with the negation of the conclusion
to be true. Perhaps less obviously, if some set of sentences is inconsistent,
then an argument consisting in all but one of those sentences as premises and
the negation of that one sentence is true. Consider the above example. For
instance, add a negation to the third sentence, changing it to =(R A P), and
consider the truth-table again. You’'ll see the the argument consisting in the
first two sentences and that sentence is valid. You can do the same thing with
respect to the first sentence and the second sentence. In general, we can state
the relation between validity and inconsistency as follows:

Validity and Inconsistency:

¢ An argument with premises X, X, ... X, and conclusion Y is
valid just in case X1, X», ... X;;, =Y is inconsistent.
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e An argument with premises X1, X»,... X, and conclusion =Y
is valid just in case X1, X3, ... X}, Y is inconsistent.

Historical Note:

This relation between validity and inconsistency was
influentially exploited by Christine Ladd-Franklin. In
her 1883 dissertation, “The Algebra of Logic,” Ladd-
Franklin shown how one could get a much more pow-
erful system than from Aristotle’s syllogistic logic by
considering, rather than syllogisms, what she called
“antilogisms.” The basic idea is that, for any valid
Aristotelian syllogism consisting in two premises and

a conclusion, there is a corresponding antilogism, a triad

of inconsistent sentences consisting in the two premises

along with the opposite of the conclusion. By providing a systematic way
of determining inconsistencies, Ladd-Franklin was able to systematically
show why the various Aristotelian syllogisms were valid.

4.5 Exercises

4.1 Use truth-tables to determine whether the following formulas are tautolo-
gies, contradictions, or neither (1 pt each):

a) (PVQ)V(=PA=-Q)
b) -(A—>B)— A
C) (R \Y (P — Q)) A (‘!R A —|(—|Q - —|P))

4.2 Use truth-tables to determine whether the following arguments are valid
or invalid (2 pts each):

a) Premise 1: —A V —B
Premise 2: =B — C
Conclusion: A —» C

b) Premise 1: A — —B
Premise 2: =(B A (A V —A))
Conclusion: A
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4.3 Use a truth-table to determine whether or not P — (Q A —Q) entails =PV R
(2 pts).

4.4 Use a truth-table to determine whether the following set of sentences is
consistent or inconsistent (2 pts):

{P—=Q,Q—5-5— P}

4.5 Transcribe the following argument in such a way that it is valid, capturing
as much logical structure as is possible in SL, and use a truth-table to show
that it is indeed valid (3 pts)

Premise 1: Either God exists in the understanding alone (i.e. in
the understanding but not in reality) or God exists in both the
understanding and in reality.

Premise 2: If God exists in the understanding alone, then it is
possible to conceive something greater than God.

Premise 3: It is not possible to conceive of something greater
than God.

Conclusion: God exists not in the understanding alone but,
rather, in both the understanding and in reality.

4.6 Four parts (each worth 1 pt):

a) Suppose I have a valid argument with premises X and Y and con-
clusion Z. Will (X A Y) — Z be a tautology? Briefly explain why or
why not.

b) Suppose I have in invalid argument with premises X and Y and
conclusion Z. Will (X A Y) — Z be a contradiction? Briefly explain
why or why not.

¢) Suppose I have a valid argument with premises X and Y and con-
clusion Z. Will the argument with premise X and conclusion Y — Z
be valid? Briefly explain why or why not.

d) Supposelhavea valid argument with premise X; and X; and conclu-
sion Z and a valid argument with premises Y7 and Y; and conclusion
—Z. Will the argument with premises X1, X5, and Y7 and conclusion
—Y5 be valid? Breifly explain why or why not.

4.7 You find yourself on the island of knights and knaves. There are two kinds
of inhabitants of this island: knights, who only utter truths, and knaves,
who only utter falsehoods. Every inhabitant is either a knight or a knave.
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You come across two inhabitants of the island, Alice and Bob, and you
want to determine who is a knight and who is a knave, given what they
say.

Before I set you off on your own, let’s work through an example together.
Suppose Alice says “Either I'm a knave or Bob is a knave.” Let A and B
be the sentence that “Alice is a knight” and “Bob is a knight.” Since every
inhabitant is either a knight or a knave, if an inhabitant is not a knight
then they’re a knave. So we can let —A and —B be “Alice is not a knight
(i.e. a knave)” and “Bob is not a knight (i.e. a knave).” We can then
display the truth-conditions for Alice’s sentence as follows:

A|B|-A|-B|-AV-B
T|[T|F | F F
T|F|F |T T
F|T| T |F T
FIF| T |T T

Having constructed this truth-table, we can look at the truth-value of
what Alice said, relative to each of the four truth-possibilities and see
which ones we can rule out, given that knights always tell the truth and
knaves always lie. We can rule out the first possibility, in which Alice
is a knight but what she is false. We can rule out the third and fourth
possibilities since Alice is a knave, but what she says is true. This leaves
only the second possibility. Since, in this possibility, Alice is a knight and
she says something true, this possibility is genuinely possible, and, since
it’s the only one that’s genuinely possible, we can conclude that Alice is a
knight and Bob is a knave.

Now that we’ve walked through this example together, I'll leave you
alone with the inhabitants. Given that they say the following things,
what can you conclude? Use truth-tables to show your reasoning. Note:
you may not always be able to determine who is a knight and who is a knave, but
you'll always be able to rule out at least some possibilities.

a) Bob says, “Both Alice and I are knaves.” (1pts)
b) Alice says “I am a knave, and Bob is a knight.” (1pts)

c) Alice says, “If I am a knave, then Bob is a knave,” and Bob says “I
am a knight, and Alice is a knave.” (2pts)

d) Alice says, “Bob is a knave,” and Bob says “Alice is a knight if and
only if I am a knave.” (2pts)
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e) Bonus: Alice says “I'm a knight” and Bob says “I am a knave.” What
can you conclude about each of them (or about the author of this
puzzle)? (+2pts)
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Natural Deduction for Sentential Logic

5.1 Introduction

We’ve seen how we can use truth-tables to evaluate arguments for validity or
invalidity, as well as to tell whether a sentence is a tautology or a contradic-
tion. We're now going to introduce another method for demonstrating that
an argument is valid, or that a sentence is a tautology or contradiction, and
that will be to provide a proof of the conclusion from the premises or a proof
of the sentence or it’s negation. Whereas the truth-table method was a sort
of mechanical process where we just mindlessly calculate the truth values, the
method of deductive proof will correspond more to how we actually reason

when making arguments.

5.2 Natural Deduction: The Basic Idea

The sort of proof system we're going to use is called natural deduction. It’s called
this because using it is supposed to capture how we actually reason when we
make an argument. Consider again the following argument:

Premise 1: If two things stand in a relation of cause and effect, then
the effect is either contained in the cause or extrinsic to the cause.
Premise 2: The effect isn’t contained in the cause.

Premise 3: The effect isn’t extrinsic to the cause.

Conclusion: No two things ever stand in a relation of cause and
effect.

Now, we saw how we can compute the truth-values of the premises and the
conclusion in all of the different possible scenarios and, in that way, determine
that the argument was valid. However, suppose we were actually making

71
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this argument, and, having established the premises, we wanted to establish
the conclusion. How might we reason from the premises to the conclusion?
Intuitively, we might reason as follows:

Suppose two things stand in a relation of cause and effect. Then, by
premise (1), the effect is either contained in the cause or the effect is
extrinsic to the cause. Now, by premise (2), the effect isn’t contained
in the cause. Thus, the effect must be extrinsic to the cause. But,
by premise (3), the effect isn’t extrinsic to the cause. Contradiction.
Since, given our supposition, we’ve arrived at a contradiction, our
supposition must have been false. Thus, two things never stand in
a relation of cause and effect.

Our natural deduction system will provide us with a set of rules by which we can
formally reason in this manner, making suppositions, extracting consequences
from our premises under those suppositions, deriving contradictions, and so
on.

Now, you might wonder why it’s actually necessary to use such a system,
given that our truth-tables already give us a fool-proof method of determining
validity. The short answer is that it’s not necessary, at least for sentential logic,
but there are to three reasons to use such a system anyway. First, given that
natural deduction systematizes how we actually reason, practice in using a
natural deduction system can help cement good intuitive reasoning practices.
Second, since the number of rows required for a truth-table with a certain
number of simple sentences increases exponentially as the number of simple
sentences goes up, it can be quite a headache to use a truth-table to establish
the validity of a complex arguments containing several simple sentences. Once
you get the hang of natural deduction, it will be your preferred method for
establishing the validity of such an argument. Finally, when we get to Predicate
Logic soon, we won't have a method to algorithmically determine whether an
argument is valid. So, we’ll have to use natural deduction to establish validity.
Thus, we might as well get our practice in with natural deduction for Sentential
Logic.
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5.3 Conjunction and Conditional Rules

The way natural deduction works is that, for each connective, we’ll have two
kinds of rules: an introduction rule, which enables us to write down a formula
with that main connective, and an elimination rule that enable us to write down
other formulas, given a formula with that main connective. A proof in our
natural deduction system will consists in a vertical sequence of formulas that
we’ve written down. At the top of the proof, we write down our premises
(if we have any). Then, everything we write down below the premises must
be something that we’ve deduced by our logical rules, from what we have
already written down above. At the bottom of the proof we hope to write
down our conclusion. This sort of system is best understood by jumping right
in, specifying the rules for the connectives with which we’re now familiar, and
giving some example proofs, so let us do that.

The conjunction rules are simple. For the introduction rule, if we have X at
any line of our proof j and we have Y at any line k, then we can conclude X A Y
by conjunction introduction, citing lines j and k. That is:

Conjunction Introduction Rule:
i X

I XAY  Arjk

For the elimination rules, if we have X A Y at any line in our proof, then we can

conclude X and we can also conclude Y. That is:

Conjunction Elimination Rules:

i XAY i XAY
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So, we have a conjunction introduction rule, which let’s us “introduce” a con-
junction in the case that we’ve proven both of the conjuncts, and we have a
conjunction elimination rule which lets us “eliminate” a conjunction that we’ve
proven, concluding either of the conjuncts from the conjunction. To see these
rules in action, here’s a very simple proof that the conclusion P A Q follows
from the premises P A R and Q:

1 PAR prem.
2 Q prem.
3 P Ag 1

4 PAQ A12,3

As you can see here, we number each line in our proof, and, whenever we use
a rule in our proof system to write down some formula, we have to write down
the rule that we use to the right of the formula that we’ve proven using that rule
along with the numbers of the lines of the proof above that enable us to use that
rule. So, here, when we use conjunction introduction at line 4 to derive P A Q,
we have to write A; (which is shorthand for “A-Introduction”) along with the
lines we that actually entitle us to use that rule, which, here, are lines 2 and 3.

Let’s now consider the rules for the conditional. Let’s consider the elimi-
nation rule first. What can we conclude from the conditional X — Y? Well,
consider what the formula X — Y says: it says that if we have X, then we can
conclude Y. So, if we have X — Y and we have X, then our elimination rule
enables us to conclude Y. Thus, we have:

Conditional Elimination Rule:

i X-=Y
kX
I Y —F jk

Our conditional elimination rule is also known as modus ponens.
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The introduction rule for the conditional is a bit different. Once again, the
formula X — Y says that if we have X, then we can conclude Y. How can
we conclude such a thing? Well, if we hypothetically assume X, and then can
conclude Y, given this assumption, then this entitles us to conclude X — Y.
This introduction rule for the conditional look like this:

Conditional Introduction Rule:
asm.

l X-=Y —71j-k

You'll notice the vertical line in the conditional introduction rule. In our proof
system, we show that we're operating under a hypothetical assumption by
using a vertical line. Making a hypothetical assumption brings with it a vertical
line, and insofar as we’re working under that assumption, all of the formulas
we write down are placed on the inside of that vertical line. In the conditional
introduction rule, we assume X, and, working under that assumption, conclude
Y. This entitles us to conclude X — Y, and, once we do conclude X — Y, we no
longer operating under the hypothetical assumption that X, and so we place this
conclusion outside of the vertical line indicating the scope of our assumption.
To see how these rules for the conditional work, let's combine them with
our conjunction rules to provide a very simple proof, say, of (°P A Q) — P. The

1 PAQ asm.
2 P Ap 1

3 (PAQ)—P -y 1-2

proof goes like this:

We start out by assuming P A Q, we then use our conjunction elimination rule
to get P. Since we’ve assumed P A Q and gotten P, under that assumption, we
can use our conditional introduction rule to conclude (P A Q) — P. Once we
conclude this, the line is no longer nested under that vertical line. So, unlike
our merely hypothetical conclusion of P in line 2, in line 3, we don’t conclude
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(P A Q) — P merely hypothetically (under the hypothetical assumption that
P A Q), but categorically. Note also that there are no premises in this proof. It is
not necessary to start a proof with premises. Instead, we can start a proof from
an assumption. The fact that we’ve proven (P A Q) — P without any premises

means that this formula is a tautology.

Historical Note:

This specific kind of proof system, where each con-
nective has introduction and elimination rules and the
notion of conditional proof plays a crucial role, was first
proposed in 1935 by the German logician and mathe-
matician Gerhard Gentzen. Earlier proof systems, based
on Frege’s original formulation of logic, technically suf-
ficed to prove any valid argument, but they were ex-

tremely difficult and unnatural to actually use. For in-
stance, a proof of a formula as simple as P — P would
take several difficult and unintuitive steps, whereas, in
our system, we simply assume P, conclude P, and use the conditional
introduction rule to conclude P — P. Quite natural! Hence the name,
“natural deduction.”

5.4 Structural Rules of the Proof System

In our proof system, we use a vertical line to show that we’re working under an
assumption. It's an important feature of our proof systems that assumptions
(and so the vertical lines that mark them) can be nested. That is, we can assume
something and the, operating under that assumption, assume another thing.
Every time we make a new assumption, we start a new subordinate proof or
subproof for short—a smaller proof within a proof. At any point in a proof,
we’re always entitled to make a new assumption starting a new subproof:

Assumption Rule: One can always make a new assumption, start-
ing a new subroof indicated with a new vertical line.



5.4. STRUCTURAL RULES OF THE PROOF SYSTEM 77

A key feature of our proof system is that we can reiterate lines of the proof from
outside subproofs into subproofs. To see this, consider the following proof of

Q- P-Q):

1 Q asm.

2 | p asm.

3 Q reit. 1
4 P—-Q -7 2-3
5 Q-P—-0Q —r12

We want to prove the conditional Q — (P — Q), so we start by assuming
the antecedent Q and we try to prove the consequent, P — Q, given that
assumption. Given that we're trying to prove a conditional in the context
of that assumption, we make another assumption within the context of that
assumption, assuming the antecedent P and trying to prove the consequent Q
within the context of that second assumption. To do this, we simply reiterate
Q from the first assumption into the second assumption. The reiteration rule
is needed here, since our conditional introduction rule requires us to conclude
the consequent of the conditional in the context of the subproof in which we’ve
assumed the antecedent. Reiterating Q, we’ve concluded what we want want
to conclude in the context of the second assumption, and so we to jump out of
the second assumption assumption and conclude P — Q, which then enables
us to jump out of our first assumption and conclude Q — (P — Q) categorically.

Though we can reiterate lines from outside a subproof into a subproof, we
can’t go in the other direction and reiterate lines from inside a subproof proofs
out of that subproof. For instance, the following is not a proof of Q — P, since

it involves an incorrect use of the reiteration rule:
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Q asm.

1

2 PAR asm.

3 h AE 2
4 (PAR)—P —7 2-3
5

6

p reit. 3? Incorrect use of reiteration rule!

Q—-P -7 15

The reason for this restriction on the reiteration rule should be quite clear. Writ-
ing something down in the context of a subproof means that we can conclude
that thing but only under the assumption heading the subproof. For instance,
in the “proof” above, P was concluded, but only under assumption of P A R,
and we never actually established P A R; we only assumed it. Accordingly, though
we can conclude P in the context of this assumption, it's not something that
we're entitled to conclude outside of the context of this assumption.

Reiteration Rule: One can always reiterate a formula into a subor-
dinate subproof (but one can’t reiterate a formula from a subproof
into the context outside of it).

Officially, all of our rules will require that the formulas occur in the same
subproof, and so using them will often require the use of the reiteration rule.
Eventually, once we start doing more complicated proofs, and we have the
basics down, we can get a bit more lax about this and combine the use of
Reiteration and one of our connective rules in a single step, but, for now, it
is good practice to use the Reiteration rule explicitly to get a hang of how the
system officially works and make sure we’re not making any mistakes.

5.5 Negation and Disjunction

Let us now consider the rules for negation. How do we conclude a sentence of
the form —X? Well, if we hypothetically assume X and derive a contradiction,
then we'll know X can’t be the case, and so =X must be the case. That is, we
have the following rule:
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Negation Introduction Rule:

j X asm.
k Y

l =Y
m =X = j-l

Thus, if we assume X and, in the context of that subproof, are able to derive both
Y and =Y for any formula Y, we can jump out of our hypothetical assumption
and conclude —X.

To see how this negation rule works, let’s do another very simple proof
of a tautology: —(P A —P). Remember, this is is known as the principle of
non-contradiction. Here’s the proof:

1 (P A =P) asm.
2 P Ag 1
3 -P AE 1
4 —(PA-P) -7 1-3

So, since we want to prove the negation of P A =P, we assume the negated
sentence P A =P and derive a contradiction under this assumption. In this
case, it’s quite easy. We get the contradiction directly by two applications of
the conjunction elimination rule. This enables us to discharge our assumption
and conclude —(P A —P). Here again, since we've proven —(P A —=P) without
any premises, this means that this formula is a tautology. Note also that the
negation of any contradiction will be a tautology. So, if we want to show
that some formula, such as P A =P, is a contradiction, it suffices to prove its
negation. This makes sense, given our negation introduction rule, since we can
prove the negation of X only if we can show that X is contradictory, enabling
us to conclude both Y and —Y for some formula Y.
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What about the negation elimination rule? What can we conclude from a
sentence. Here, our rule is a bit funky. Rather than having a rule for eliminating
just one negation, we have a rule for eliminating a double negation:

(Double) Negation Elimination Rule:
j _|_|X

kX N

Given how we're thinking about negation, as something that flips the truth-
value of the negated formula, this rule of course makes sense. If it’s not the
case that X is not the case, then, clearly, X is the case.

Finally, let’s consider the rules for disjunction. The introduction rules are
straightforward. If you have X, then you can conclude X V Y and, likewise, if
you have Y, you can conclude X V Y. That is:

Disjunction Introduction Rules:

i X i Y

kK XVY v kK XVY Vi

How do we eliminate a disjunction? Well, if we’ve proven X VY, at least one of
the two disjuncts must be true. So if we know that one of the disjuncts is false,
we can conclude that the other is true. This suggests the following rules:

Disjunction Elimination Rules:

i XVY i XVY

) Y VE,j k ) X VE,j k
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These disjunction elimination rules are known as disjunctive syllogism.

It's worth noting that, while these disjunction elimination rules are quite in-
tuitive, they are not the rules that Gentzen himself proposed when first putting
forward this sort of natural deduction system. As you can see, these are the
only rules we have for some connective that includes another connective in
them. So, our disjunction rules are not separable from our negation rules. Many
logicians concerned with proof systems think that it’s a desirable feature of the
proof system that the rules for the different connectives be separable from one
another. Thus, in more technical contexts, logicians often prefer a different kind
of elimination rule for disjunction known as proof by cases, which doesn’t use
negation. In one of the exercises, you'll derive this rule of proof by cases these
rules.

5.6 Putting Things Together

Let us consider the argument from Nagarjuna that we considered at the begin-
ning of this chapter, now formalized in sentential logic:

Premise 1: C — (I V E)
Premise 2: —I
Premise 3: —=E
Conclusion: —C.

In the last chapter, we used truth-tables to show that this argument is valid.
Now let us use natural deduction. Our first step is to write down the premises:

C—->(VE) prem.

- prem.
-E prem.

?7??
-C ?

In general, the way I recommend structuring a proof is start out by writing
down your premises, and then writing down the conclusion at the bottom.
Now, it’s possible that you won't actually have to use all of your premises, but
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there’s no harm in writing them down as lines starting your proof, even if you
don’t actually end up using all of them.

Now, we want to conclude ~C. What this means is that we’re going to want
use the negation introduction rule. Thus, we’re going to assume the negated
sentence C, try to derive a contradiction, and, if we do that, it will allow us to
conclude —C. Here’s the proof, following this strategy:

1 C—>((VE) prem.
2 -l prem.
3 -E prem.
4 C asm.

5 | IVE Sp1,4
6 - reit. 2
7 E VE 5,6
8 —-E reit. 3
9 =C -7 4-8

So, after writing down our premises, our first step is to assume C. Given
premise (1), this enables us to use the conditional elimination rule to conclude
I'v E inline (5). Now, we have —I as one of our premises, and this would enable
us to use the disjunction elimination rule. To actually use this rule, however,
we need to bring down this premise into the subproof with the reiteration rule,
as we do in line (6). We then apply the disjunction elimination rule on I V E and
—[ to conclude E, in line (7). We reiterate —=E from our premises in line (8), and
this gives us the contradiction needed to apply our negation introduction rule,
jumping out of our hypothetical assumption and concluding —=C.

5.7 Getting a bit Meta

We now have two systems for determining the validity of arguments of Sen-
tential Logic: truth-tables and natural deduction. In Chapter 4, we introduced
the double-turnstile symbol, k, to say that an argument is valid, in the sense that
it is not possible for all of the premises true and the conclusion to be false,
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where this notion has been made formally precise in terms of truth-tables. We
might now introduce another symbol, the single-turnstile +-, to say that, given
our deductive system, we can prove the conclusion from the premises. It is
natural to wonder how these two notions fit together. As I mentioned in the
tirst chapter, they fit together just as they should. Officially, our pair of systems
has the following two properties:

Soundness (in the sense of a system, not an argument): For our
SL semantics and deductive system, if X, X5 ... X, + Y, then X, X5
L. Xy EY.

Completeness: For our SL semantics and deductive system, if X,
Xo ... XpEY, then Xy, X5 ... X, Y.

Soundness tells us that our natural deduction system is not foo strong. That is,
we’re not going to be able to prove any conclusion from some set of premises
if the argument consisting in those premises and that conclusion is not valid.
Completeness tells us that our natural deduction system is not too weak. That
is, for any argument that’s valid, it's possible to prove it with our natural
deduction system.

The fact that this system of natural deduction is sound and complete with
respect to our semantics has some important consequences when it comes to
actually using this system. Suppose you're working on a natural deduction
proof, and you're stumped. One thing you might want to do is construct the
truth-table for the argument to make sure that it’s really valid. If it is valid, then
there is a proof—you just haven’t found it yet. So, keep trying! If it’s not valid,
then the reason you're stuck in trying to construct a proof is that there isn’t
one! So, rather than continuing to try to prove the conclusion, just construct the
truth-table to show that there’s a counterexample. On this matter, it’s worth
noting that, while natural deduction enables you to show that an argument
is valid by providing a proof of the conclusion from the premises, you can’t
use natural deduction to show that an argument is invalid. If an argument is
invalid, the only way to show that it is invalid is to provide a counter-example,
specifying a line of the truth-table where all of the premises are true and the

conclusion is false.
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5.8 Exercises

5.1 Use natural deduction to provide a proof of each conclusion from its
premises (2 pts each):
a) Premises: P, Q, P A Q — R; Conclusion: R
b) Premises: —(Q; Conclusion: =(P A Q)
¢) Premises:—P — (Q A R), =Q; Conclusion: P
d) Premises: (PV Q) > R, =(R A P), Q — P Conclusion: =Q
5.2 We didn’t provide introduction or elimination rules for <, the bicondi-

tional. Given what you know about this connective’s meaning, provide
introduction and elimination rules for it (1pt).

a) Bonus: Formulate these rules in a way that doesn’t involve any of
the other connectives (+1pt)

b) Extra Bonus: Can you provide introduction and elimination rules for
the Sheffer Stroke |, where, recall, X | Y is logically equivalent to
~(X AY)? Note: you'll need to use negation in the formulation of these
rules, but try to do it without using any other logical connectives! (+.5pts
if you do it any way; +1pt if you do it without using any connectives
other than negation).

5.3 Consider a proposed connective, which we’ll call “tonk” that has the
following introduction rules:

i X i Y

k  XtonkY tonky j kK XtonkY tonky j

and the following elimination rules:

j  XtonkY i XtonkY

kX tonkg j kY tonkg j

What would happen to our proof system if we introduced this new con-
nective, with these new rules into it? (2pts)
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Proof Strategies

6.1 Introduction

In the last chapter, we introduced the rules for our natural deduction system
for SL. Each connective has introduction rules, providing the conditions under
which we can conclude a sentence containing that connective, and elimination
rules, specifying the consequences that we can conclude from a sentence con-
taining that connective. This system is sound and complete with respect to the
notion of validity established with truth-tables, discussed in Chapter 4, mean-
ing that everything we can prove in this system is a valid argument and every
valid argument can be proven in this system. However, even if you know an
argument is valid, it’s not always easy to actually construct a proof of it. In this
chapter, we'll consider some trickier and more involved proofs and the various
strategies for doing them.

6.2 Proofs by Introduction Rule

There are a few different ways to conclude some sentence in the context of a
proof. If a sentence is logically complex, then the most obvious way to conclude
it is to use the introduction rule for that sentence. For instance, if we want to
prove a sentence of the form X A Y, a very reasonable strategy is to prove X,
prove Y, and then use our conjunction introduction rule to conclude X A Y. Or,
if we want to prove X — Y, a very reasonable strategy is to assume X and try
to prove Y, given that assumption, and then use our conditional introduction
rule to conclude X — Y.

To see this strategy in action, consider how we can prove (A — B) — (A —
(C — B)). The idea of proving this formula might seem a bit overwhelming

85
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at first, but it’s easy if you break it down by thinking about what introduction
rules we want to use. To start, let’s write this formula at the bottom of our
proof:

(A—B) = (A—(C—B)

Now, we look at the main connective of the formula, and see that it’s a condi-
tional. A very reasonable first strategy, then, is to try to conclude this formula
by way of the conditional introduction rule. What that means is that we’re
going to assume the antecedent and try to derrive the consequent, given that
assumption. If we can do that, we know we can jump out of the subproof and
conclude the formula we're trying to prove by way of —1. So, let’s set up our
proof with the missing derrivation in the middle:

A—>B asm.

A — (C—B)
(A—> B)—> (A—- (C—-B)) -7 1-?

Now, once again, the thing we’re trying to prove—this time in the context of our
subproof—-is a conditional, so it’s reasonable again to try to use the conditional
introduction rule. Thus, let’s assume the antecedent, A, in the context of this
subproof, and write down C — B as the consequent we’re trying to prove:

A—>B asm.
A asm.
C—>B ?

A — (C— B) -y 2-?

(A—->B)—>(A—-(C—-B) -7 1-?

And, once agin, we do the same thing:
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C—B
A— (C—B)
(A—B)—>(A—(C—B))
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asm.
asm.

asm.

And now, we should be able to get B, given all of our assumptions, and it’s easy

to see that we can. We simply reiterate A — B and A into the subproof, and

then use conditional elimination to get B. Thus, we get the following completed

proof:

C—B
A— (C—- B)
(A—>B)—> (A—- (C—-B))

6.3 Proofs by Reductio

asm.
asm.
asm.
reit. 1
reit. 2
—e 4,5
-1 3-6
-1 2-7
1-8

The strategy I've just outlined is a very reasonable strategy, and it was the

basic strategy we used to prove logically complex complex formulas in the

simple examples we considered in the previous chapter. However, sometimes

a different strategy is needed. Consider, for instance, the proof of Q from PA—P.
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As always, let us start by writing down our premise and the conclusion at the

bottom:

P A =P prem.

72
Q

Now, it should be clear that we’re not going to be able to conclude Q by way
of an introduction rule. Since Q is a simple sentence rather than a logically
complex sentence, there is no introduction rule through which we can conclude
it. It should also be clear that we can’t use the elimination rules on P A =P to
conclude Q, since Q is not a subformula of P A —=P. How, then, are we supposed
to get Q? Here’s an idea: let’s assume —(Q, and try to derive a contradiction. If
we can do that, then we can use our negation introduction rule and conclude
—=Q. Then, finally, we can use our negation elimination rule and conclude Q.

Here’s the proof, using this strategy:

1 PA-P prem.
2 -Q asm.
3 | PA-P  reit. 1
4 P AE 3
5 -P AE 3
6 -0 -7 2-5
7 Q —g 6

This basic strategy—proof by reductio—is a very handy technique, and you’'ll
have to use it a lot in using this natural deduction system. “Reductio” is short
for reductio ad absurdum, which means “reduction to absurdity.” So, one way
to prove a formula X is to assume it’s negation =X, derive a contradiction
(“reduce” our assumption to an “absurdity”), and then conclude —=—X, and so
X.

Before we go on to consider some more cases of natural deduction proofs
involving proof by reductio, let us pause to introduce a shortcut that will make
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our proofs a bit shorter. Officially, in order to use any of our rules in the context
of some supbroof, we always need to reiterate the previous lines of a proof that
enable us to use those rules into that subproof. So, for instance, in the proof
above, we had to reiterate our premise, P A —P, into our subproof headed with
the assumption of Q in order to use the conjunction elimination rules to derive
a contradiction in the context of that suproof. Now that we’re going to start
doing some more longer proofs, it can save some time and paper to relax the
rule forms to allow applications of introduction and elimination rules where
the premises come from outside of a subproof. With the rules relaxed in this

way, the following now counts as a proof of Q from P A =P:

1 PA-P prem.
2 -Q asm.
3 P Ae 1
4 -P Ag 1
5 -0 - 2-4
6 Q - 5

So, relaxing the rules in this way, we’re able to use the elimination rule on PA =P
to conclude P and —P directly in our subproof without first reiterating P A =P
into our subproof. Of course, we could reiterate this formula into that subproof,
but relaxing the rules enables us to skip this step if we want:

Relaxed Rule Forms: One can use formulas from outside a subproof
as premises in the application of an introduction or elimination
rule to establish a conclusion in the context of a subproof, without
explicitly reiterating those formulas into that subproof first.

Notably, the rules that work by conditional proof—the conditional introduc-
tion rule and the negation introduction rule—don’t have premises and so are
unchanged by this relaxed approach. So, for instance, to use the negation intro-
duction rule, we still need to explicitly reiterate contradictory formulas into the
subproof in order to conclude the negation of what we assumed. Now, as with
all the shortcuts introduced in this course, you don’t need to use these relaxed
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rule forms; if it’s clearer for you, you can keep using the strict rule forms and
always reiterating premises into the subproofs you're working in if you like.
But, if you want to save some steps in your proofs as they get longer and more
involved, this little shortcut is now permitted.

O.K. With that out of the way, let’s return to our main thread and consider
another slightly more complicated example that uses the strategy of proof by
reductio.. Consider the proof of R from the premises P V -Q, P — R, and
-R - Q:

Pv-Q prem.
P—-R prem.
-R—Q prem

1

2

3

4 -R asm.

5 7Q —r 2
6 -Q asm.

7 Q reit. 5
8 -Q reit. 6
9 -=Q -7 6-8
10 P VE 1,9
11 R —g 2,10
12 -R reit. 3
13 —--R -7 4-12
14 R -g 13

Once again, since what we're trying to prove is a simple sentence, R, a reason-
able strategy is to start by assuming the negation of R and then trying to derive a
contradiction. Once we've assumed —R, it’s generally a good idea to just derive
whatever formulas we can, given what we have. Thus, given that we have —R,
we should see right away that we can use the conditional elimination rule with
premise 3 to derive Q, as we do on line 5. Once we derive Q, we should notice
that, given premise 1 and our disjunction elimination rules, that if we had =-Q,
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we could conclude P. Now, we don’t have a rule that will let us go directly from
Q to =—Q. However, all we need to do in order to conclude =—Q is assume —Q
and derive a contradiction, given our assumption. Of course, this is easy to do
if we have Q along with our assumption —Q. This enables us to conclude P via
VE, and, then, R via —f. Given that =R was what we originally assumed, this
gives us our contradiction, enabling us to jump out of our hypothetical proof
and conclude —=—R and finally R.

Let’s consider just one more example. In the previous chapter, we did a
prove of the Law of Non-Contradiction, —(P A =P). Let’s now consider it’s
cousin, the Law of Excluded Middle, P v =P . Given that this formula is a
disjunction, you might think, at first glance, that the strategy for proving it
would be to prove either P or =P and then use the disjunction introduction
rule. Clearly, however, this strategy isn’t going to work. Since P is a simple
sentence, we're not going to be able to prove either P or its negation from
nothing. So, instead of proving P V =P by disjunction introduction, we need to
prove it by reductio. The proof goes as follows:

1 =(PV =P) asm.
2 i p asm.
3 Pv =P vy 2
4 =(PV —=P) reit. 1
5 =P - 2-4
6 PV =P Vi 5
7 —(P Vv =P) reit. 1
8 —=(PVv-=P) -r 1-7
9 PvV-P - 8

So, we start by assuming —(P V —P), the negation of what we’re trying to prove.
We can’t do anything with that immediately, and so we have to make another
assumption. So, we assume P, and, using our disjunction introduction rule,
conclude P v =P. This contradicts our original assumption, and so we can

jump out of our assumption of P and can conclude —P, still in the context of our
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original assumption of =(P A =P). Once we have —P, we can use our disjunction
introduction rule again (this time taking the formula we have to be the right
disjunct), and get a contradiction in the same way. This enables us to jump out
of our original assumption and conclude —=—(P A —P). Finally, we use negation
elimination to conclude P v —P.

6.4 Some Tricks of the Trade

When you do enough proofs in this natural deduction system, you'll notice
that patterns for deriving formulas will keep popping up, and you’'ll learn
these patterns as tricks to use in your proofs. Consider, for instance, the trick
we used above in the second of the above proofs for getting -—Q from Q. In

general, this is an instance of the following inference:
Double Negation Introduction (DNI):

XF——X

It’s clear that, whenever we have a formula X, we should be able to conclude
—=X, since these two formulas are logical equivalent. However, we don’t have
arule for going directly from X to ==X as we do for going in the other direction.
Instead, to prove =—X from X, we need to apply the following basic trick:

1 X

2 =X asm.
3 X reit. 1
4 =X reit. 2
5 ==X -1 2-4

So, in order to get ==X from X, we assume —X, use reiteration to show we have
a contradiction, and then use our negation introduction rule to jump out of our
hypothetical assumption and conclude -—X. We also saw above how this trick
was needed in order to make the first of the following two inferences:

Disjunctive Syllogism (other version) (DS’):
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XVAaY,YEX
“XVY,X+Y

Once again, we clearly should be able to infer these ways. Considering just the
first, if we have X V =Y and we have Y, then this means that we can rule out
the right disjunct, =Y, and so we should be able to conclude the left disjunct, X.
However, we don’t have an official rule that lets us conclude this directly. We
have to use the following pattern:

1 XvaY

2 Y

3 =Y asm.

4 Y reit. 2

5 -Y reit. 3

6 Y -7 3-5
7 X VE 1,6

As you can see, this trick contains the above trick for double negation introduc-
tion as a part.
Another sort of inference that is quite useful is the following one:

Ex Falso Quodlibet (EFQ):

X, -XrY

The phrase “Ex Falso Quodlibet” is Latin for “from falsehood anything (fol-
lows).” That is, if we have a contradiction, we can conclude anything. This
inference is also sometimes referred to as “Explosion,” since, if we have a con-
tradiction, the system “explodes,” proving everything. The above proof of Q
from P A =P was a version of this sort of inference. Here are two different
proofs showing the trick for concluding any formula Y from two contradictory
formulas, X and —X:
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1 X 1 X

2 =X 2 =X

3 =Y asm. 3 XVY Vv (1)
4 X reit. 1 4 Y VE 2,3
5 X reit. 2

6 Y -7 3-5

7Y -g 6

The first trick is the basic one that we used in the proof of Q from P A =P in the
previous section. You can now see that, using the second trick, we could have
made this proof one step shorter as follows:

1 PA=P prem.
2 P Ag 1
3 PvQ Vi 2
4 =P Ag 1
5 Q VE 3,4

Now, you might think that the fact that our proof system lets us reason in this
way is a bit funky. Intuitively, it might not seem like a very good bit of reasoning
to go from X and -X to Y. However, our proof system has to enable us to make
this sort of inference, since we know that any argument with premises of the
form X and —X and conclusion Y must be valid. After all, it’s not possible for
the premises to be true and the conclusion to be false. Since we want our logical
system to be complete with respect to our semantics, enabling us to prove the
conclusion of any valid argument from the premises, we need to be able to
make this inference. And our system gives us these two ways of doing it. At
the end of this course, we’ll consider a non-classical logic in which this pattern
of inference is actually invalid. What that means is that we’ll have to have
different negation rules and disjunction rules. For now, however, we'll remain
within the realm of classical logic where Ex Falso Quidlibet is a valid inference
pattern.
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Let’s turn our attention to some basic inferences involving the conditional.
Here’s another inference that it’s clear that we should be able to make, but
which we can’t make directly in our system:

Modus Tollens:

X->Y-Yr-=X

Whereas our conditional elimination rule is modus ponens, this inference is
known as modus tollens. Once again, in order to officially infer in this way, we
have to use proof by reductio:

1 X-Y

2 =Y

3 X asm.

4 Y -r 1,3
5 -Y reit 2

6 X -7 3-5

Another important pair of inferences involving the conditional that we should
know how to be able to make are the following:

Conditional Weakening:

XrFX—>Y
YrX—>Y

Once again, we know that these are good inferences, since, if X is false or Y is
true, the conditional X — Y is true. The proofs go as follows:

1 =X 1Y

2 X 2 X

3 XVY asm. 3 h reit.
4 Y VE 1,3 4 XY I
5 X->Y -7
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Finally, we can consider a pair of important inferences that concern negated

conditionals:
Negated Conditional Inferences:

~X > Y)FX
-(X->Y)rY

Once again, we know that if X — Y is false, then X is true and Y is false, and
so we should be able to make these inferences, but, once again, our rules don’t
enable us to make them directly. Here are the two proofs:

1 —(X-=Y) 1 —(X-=Y)

2 -X asm 2 Y asm.

3 || x asm 30| | x asm.

4 XVvY Vi 3 4 h reit. 2
5 Y VE 2,4 5 X-=Y —1 3-4
6 X-=Y -1 3-5 6 (X —>Y) reit. 1
7 (X —=Y) reit. 1 7 Y -7 2-6
8§ =X -7 2-7

9 X - 8

Note that each of these tricks contains the one of the two Conditional Weakening
tricks shown directly above it.

Just as it is useful to know how to infer things from negated conditionals,
it is very useful to know how to infer things from negated conjunctions and
disjunctions. Consider first the following inferences we know we should be
able to make if we have a negated conjunction along with one of the conjuncts:

Negated Conjunction Inferences:

—|(X/\ Y),X F =Y
=(XAY),Yr-=X
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If X A Y is false and X is true, then Y must be false. So, we should be able to
infer =Y from =(X A Y) nad X. Similarly, we should be able to infer =X from
—(X AY) and Y. The tricks for making these inferences are as follows:

1 —=(XAY) 1 =(XAY)

2 X 2 Y

3 Y asm. 3 X asm.
4 XANY A1 2-3 4 XANY Ar 2-3
5 (X AY) reit. 1 5 (X AY) reit. 1
6 Y -7 3-5 6 X -7 3-5

Similarly, we should be able to make the following inferences from negated

disjunctions:
Negated Disjunction Inferences:

~(XVY)F-X
-(XVY)rY

The tricks for making these inferences are as follows:

1 =(XVY) 1 =(XVY)

2 X 2 Y

3 XvYy Y 3 XVY vy 2
4 (X VY) reit. 1 4 (X VY) reit. 1
5 =X -y 2-4 5 Y -7 2-4

Finally, it’s worth noting one more important set of inferences relating negation,
conjunction, and disjunction. These are de Morgan’s laws, which we discussed
earlier in Chapter 3:

De Morgan’s Laws:

=(XVY)dr =X A=Y
—|(X/\Y) 4 =XV Y
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Though the need to infer in these patterns is not going to be quite as common
as the above patterns, it’ll still be helpful to know how to draw these inferences
in our natural deduction system. I'll just show the proof for the first of these
four. The rest are left as exercises for you to do yourself:

1 =(XVY)

2 X asm.

3 | xvy Vi 3

4 (X VY) reit 1

5 =X -y 2-4

6 Y asm.

7 | XvY Vi 6

8 —(XVY) reit 1

9 Y - 6-8
10 —=XA-Y A1 5,9

As you can see, this proof uses the negated disjunction trick twice, first to get
—X from =(X V Y), and then to get =Y from (X V Y).

Getting comfortable with these sorts of tricks is crucial to getting the hang
of how to use this natural deduction system, as an involved natural deduction
proof will often involve piecing together several of these various tricks. I've
gone through some of the most important ones, but, on your own, consider
some more simple inferences that you know you should be able to make, given
the semantics for SL, and find the tricks for making them. In a few chapters,
we’ll extend this natural deduction system so that we can do proofs in PL, the
more powerful system that we’ll begin to introduce in the next chapter. When
we do start doing proofs in PL, having already mastered the tricks shown in
this chapter, we can appeal to them as shortcuts in our PL proofs, not having
to replicate the trick for making a certain simple inference every time we want
to do so. However, it will still be important that we could do them if we had
to. That is, when we start doing PL proofs and using these tricks as shortcuts,
it will be important that we’re just being lazy in taking shortcuts rather than
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doing the official proof in this system rather than being incapable of doing the
offical proof in this system. Accordingly, for now, it’s important to get the hang
of how this natural deduction system for SL officially works, using only the
official introduction and elimination rules for the connectives.

Historical Note:
The particular way of constructing natural deduc-
tion proofs, with the vertical lines indicating assump-
tions, is owed to Fredric Fitch’s 1952 textbook Symbolic
Logic, and is accordingly known as “Fitch-style nota- by
tion.” Gentzen’s way of doing natural deduction actu- f\_

P
&S

ally involved constructing trees, using numbered hori-
zontal lines over formulas to indicate assumptions. In
Gentzen’s notation, the proof at the end of the last chap-
ter looks like this:

= 1l
Co>(IVE) C
—E
IVE I
E ~E
~C

You might see this notation if you do more logic in the future. The
strategies for constructing proofs are basically the same, with some minor

differences.

6.5 Exercises

6.1 We proved one instance of De Morgan’s laws. Prove the other three. That
is, prove ~(X V Z) from =X A =Z, prove =X V =Z from =(X A Y), and prove
(X AY) from =X Vv =Y. (2 pts each)

6.2 Prove the following three formulas (2pts each):
a) A->B) > (B—>0C—->A-0)

b) (A—- B)— ((C— (B— D)) - (C - (A — D))
¢c) (A->B)—A) - A
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6.3

CHAPTER 6. PROOF STRATEGIES

Is there anything surprising about the last the the three proofs? (1pt)

We introduced a set of elimination rules for disjunction known as disjunc-
tive syllogism. An alternate disjunction elimination rule is known as proof
by cases. This is the following rule:

i XVY
k X asm.
Proof by Cases: | 7
m Y asm.
n Z
o Z proof by cases, j, k-, m-n

The main reason that some logicians (such as Gentzen, who originally
developed natural deduction) prefer this elimination rule over ours is
that, unlike our rules, no connectives other than disjunction appear in it
(ours uses negation).

Show that adding this elimination rule to our system won’t enable us
to prove anything we’re not already able to prove. To do this, suppose
you're able to prove Z from X and you're able to prove Z from Y, and
show that, in this case, our elimination rules enable you to prove Z from
X VY. (2pts)

Bonus: Show that, if we only had this elimination rule in our system,
adding our elimination rules would not enable us to prove anything
we’re not already able to prove. (+1pt)



Part 11

Predicate Logic
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The Language of Predicate Logic

7.1 Introduction

We’ve now gone through Sentential Logic. It’s now time to consider a more
powerful logical system. In SL, all of the simple sentences were treated as logical
atoms and we considered just logical relations between sentences. Clearly,
however, there are good arguments whose validity we cannot represent in SL.
Consider, for instance, the following argument:

Premise 1: All humans are mortal.
Premise 2: Socrates is a human.

Conclusion: Socrates is mortal.

If you try to symbolize this argument in Sentential Logic, you'll see that you
can’t do it in such a way that it comes out valid. Indeed, it’s not at all clear how
one would symbolize the first premise at all. We don’t have any way of logically
symbolizing a sentence of the form “All Fs are G.” This is what Predicate Logic
will give us, and, with it, some powerful new conceptual tools.

7.2 The Vocabulary of PL

In SL, we would represent the second premise and the conclusion of the above
argument as simple sentence letters, say “H” for “Socrates is a human” and “M”
for “Socrates is mortal.” In PL, we no longer represent these sentences as logical
atoms. Consider just the sentence “Socrates is human.” Grammatically, this
sentence contains a name—"Socrates”—and a predicate—"is human.” In this
sentence, the name “Socrates” functions to pick out some individual—namely,
Socrates—and the predicate “is human” functions to say something about the

103
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individual that we’ve picked out—namely, that he’s human. In predicate logic,
we symbolize this logical structure of sentences. We have predicate letters, like
H, M, and so on, which symbolize predicates, and individual constants like s,
a, and so on, which symbolize names. As a matter of convention, we always
put the predicate letter first and then the individual constants after. Thus, the
formula Hs might be used to symbolize the sentence “Socrates is a human,”
whereas the formula Ma might be used to symbolize the sentence “Aristotle is
mortal.”

Predicate letters can be thought of as having a number of slots in them, to
be filled with some number of names in order to yield a sentence that same
something about some number of things. For instance, the predicate letter H,
might be more perspicuously represented as as H(.), indicating that there is
one empty slot to be filled with a name such as “Socrates” or “Aristotle” in
order to yield a complete sentence that says something about someone such
as Socrates or Aristotle. Because it has just one slot, we say that “human”
is a one-place predicate, a predicate we use to say of a single thing that it is
some way. In addition to 1-place predicates, there are also 2-place predicates,
3-place predicates, and, more generally, n-place predicates, for any number
n, which say of n number of things that they stand in some relation. For
instance, consider the two-place predicate “older than,” which we might use in
the sentence “Socrates is older than Aristotle.” Here, we use this predicate to
say of two things—Socrates and Aristotle—that they stand in some relation—
the relation of the first being older than the second. We might symbolize this
sentence with the formula Osa, and we might write the predicate letter O, when
by itself, as O(_)(-), indicating that there are two slots that must be filled with
names in order to have a sentence that says of something that it is older than
something else.

Now consider the sentence “Everything is mortal.” This sentence contains
the predicate “mortal,” but it's not being used to say something about any par-
ticular individual that we’ve picked out (indeed, we haven’t used any names
in this sentence to pick out any particular individuals at all). Rather, it’s being
used to say something about every individual. To understand how such state-
ments are symbolized in predicate logic, let’s briefly consider some elementary
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school math. Consider an equation like 2x = x + x. Here, we use the variable x
to show that this equation holds of all numbers. No matter what x is—whether
it’s 2, 27, 85, or what have you—2x = x + x. If we want to make it explicit
that this is what we're saying with the use of this equation, we might say “For
all x, 2x = x + x.” This is how we think of statements in PL that talk about
everything or all things. Thus, “Everything is mortal” is understood as saying
“For all x, x is mortal.” This sentence says that, no matter what x is—whether
it’s Socrates, Aristotle, Zeus, the number 2, or whatever—ux is mortal. Clearly,
this sentence is false, since neither Zeus nor the number 2 is mortal. Finally, let
us consider again the sentence the sentence “All humans are mortal.” We might
think of this sentence saying that, for all x, if x is human, then x is mortal. So,
this sentence has the form of a conditional, but it’s a conditional that is within
the scope of a “for all x” operator. In symbols, this comes out as the following
formula of PL: Vx(Hx — Mx). The VY symbol here is a new logical operator to
PL known as a quantifier.

The crucial addition of logical vocabulary that comes with PL are the fol-
lowing two quantifiers:

The Universal Quantifier: The symbol “V” expresses universal quan-
tification, the logical operation expressed in English by the phrases,
“For all,” “For any,” or “For every.” Thus, where Gx stands for “x is
Green,” Vx(Fx) would stand for the sentence “For all x, x is green”
or, more simply, “Everything is green.”

The Existential Quantifier: The symbol “3” expresses existential
quantification, the logical operation generally expressed in English
by “Some” or “There exists.” Thus, where Gx stands for “x is Green,”
dx(Fx) would stand for the sentence “There exists an x such that x is
green” or, more simply “Something is green.”

We keep all of our logical connectives from SL, and they’ll all have the same
meaning as before. Let us now officially define the language of PL.

Historical Note:
Much of the notation and core ideas of Predicate
Logic is owed to the American philosopher and logician
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Charles Sanders Peirce, whose work in the late 1900s,
along with that of Frege (mentioned earlier), moved be-
yond the previous logic developed by Boole and others.
Peirce was also one of the core figures, along with John
Dewey and William James, of the philosophical move-

ment of American Pragmatism.

7.3 The Grammar of PL

In order to define the language of PL, let us say that a term is a variable or a
individual constant. We can now recursively define the set of formulas of PL

as follows:

1. Any n-place predicate followed by n terms is a formula.
If X is a formula and u is a variable, then YuX and JuX is a formula.

If X is a formula, then (=X) is a formula.

L

If X and Y are formulas and o is a binary connective, then (X o Y) is a
formula.

5. Only strings that can be produced by way of some combination of rules
(1), (2), (3), and (4) are formulas.

Thus, the following strings of symbols are formulas:

Pb Rax Vx(Pb vV Rax)
Ay(Py) A Pa Vx(Px — dy(Axy)) Jy(Vz(Ix(Px)))

As with SL, we can use a tree to determine whether or not a string of symbols
is a PL formula. To do this, we start with some complex string of symbols, and
see if we can deconstruct it, using rules (2)-(4), ultimately arriving at simple
formulas, instances of rules (1). For instance, here is a deconstruction tree for
Vx(Px — (dy(Ry))) V Qab:
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VYx(Px — (Ay(Ry))) vV Qab

O\

Yx(Px — (Jy(Ry)))

Vx
Px — (Ay(Ry))

Px dy(Ry)

Reading this tree bottom to top, now, we get a construction of the formula,
starting with instances of Rule (1), and constructing it using only rules (2), (3),
and (4).

Now, there are two importantly different kinds of formulas that our gram-
mar defines here, only one of which will be actually be truth-valuable. Consider,
for instance, the formula Mx, which we might interpret as expressing “x is mor-
tal.” This formula is an instance of rule (1), and so it is indeed a formula.
However, note that that this doesn’t actually say anything that can be true or
false, since x is a variable, not a name, and so this doesn’t say that any particular
person is mortal. So, though we’ll say that it’s a PL formula, we'll say that it’s
not a PL sentence, since it doesn’t actually say something that can be true or
false. In order for this formula with a variable to actually say something that
is true or false, we need to either replace this variable with a name, like s, or
bind this variable, such that it is within the scope of a quantifier that over that
variable. For instance, dx(Mx) says that there exists an x such that x is mortal,
or, more simply, something is mortal. Now this is a proper sentence, and, of
course, it’s a true one, since there is some mortal thing, for instance, Socrates.

In a formula such as Vx(...) or dy(...), we say that anything that occurs
within the parentheses is within the scope of the universal or existential quan-
tifier over the variable x or y. Any x’s or y’s that occur within those parentheses
are bound by those quantifiers. Officially:
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Bound Variables: A variable is bound just in case it is within the
scope of a quantifier over that variable (that is, within the formula
to which that quantifier expression is prefixed).

Free Variables: An variable is free just in case it is not bound.

So, for instance, consider the following three formulas:

1. Vx(Px — Qa) A Rx
2. Vx(Jy(Fx A Gy))
3. Vx(Mz)

In (1), the x that occurs in the formula Px is bound, since it occurs within the
scope of the quantifier Yx. However, the x that occurs in the formula Rx does
not occur within the scope of that quantifier, and, as such, is free. In (2), both
variables are bound. In (3), the z occurs within the scope a quantifier over the
variable x, and, as such, it’s not bound by this quantifier. In order for it'd to be
bound, the formula would have to be Yz(Mz).

Having defined bound and free variables, we can now distinguish between
our two kinds of formulas:

Open Formulas (not sentences): A formula is open just in case it
contains some free variables.

Closed Formulas (sentences): A formula is closed just in case all of
the variables it contains are bound.

The important difference between these two kinds of formulas is that only
the second of the two kinds, the closed formulas, are truth-evaluable. When
you do transcriptions, the only sentences you’ll be transcribing are ones that
can be true or false, and so the PL formulas that you use to symbolize these
sentences should all be closed formulas. So, be sure to check for any unbound
variables in your transcriptions. If you find any, you've likely made a mistake
in transcribing.

Just as we introduced some conventions about omitting parentheses in
SL, we'll introduce the following convention for PL: when you have mul-
tiple quantifiers of the same type directly following one another, you can
omit parentheses around all but the innermost one. Thus, rather than writing
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Vx(Vy(Vz((Rxy A Ryz) — Rxz))), we can just write YxVyVz((Rxy A Ryz) — Rxz).
You can read this sentence a bit more naturally as saying “For all x, y, and z, if
x stands in R to y and y stands in R to z, then x stands in R to z.” Similarly for
the existential quantifier, rather than writing Ix(Jy(Jz((Rxy A Ryz) A —Rxz))),
we can write Ixdy3dz((Rxy A Ryz) A =Rxz), and you can read this sentence as
saying “There exists an x, y, and z such that x stands in R to y, and y stands in
R to z, but x doesn’t stand in R to z.”

7.4 PL Transcriptions

Transcribing English sentences into PL is a bit more involved than transcribing
them into SL, since PL can capture more logical structure than SL. Consider the
simple example with which we started this chapter:

P1: All humans are mortal.
P2: Socrates is a human.

C: Socrates is mortal.

This argument is clearly valid. However, once again, we had no way of repre-
senting its validity in SL. We can now transcribe it in such a way that we’ll be
able to show that it’s valid. We'll officially be able to show that it’s valid in the
next chapter. Let’s now just focus on translating it into PL.

As with SL, we start by isolating our simple expressions and specifying
PL expressions to represent them in a translation key. However, the simple
expressions that appear in our translation key are not sentences, but names and
predicates. When we provide a translation key for predicates, it can be helpful
to indicate how many places those predicates have, and blanks or variables can
be used for this job. Thus, our translation key might be the following:

Translation Key:

7

Hx = “x is human.’
Mx = “x is mortal.”

s = “Socrates.”
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And we’ve already said how we should represent the sentences in this argument
as PL Formulas:

P1: Vx(Hx — Mx)
P2: Hs
C: Ms

The first premise says for all x, if x is human, then x is mortal, the second
premise says Socrates is human, and the conclusion says Socrates is mortal.
Let’s consider another simple syllogistic argument:

1. All mammals are warm-blooded.
2. Some mammals are kangaroos.

3. So, some kangaroos are warm-blooded.

We've already mentioned how we’d transcribe a sentence of the first sort:
Vx(Mx — Wx). This says, for all x, if x is a mammal, then x is warm-blooded.
What about the second premise? Importantly, even though the English gram-
mar of this sentence is similar to tjat of the first premise, the logical form, as we
represent it in PL, is actually quite different. We translated the first premise as
a universally quantified conditional. Suppose we tried to translate the second
premise in the same way, as the following existentially quantified conditional:
dx(Mx — Kx). It takes just a moment’s thought to realize that this can’t be right,
since, given what we know about the conditional, we know that this is equiva-
lent to dx(—Mx V Kx). Accordingly, if we translated the second premise in this
way, it would be true if there’s something that’s not a mammal or something
that’s a kangaroo. Given that the existence of some reptile doesn’t make it true
that some mammals are kangaroos, this can’t be the right way to translate the
second premise. Rather than an existentially quantified conditional, we should
instead translate it as an existentially quantified conjunction: Ax(Mx A Kx). That
is, there is some thing such that it is both a mammal and a kangaroo. Even

7

though the sentence says “Some mammals are kangaroos,” we’ll treat it as
being true even if there’s just one thing that’s both a mammal and a kanga-

roo. We might regard the implication that there’s more than one such thing
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(which is clearly part of what's suggested by the use of the English sentence)
as something that’s pragmatically implied, rather than semantically entailed.

O.K. let’s consider another example of transcription that’s a bit tricky. Con-
sider the following argument, which seems intuitively valid in English:

1. Something is red.
2. If something is red, then it’s colored.

3. So, something is colored.

The first sentence is clearly an existentially quantified sentence. We’d transcribe
itas: dx(Rx). Thatis, there exists an x such that xisred, or, more informally, there
is something that is red. What about the second sentence? This sentence has
the English sentence “Something is red” as the antecedent of a conditional, and
we’ve just transcribed that sentence by itself as x(Rx). Accordingly, you might
be tempted to translate (2) as 3x(Rx) — Cx. However, thisisn’t right. Note first,
that this translation isn’t actually a truth-evaluable formula, since here that the
existential quantifier is only binding the x that occurs in the formula Rx. You
might try to rectify this by transcribing (2) as dx(Rx — Cx), but note, as we
did above, that this is equivalent to Jx(—Rx V Cx)), and our rendering of the
second premise would come out true if there was something that was not red.
Here, even though the English word “something” is used, and this is generally
associated with the existential quantifier, when used in a sentence like (2), it’s
actually expressing universal quantification. Thus, we should translate (2) as
Vx(Rx — Cx). Translating (3), then as Jx(Cx), we'll see that this argument will
come out valid.

Where the real power of the language of PL comes in is with sentences with
multiple quantifiers and variables. Consider the following sentence:

Every music critic admires some musician.

With the language of PL, we can represent this sentence as follows, letting Cx
be “x is a critic,” Mx be “x is a musician,” and Axy be “x admires y”:

Vx(Cx — Jy(My A Axy))
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This says, for all x, if x is a critic, then there exists a y such that y is a musician and
x admires y. This makes very clear the logical structure of the sentence we're
using this formula to formalize. The ability to explicitly represent quantifiers
in this way is actually very useful in the context of philosophy, enabling us
to disambiguate different interpretations of sentences. For instance, consider

7

the sentence “There’s a cause of everything.” How would we translate this
sentence into PL? Well, it depends on how we interpret it. On the one hand,
it could mean that everything is such that something causes it. That is, for all
things x, there exists something y such that y causes x. Alternately, it could
mean that there that there is some one thing that is the cause of everything.
That is, there exists something y such that, for all things x, y causes x. It's
actually quite hard to use natural English to say the difference between these
two different interpretations. However, in PL, we can make this distinction

perfectly clear. The two interpretations are the following;:

1. Vx(dy(yCx))
2. dy(Vx(yCx))

In the first the universal quantifier has scope over the existential quantifier,
whereas, in the second, the existential quantifier has scope over the universal
quantifier. As we’ll see in the next chapter, the second sentence entails the first,
but not vice versa.

Finally, to see even more determinately how PL enables us to capture more
logical structure, then SL, let us revisit the argument from Nagarjuna that we’ve
considered several times by now:

Premise 1: If two things stand in a relation of cause and effect, then
the effect is either contained in the cause or extrinsic to the cause
Premise 2: The effect isn’t contained in the cause

Premise 3: The effect isn’t extrinsic to the cause

Conclusion: No two things ever stand in a relation of cause and
effect.

In SL, we took a simple sentence C to stand for the sentence “two things stand
in a relation of cause and effect.” Clearly, however, Nagarjuna’s not talking
about two particular things in the first premise here. Rather, he’s quantifying
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over everything. That is, he’s saying that if any two things x and y ever stand
in a relation of cause and effect, then y is either contained in x or extrinsic
to x. Likewise, in the second premise, he’s saying that an effect can never be
contained in the cause. That is, for any x and y which purportedly stand in a
causal relation, it’s not the case that y is contained in x. Similarly for the third
premise. Thus, the conclusion is that there does not exist any two things that
stand in a relation of cause and effect. That is, there does not exist an x and y
such that x causes y. So, we might formally represent the argument in PL as
follows:

Premise 1: VxVy(Cxy — (Iyx V Eyx))

Premise 2: VxVy(Cxy — —Iyx)

Premise 3: VxVy(Cxy — —Eyx)
Conclusion: —~(dx3dy(Cxy))

Translated in this way, we capture the generality of the argument—the fact that
the conclusion is really that nothing stands in a relation of cause and effect. Just
as we were able to prove that this argument is valid in its SL representation,
we’ll shortly be able to prove that it’s valid in this PL representation.

7.5 Some Limitations of PL

As you've seen, the language of PL is quite powerful. However, I want to close
by considering some limitations in expressive power of PL, as we’ve defined
it. First, the way we’ve done things here, in progressing from SL to PL, we've
replaced simple sentence letters like H, which we would previously used to
express a sentence like “Socrates is human,” with compound expressions like
Hs, containing the predicate H and the name s. This has enabled us to capture
more logical structure than we were able to before. However, you might wonder
whether there are some sentences we’d represent with simple sentences of SL
that we don’t have a way of representing in PL. Consider, for instance, the
sentence “It’s raining.” What's the subject of this sentence? Does “it” refer
to the sky? Or perhaps the rain itself? Is the rain raining? Plausibly, the
right thing to say here is that there isn’t really a subject of which “raining” is
predicated. You might think, then, that some terms like “raining” function as 0-
place predicates. We could add such predicates into our language, which would
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essentially just function as simple sentence letters. However, for simplicity,
we’ll officially leave them out of our definition of the language of PL.

Another potential limitation of PL involves names that don’t refer to any-
thing. Consider, for instance, the sentence “Pegesus flies.” The natural PL
representation of this sentence would be Fp, where Fx is our translation of “x
flies” and p is our translation of “Pegesus.” However, as we'll see in the next
chapter, if we want to evaluate the truth of this sentence in the actual world,
we’ll have to assign some object to p. But there is no actual individual named
“Pegesus.” When we introduce identity in a few chapters, we’ll consider one
way of dealing with such sentences, owed to Bertrand Russell and W.V.O.
Quine. However, many logicians have regarded the inability of PL to deal nat-
urally with sentences involving non-existent objects to be one of its limitations.
This has led some people to adopt a variant of PL known as free logic—short for
“logic free of existential presuppositions.” For our purposes, we won’t worry
much about cases where names we're trying to represent in PL fail to refer.

You might also want to capture reasoning like the following: “Alice is happy
and Bob is happy. So there’s some way that Alice and Bob both are.” This seems
like a reasonable enough piece of natural language reasoning. How could we
capture it in PL? The first sentence is easy: you’d symbolize in PL as Ha A Hb.
However, how would you symbolize the second sentence. The natural thought
is to symbolize it as Ix(xa A xb). But this isn’t a formula of PL, since xa and xb
aren’t formulas, as they lack any predicates. So, given that we represent the
first sentence as Ha A Hb, there’s no way for us to represent the second sentence
in PL such that the argument comes out valid. The issue is this: in PL, our
variables are only able to range over names, whereas, in the symbolization we
want to provide, we want to have our variable x range over predicates, such
that Jx(xa A xb) is true just in case there’s some predicate x (such as H) such
that xa and xb. PL is what’s called a first-order language, which means that its
variables range over just one type of expression: names. In order to symbolize
the argument in the way that we want to, we’d need to introduce a second-order
langauge, which contains a different set of variables that range over predicates
rather than names. That can be done, and there’s lots of interesting technical
and philosophical issues related to higher-order logic, but it's beyond the scope
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of this course.

One final limitation of PL concerns how to represent sentences containing
certain adjectives, particularly qualitative ones. Consider first the sentence
“Kermit’s a green frog.” This can plausibly be analyzed as “Kermit is a green
and Kermit is a frog,” or, in PL Gk A Fk. Consider now the sentence “Kermit is
a big frog.” Here, we might be tempted to represent this sentence as Bk A Fk,
but this doesn’t really work, since, though Kermit might be big for a frog, this
doesn’t necessarily entail that he is big simpliciter. To see the problem with
translating things in this way, suppose we did the same thing for the sentence
“Earth is a small planet,” representing this as Se A Pe. Putting this together
with our translation of “Kermit is a big frog,” we’d have Bk A Se: Kermit is big
and Earth is small! Accordingly, if you do you want to represent the sentence
“Kermit is a big frog” you have to a designated predicate letter meaning “big
for a frog.” Similarly, consider this case from the Wizard of Oz:

Dorothy: Oh—you're a very bad man!

Wizard: Oh, no, my dear. I—I'm a very good man. I'm just a very
bad Wizard.

If we symbolized “Oz is a bad wizard” as Bo A Wo and “Oz is a man” as Mo,
then these two sentences would entail our translation of “Oz is a bad man,”
but, clearly, this entailment shouldn’t go through. So, once again, if we wanted
to represent this in PL, we’d need a designated predicate to express “bad for a
wizard.”

In this course,  won’t make you to strain to try express sentences of natural
language in PL that PL wasn’t really designed to capture. It’s important to keep
in mind that, while PL is significantly stronger in its expressive power than SL,
it is still quite limited in the extent of natural language that it’s able to capture.
What’s important, in learning PL, is not that you're able to translate sentences
that you find in the wild into PL with perfect fidelity, but, rather, that you're
able to formulate thoughts and ideas in this regimented language such that they
have very clear and precise meanings, where all of the logical relations between
the sentences can be made perfectly explicit. If you do want to capture more of
natural language using the sort of formal tools you've learned in this course,
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a good idea is to take a course in the formal semantics of natural language in
either linguistics or philosophy.

e D

Historical Note:

In linguistics, adjectives like “big” and “good” are
known as non-intersective adjectives. Whereas the ex-
tension of “green” and “frog” is the intersection of the
extension of “green” and the extension of “frog,” the ex-
tension of “big” and “frog” is clearly not the intersection
of the extension of “big” and “frog.” One of the linguists

who’s done the most work in developing a theory of
these kinds of adjectives is Barbara Partee. In the early
70s, Partee, along with Richard Montague and David Lewis, was hugely
influential in bringing the formal tools of the sort we’re developing here

to the systematic study of meaning in natural language.

7.6 Exercises

6.1 Translate the following sentences into PL use the following translation
key (1pt each):
Names:

k: Kermit

p: Miss Piggy

j: Jim Henson
One Place Predicates:

Mx: x is a muppet.
Gx: x is green.

Two Place Predicates:
Sxy: x is the same color as y.
Lxy: x likes y.
Cxy: x created y
a) Miss piggy likes a green muppet.
b) There is some muppet that Kermit and Miss Piggy both like.
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c) Every muppet is either green or not green.
d) Kermit and Miss Piggy are not the same color.
e) Jim Henson is not a muppet, but he created all the muppets.

f) Jim Henson does not like all the muppets he created, but he likes
some of them.

6.2 Consider the sentence “Every muppet is the same color as some other
muppet.” How would you try to symbolize this in PL? Can you find a
problem with your symbolization? (2pts)

6.3 Consider the sentence “Every farmer who owns a donkey beats it.” Can
we symbolize this sentence in the following way Vx((Fx A (y(Dy A
Oxy))) — Bxy)? If not, why not? (1pt)

a) Bonus: If you think we can’t symbolize this sentence in this way,
can you come up with a different translation that gets the truth-
conditions right? (+1pt)

Total Point: 9 (with possible +1)






8

Semantics for PL

We’ve now laid out the basic language of PL, and we can appreciate some of
its power in translating sentences of SL that we couldn’t translate earlier. Just
as we did with SL, we now want a way of formally assigning meanings to
sentences of PL, and, just as with SL, we’re going to think of the meanings of
PL sentences in terms of their truth-conditions. Unlike, SL, however, the truth-
possibilities cannot be simple assignments of truth-values to simple sentences.
So, we need a way of representing truth-possibilities, or, as we’ll now call them,
“models” for PL. Once we know how to construct models, we'll see how we
can determine the truth-values of any PL sentences in this models and use them
to construct counter-examples to arguments.

8.1 Models in Predicate Logic

In Sentential Logic, we don’t “look inside” simple sentences, and so the mean-
ings of simple sentences are understood simply in terms of whether they are
true or false. That is to say, the meanings of simple sentences are understood
as follows:

1. “Socrates is human”: True

2. “4is a prime number”: False

Abstracting away from the meanings of simple sentences so as to evaluate
arguments as good or bad solely in virtue of their logical form, we consider
not just the actual assignments of truth-values to sentences, but all of the truth-
possibilties. With truth-tables we are able look at all of the truth-possibilities for
a given set of simple sentences, and this enables us to evaluate whether or not

119
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an argument containing those sentences is valid. In predicate logic, however,
we must look inside sentences to consider whether or not they are true.

As we said, a simple sentence such as “Socrates is human” can be broken
into two parts: a name, “Socrates,” and a predicate, “is human.” The meanings
of names are understood in terms of the objects that they pick out or refer to. For
instance, the name “Socrates” picks out Socrates and the name “4” picks out
the number 4:

“Socrates”: Socrates.

11411: 4.

We'll call the object that a name picks out the referent of that name. The meanings
of 1-place predicates are understood in terms of the objects that these predicates
are true of. If a predicate P is true of an object o, we'll say that o satisfies that
predicate. We can think of the meaning of 1-place predicate in terms of the set

of objects that satisfy it. For instance:

“Human”: {Socrates, Aristotle, Cleopatra, Frege, ...}

“Prime number”: {2,3,5,7...}

We'll call the set of objects that satisfy some predicate the extension of that
predicate. Thus, “Socrates is human” is true because Socrates, the referent of
the name “Socrates,” is an element of the set of humans, the extension of the
predicate “human.” On the other hand, “4 is prime” is false, because 4, the
referent of the name “4,” is not an element of the set of prime numbers, the
extension of the predicate “prime number.” Likewise for every other simple
sentence consisting in a name and a 1-place predicate.

What about 2-place predicates like “older than”? This predicate is not true
of individual objects, and so we can’t assign it a set of objects as its extension.
Rather, we assign it a set of pairs of objects, just those pairs such that the first
member is older than the second member.

“Older than”: { (Socrates, Aristotle), (Frege, Russell), (Biden, Obama)
.
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Likewise, the extensions of the 3-place predicates are sets of triples, the exten-
sions of 4-place predicates are sets of quadruaples, and so on. More generally,
the extension of an n-place predicate is a set of n-tuples. It’s easy to see how
assigning extensions to many-place predicates in this way enables us to de-
termine the truth-values of simple sentences containing those predicates. For
instance , “Socrates is older than Aristotle” is true because the pair consisting in
Socrates and Aristotle, the referents of “Socrates” and “Aristotle” respectively,
is an element of the set of pairs such that the first is older than the second, the
extension of “older than.” Let us now state these ideas officially.

In general, a model, relative to some language, is something that determines
all of the truth-values of the sentences of that language. You can think of a
model as a “possible world,” with enough information to determine the truth-
values of all of the sentences of a language. For sentential logic, a model was
just a truth-possibility: an assignment of a truth-value to each simple sentence.
However, as we’ve seen, for predicate logic, the truth-values of simple sentences
aren’t taken as basic, but, rather, are determined by the whether or not certain
objects satisfy certain predicates. Accordingly, a model for predicate logic must
specify the things that the sentences of the language might be about and say
which names refer to which things and which predicates have which sets of
things (or sets of tuples of things) as their extensions. Officially, then, a model
M for PL consists in the following:

1. A Domain: A non-empty set of objects.
2. An Interpretation: A function I mapping:

e Each name to an object in a domain.
e Each 1-place predicate to a set of objects in the domain.

e Each n-place predicate to a set of n-tuples.

A few words are about PL models are in order. First, as you can see, we're
not going to allow empty domains. That is, the domain has to contain at least
one object. This will be important in order for our semantics to validate the
arguments we want it to validate. Second, multiple names can be mapped to
the same object. For instance, in a model corresponding to the actual world,
“Superman” and “Clarke Kent” would both be mapped to the same person.
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However, the same name can’t be mapped to multiple objects. This is built into
the fact that our interpretation I is a function from the elements of our language,
and functions always map each thing to exactly one thing. Finally, technically
speaking, not everything in the domain needs to be named. However, in the
models we’ll construct, it will keep things simple and intuitive if we stick to
specifying a domain such that every object in that domain is named by some
name.

As we’ve seen, a model of this sort suffices to settle the truth-values of
simple sentences like “4 is prime” and “Socrates is older than Aristotle,” which
we might represent with the PL formulas Po and Osa. Officially, we can state the
truth-conditions for simple sentences such as Po and Osg, relative to a model M
with an interpretation I as follows:

1. An atomic sentence of the form Fa, consisting in a 1-place predicate F
followed by a single name 4, is true just in case I(a) € I(F).

2. An atomic sentence Raja; .. .a,, consisting in an n-place predicate R fol-
lowed by n names, is true just in case (I(a1),I(a2) . .. I(a)) € I(R).

These are just the conditions I stated informally earlier. In general, an atomic
sentence is true in a model just in case the tuple of objects to which the names in
the sentence refer is in the extension of the predicate in the sentence, according
to that model. In this way, just as a truth-possibility directly determines the
truth-value of all of the simple sentences of SL, a model directly determines the
truth-values of all of the simple sentences of PL.

Now, one can specify models in various different ways. Above, I considered
interpretations of PL that correspond to the actual world. For instance, in
considering the predicate letter O, meant to symbolize the English predicate
“older than,” I took the domain to include the set of people and took the
extension of O to be the set of pairs of people such that the first is older than the
second. In this way, if we have a set of PL sentences that we’re using to transcribe
some English sentences, it’s possible to specify a model that corresponds to the
actual world. However, as with before, our concern is just going to be with
the validity or invalidity of arguments, not with whether the sentences that
constitute those arguments are actually true or false. So, we're going to abstract
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away from the specific meanings of any English expressions such as “older
than” or “prime number,” and think abstractly about the logical forms of PL
sentences that we might use to symbolize English sentences. Accordingly, the
models we’re going to use to think through whether or not arguments in PL
are valid are going to very abstract, and constructed in a very specific way in
order to keep things completely clear and precise.

Though, technically, models could have any sorts of objects in their domain,
the models we consider will always have as their domain some subset of the
natural numbers. Thus, our domain might be {1,2,3} or {1,2,3,4,5} or what
have you. Extensions of predicates will always be specified extensionally. So,
if our domain is {1, 2, 3}, and we want the extension of a 1-place predicate O to
be the set of odd numbers, rather than writing O : {x | xis odd} (that is the set
x such that x is odd), we'll just write O : {1,3}. Likewise, rather than writing
that G is the set of numbers such that the first is greater than the second, we’ll
write: {(2,1),(3,1),(3,2)}. The point of specifying extensions in this way is that
it will always be very easy to check directly whether a certain atomic formula
is true or false in a model.

Let’s consider an example. Suppose we have a language with names 4, b,
and c, 1-place predicates F, G, and H, and a 2-place predicate R. A model for
this language might be the following;:

Domain: {1,2,3}

azl b:2 3

F: {1,2}

G: {3}

H: {}

R: {(1,2), (2, 1) (1,3), (3,3)}
The specification of this model enables us to determine which simple sentences
are true. For instance, relative to the model, Fa is true, since 1, the referent of 4,
isin {1, 2}, the extension of F. Fc, on the other hand, is not true, because 3 is not

in the extension of F. Likewise, Rab is true, since (1,2), the pair consisting in the
referents of a and b respectively is in the extension of R, as is Rba, but Rbc is not



124 CHAPTER 8. SEMANTICS FOR PL

true, since (2,3) is not in the extension of R. To make sure you understand how
a model of this sort determines the truth-value of all of the simple sentences,
think through the truth-values of Gc, Hb, Rcb, and Rcc.

Models of this sort have the virtue of being perfectly clear and precise about
which objects or tuples of objects satisfy or fail to satisfy which predicates and so
which simple sentences are true or false. And there’s no limitation in restricting
ourselves to simple models of this sort: any sort of structure between actual
properties and relations that we might want to capture can be captured in such
a model.

8.2 Defining Truth in a Model for All PL Sentences

As you've just seen, a model settles the truth-values of all simple sentences PL
directly, just as a row of the truth-table settles all the truth-values of all simple
SL sentences. Our task now is to provide rules for saying when a complex
sentence of PL is true in a given model, just as we did in the case of SL by
specifying the truth-tables of the connectives.

First, we simply carry over the truth-conditions given by our truth-tables

for sentences containing the logical connectives from SL:

3. =X s true in Mjust in case X is false in M.
4. X NY is true Mjustin case X is true in M and Y is true in M.
5. XV Yis true in Mjustin case X is true in M or Y is true in M.

6. X — Yis true in Mjust in case X is false in M or Y is true in M.

These are just the truth-conditions of the logical operations with which we’re
familiar from doing truth-tables, just expressed in a different way. Thus, for
instance, if you look back up at the model specified at the end of the last section,
you can see that, relative to this model, Fa A Rba is true, since Fa is true and
Rba is true. All of the truth-values of sentences with the sentential connectives
compute in just the way with which you're familiar.

We now need to say the truth-conditions for the new expressions of PL
quantified sentences. Consider the sentence Vx(Fx). Under what conditions is
this sentence true in a given model? Intuitively, if everything in that model is
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F. So, suppose our language contains some name a, picking out some thing, it
contains some other name b, picking out some other thing, and so on. In order
for Yx(Fx) to be true in a model, Fa must be true, Fb must be true, and so on.
We'll call sentences like Fa, Fb, and so on substitution instances of the formula
Fx; they’re the products of substituting some name with the free variable x in
this formula. A universally quantified sentence of the form Vx(Fx) is true if all
substitution instances—all formulas in which the quantifier is removed and the
x is substituted with some name—are true. An existentially quantified sentence
is true, on the other hand, just in case there is some substitution instance that is
true.

In order to state these truth-conditions officially, we need to officially define
substitution instances of quantified formulas.

Substitution Instances: Suppose we have some formula X, which
may have some free occurrences of the variable u. A substitution
instance of this formula, which we’ll write as X["/u], is the result of
substituting all free occurrences of u in X with some name 7.

You can read the expression X["/u] as “X with n substituted for u.” So, for
instance, if X is Fy, then Fy[/y] is Fa. Likewise, if X is 3z(Fyz), then Jz(Fyz)[*/y]
is Jz(Faz). Note that we can still take X["/u] even if X doesn’t actually have any
free occurrences of u. For instance, if X is FbV —=Fb, then FbV —Fb[*/y] —the result
of substituting all zero occurrences of y in Fb V —=Fb with a—is just Fb V —=Fb. A
consequence of this fact that is that Vy(Fb vV —Fb) is going to be true on every
substitution instance, since Fb V —Fb is always true, and, so this formula (even
though we probably wouldn’t use it to symbolize any natural sentence) is a
tautology. So, we can state the truth-conditions for quantified statements as

follows:

7. Yu(X) is true in M just in case X["/u] is true in M for every name n.
8. Ju(X) is true in M just in case X["/u] is true in M for some name .
With that, we’ve defined truth in a model for every sentence of PL. That is,

because these definitions are all recursive, for any formula X, no matter how
complex, we can break it down and ultimately see if it’s true or false in a model
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by seeing whether certain simple sentences are true or false in that model. Let’s
see how.

8.3 Determining Truth in a Model

To see how all of these definitions enable you to determine truth in a model
for any sentence of PL, let’s look back at the simple model introduced in the

previous section:

Domain: {1,2,3}

a1 b:2 3

F: {1,2)

G: {3}

H: {}

R: {(1,2),(1,3),€2, 1), (3,3)}

Consider the truth-value of Vx(Fx). This sentence is true just in case every
substitution of x with a name in the formula Fx is true. So, it’s true just in case
Fa is true, Fb is true, and Fc is true. We see that Fa is true and Fb is true, but
Fc is false, so Vx(Fx) is false. On the other hand, dx(Fx) is true, since there’s
some substitution instance of Fx that’s true (both Fa and Fb). Now consider
Ax(Fx A Gx). This is true if there’s some substitution instance of Fx A Gx that’s
true. Since all objects are named in this model (as they will be in all the
models we'll construct), this will be true just in case there’s some object that’s
in the extension of both F and G. Since there is no such object, there’s no true
substitution instance of Fx A Gx, and so Ax(Fx A Gx) is false. On the other hand,
Ax(Fx) A Ix(Gx), however, is true since there’s something in the extension of F
and there’s something in the extension of G.

Consider now the truth value of Vx(dy(Rxy)). To evaluate whether this
formula is true or false in this model, we proceed in a few steps. First, we
consider all of the substitution instances of y(Rxy), the formula over which the
universal quantifier has its scope, where the free variable x has been replaced
with some name. Thus, we consider dy(Ray), dy(Rby), and Jy(Rcy). The
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formula Vx(dy(Rxy)) is true just in case all of these substitution instances are
true. So, we now need to look at each of these substitution instances and see
whether it is true, by considering all of their substitution instances. So, for
instance, the substitution instances of (Ray) are Raa, Rab, and Rac, and dy(Ray)
is true if just one of these substitution instances is true. Since Rab and Rac are
both true in this model, dy(Ray) is true. We then do the same thing for y(Rby)
and dy(Rcy). Since each of these formulas have at least one true substitution
instance, they’re all true, and so, since all of the substitution instances of Jy(Rxy)
are true, Vx(dy(Rxy)).

You can map out this process of determining whether such a statement with
nested quantifiers is true or false by constructing a tree like the following:

Vx(Jdy(Rxy)

Jy(Ray y(Rby) Fy(Rey)

N R

Raa Rab Rac Rba Rbb Rbc Rca Rcb Rce

So, for the top node to be true, all of the nodes below it have to be true, and for
any of those nodes to be true, at least one of the nodes below them has to be
true. So, after mapping out these possibilities from the top down, we can work
from the bottom up and determine that the top node is true as follows:

Vx(Jdy(Rxy)

dy(Ray Jy(Rby) Fy(Rey)

N

Raa Rab Rac Rba Rbb Rbc Rca Rcb Rcc

Now consider the sentence Jy(Vx(Rxy), in which he existential quantifier has
wide scope over the universal. In order for this sentence to be true, it must be
the case that some substation instance of Vx(Rxy), where y has been substituted
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with a name, is true. So, Vx(Rxa), Yx(Rxb), or Yx(Rxc) must be true, and,
for any of those formulas to be true, all substitution instances, where x has
been substituted with a name, must be true. Once again, we can map out the
substitution instances as follows:

Ay(Vx(Rxy))

Vx(Rxa) Vx(Rxb) Vx(Rxc)

e N el

Raa Rba Rca Rab Rbb Rcb Rac Rbc Rcc

And we can determine the truth-value of the top node by working from the

bottom up, as follows:

Ay(Vx(Rxy))

Vx(Rxa) Vx(Rxb) Vx(Rxc)

B e i I

Raa Rba Rca Rab Rbb Rcb Rac Rbc Rce

So, while Vx(dy(Rxy)) is true in this model, Ay(Vx(Rxy)) is false.

8.4 Countermodels and Validity

Suppose someone argues as follows: “There are Fs and there are Gs. So, there
are some things that are both Fs and Gs.” This is clearly a bit of bad reasoning.
But how can we decisively establish that this reasoning is bad? We can do so
by constructing a countermodel: a PL model according to which F and G are
given interpretations such that the premise of this argument is true and the
conclusion is false. Indeed, we’ve just provided one such countermodel. In
the model we’ve just given dx(Fx) A dx(Gx) is true, but x(Fx A Gx) is false. As
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such, it shows that the argument from the first sentence to the second sentence
is invalid.

The notion of validity here is just the same as the notion of validity we
considered earlier in the context of SL. Once again, an argument is valid just
in case there are no possible scenarios in which all of the premises are true and
the conclusion false. In PL the “possible scenarios” we consider in order to
determine whether or not an argument is valid are PL models. So:

Validity for PL: A PL argument is valid just in case there are no PL
models in which each premise is true and the conclusion is false.

So, to show that an argument is invalid, all we need to do is construct a model
in which the premises are true an the conclusion is false:

Countermodels: A countermodel to an argument in PL is a model in
which all of the premises are true and the conclusion is false.

To further illustrate how to apply the notion of a countermodel, consider
the following fallacious philosophical argument:

1. Everything is caused by something.

So, 2. There’s something that is the cause of everything

Letting Rxy symbolize “x is caused by y,” we represent these two sentences
as Yx(Jy(Rxy)) and Jy(Vx(Rxy)) respectively. And we can now see that we’ve
constructed a countermodel to this argument, since, as we’ve just shown, in
the above model Yx(dy(Rxy)) is true, while dy(Vx(Rxy)) is false. Thus, this
argument is invalid.

Now, while the model above is a perfectly legitimate a countermodel to this
argument, which suffices to show that the argument is valid, when actively
trying to construct a countermodel to some argument, it’s often a good idea to
construct the simplest countermodel that one can construct. Here’s a simpler
countermodel to the same argument:

D={1,2}
a:1,b: 2
R={1,1),(2,2)}
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Here, taking Rxy to symbolize “x is caused by y,” we have a simple countermodel—
a simple “possible world”—consisting in two distinct things that are each “self-
caused.” In such a world, everything is caused by something—a causes 2 and
b causes b—but there is not one thing that is the cause of everything—a doesn’t
cause b and b doesn’t cause a.

In addition to constructing models to demonstrate that an argument is
invalid, we can also reason about models to conclude that an argument is
valid. Consider first the argument with premise Jx(Fx A Gx) and conclusion
Ax(Fx) A Ax(Gx). We know that the latter sentence does not entail the former,
but does the former entail the latter? It does, and it’s easy to see by thinking
through what has to be the case in any model in which dx(Fx A Gx) is true. In
any such model, there’s some name a such that Fa A Ga is true, and, if that’s
the case, Fa is true and Ga is true. That means that there’s some substitution
instance of Fx that’s true, and there’s some substitution instance of Gx that’s
true. So, dx(Fx) is true in that model, as is Ax(Gx), and thus Ax(Fx) A dx(Gx) is
true in that model.

Similarly, we can reason through what must be true of a model in which
Jy(Vx(Rxy)) is true in order to conclude that, in any such model, Yx(dy(Rxy))
must also be true. In this case, it is easier to reason contrapositively. Suppose
we have some model in which Yx(3y(Rxy)) is false. That means that, in that
model, there’s some name a such that dy(Ray) is false. So, there’s no name b
such that Rab is true. But if dy(Yx(Rxy)) is true, then there must be some name
b such that Rab is true. So, if Yx(dy(Rxy)) is false, then Jy(Vx(Rxy)) must be
false. Accordingly, if dy(Vx(Rxy)) is true, then Vx(Jy(Rxy)) must be true.

8.5 The Limitations of the Semantic Approach in PL

In the above examples, we reasoned informally about models in order to de-
termine that certain arguments were valid. You might wonder whether there
is a more systematic way to semantically determine that PL argument is valid,
analogous to how we used truth-tables to determine whether an SL argument is
valid. In the case of SL, enumerating all of the truth-possibilities and computing
the truth-value for each sentence of an argument in each possibility gave us an
algorithmic decision procedure for determining whether or not a SL argument is
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valid in a finite amount of time. Of course, it might be a bit tedious to construct
the 128 row truth-table for an argument with 7 simple sentences, but you could
easily write a program that would do it for you. For PL, however, there is
an infinite number of possible interpretations for each argument. Accordingly,
we can’t enumerate them all and check whether the conclusion is true in all
interpretations where the premises are true. Indeed, we can actually prove that
there cannot possibly be any decision procedure for determining whether a PL
argument is valid.

In order to determine whether an argument valid, we have to reason about
what must be true or false in a model. Above, we did this informally. This was
manageable in the cass of the simple arguments we just considered. However,
when we consider more complicated PL arguments and try to reason informally
about PL models to determine whether or not they are valid, the chains of
reasoning will get quite complicated and and we'll likely be prone to making
mistakes. Accordingly, we need a formal system to reason about the truth and
falsity of PL sentences in steps that we can be sure are sound. Extending our
natural deduction system with rules for quantifiers will provide us with such
a system.

8.6 Exercises

7.1 Consider the following model for a language with names a4, b, and ¢,
1-place predicates F, G, and H, and a 2-place predicate R.

Domain: {1,2,3}

a1l b:2 ¢:3

F: {2}

G: {1, 3}

H: {2, 3}

R: {(1,2),(1,3) (2, 2) (3,2), (3,3)}

Determine whether the following sentences of PL are true in this model
(left column = .5 pts each, right column = 1 pt each):
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7.2

7.3

74

7.5
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a) Ha a) Yx(Fx — —(Rxx))
b) —Rab

o) Fa Vv Rac b) Vx(Hx — Jy(Rxy))
d) uiEx) Q) Ax(Vy(Ryx)

e) Yx(Fx V Gx)

f) Vx(Fx V Hx) d) Ix(Vy(Rxy))

Show that the following argument is invalid by translating it into PL and
constructing a countermodel to it (2pts):

P1. All frogs are amphibians.
P2: Some amphibians are animals.
C: So some frogs are animals.

Consider the sentence “Every fan who attended the convention met an
NFL player.” This sentence seems ambiguous between two possible in-
terpretations.

a) UsePL to disambiguate these two possible interpretations, providing
two distinct translations of this sentence. (1pt)

b) Construct a model where one of the sentences is true and the other
is false. (2pts)

Show that the following three sentences are consistent by translating them
into PL and constructing a model in which they are all true (3pts):

1. No one cuts their own hair.
2: Everyone gets their hair cut by someone.
3: No one cuts everyone’s hair.

Consider the following sentence:

Bert cuts the hair of all and only those who don’t cut their own
hair.

First, translate this sentence into PL. Then, try to construct a model in
which it is true. If you can construct such a model, do so. If you can't,
explain why you can’t. (2pts)

Total Points: 17
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Natural Deduction for PL

When we put forward the semantics for SL in terms of truth-tables in Chapter
3, this gave us an algorithmic way of checking whether or not an argument is
valid: we simply construct the truth-table for each sentence in the argument and
check if there’s any row in which all of the premises are true and the conclusion
is false. We realized, at the end of last chapter, that, in order to determine
whether an argument of PL is valid, we can’t simply check all of the models to
see if there’s any model in which all of the premises are true and the conclusion
is false—there’s simply too many possible models! Accordingly, whereas, in SL,
using a deductive system wasn’t actually necessary to determine the validity of
arguments, in PL, itis. In this chapter, we’ll put forward rules for the quantifiers
to add to the natural deduction system introduced in Chapter 5.

9.1 Universal Quantifier Rules

As with the other connectives from SL, each quantifier will be given an intro-
duction rule, which lets us conclude a sentence containing that quantifier as
its main connective from other things, and an elimination rule, which lets us
conclude other things from a sentence containing that quantifier as its main
connective. Let’s start with the universal quantifier rules. Consider first the
elimination rule, known as universal instantiation:

Universal Quantifier Elimination Rule:

i Yu(X)

ko X[/ VE j

133
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This says that if know that Yu(X) is true, then we can conclude the truth of any
substitution instance of X. So, for instance, consider the proof of “Socrates is

mortal” from “All humans are mortal” and “Socrates is a human.”

1 Vx(Hx —» Mx) prem.
2 Hs prem.
3 Hs—> Ms Vel

4 Ms —r2,3

So, since we know that every human is mortal, we can eliminate the quantifier
and conclude in line 3 that if Socrates is human, then he is mortal. Then we
simply apply modus ponens to conclude that Socrates is mortal.

Consider now what rule we should have for introducing a formula of the
form VuX. Consider, for instance, the simple formula Vx(Fx). This says that
everything is F. How on earth could we go about proving that? One way, of
course, would be to consider literally every thing and prove of each and every
thing that it is F. That, however, would take way too long. Indeed, since our
domains can contain an infinite number of things, it could take forever. Our
strategy, then, will not be to consider all of the things, but, rather, to consider
an arbitrary thing, something about which we have no information at all, and
conclude of this thing that it is F. If we’re able to conclude of an arbitrary thing
thatit’s F, then the reasoning that we just did will generalize to everything, and
so we're able to conclude that everything is F.

To formulate this idea officially as a rule, let us introduce a new kind of rule
for flagging a name that functions arbitrarily in the context of a proof:

Arbitrary Name Rule: You can write down | 7 |as a line of a proof or
as part of the justification of a line of a proof only if # hasn’t occurred
in any prior line of the proof and doesn’t occur in the premises or
conclusion.

A line of a proof with a boxed name 7 can be understood as saying consider
an arbitrary object that we’ll call n, or let n be an arbitrary object. Unlike the other
lines of a proof we have rules for so far, in a line of this sort, you're not actually
asserting something. Rather, you're stipulating a use of a name as referring to
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an arbitrary object. The rule for such a stipulation is that # can’t be anything that
we’ve already said things about, anything we already have knowledge about
by way of our premises, or anything about which we're trying to conclude
something. We’ll call names in our proof that we’ve introduced in accordance
with this rule “Arbitrary names” or “A-names” for short.

With the boxed name rule, we can now provide the official rule for introduc-
ing a universal quantifier that formally codifies the idea informally expressed
above. Suppose we want to conclude Yu(X), where X presumably contains
some free occurences of the variable u. To conclude this, we'll try to conclude a
substitution instance of X with respect to the name 7, but with the crucial caveat
that the name n is arbitrary. If we do this, we can universally generalize on the
name 7, replacing all occurences of it with u and sticking a universal quantifier
in front of it. Thus, for instance, if we can conclude Fa for an arbitrary name a,
then we can conclude Vx(Fx). In general, our rule is the following:

Universal Quantifier Introduction Rule:

j

k X["/u]
Lovu(X) Vg

Where X contains neither n nor any A-name that de-
pends upon n (i.e. any name m from which there is a

path: -

You'll note that this rule comes with a restriction written below. The first part
of the restriction simply says that, when we universally generalize on the name
n, we need to substitute all of the occurrences of n with u. The second part is
closely related, but let’s ignore it for the moment and get back to it once we’ve
introduced the existential quantifier rules. So, ignoring this restriction, the
universal quantifier introduction rule says that, in order to introduce a formula
of the form Yu(X), where u (presumably) occurs freely in X, we first have to
introduce an arbitrary name n. Then, we do some reasoning and, in the same

subproof, conclude the substitution instance X["/«] in which all occurences of u
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have been substituted with n. Having done that, we can universally generalize
on n, concluding the universally quantified statement, Yu(X). To illustrate how
this rule works, consider the following proof of Vx((Fx A Gx) — Fx):

[a]

Fa A Ga asm
Fa Ag 2
(Fa A Ga) — Fa —12-3

1
2
3
4
5  Vx((Fx A Gx) — Fx) Vi 1-4

Intuitively, this proof reads as follows. Consider an arbitrary object a. Now
suppose that Fa A Ga. It follows, by conjunction elimination, that it’s true
that Fa. Accordingly, by the conditional introduction rule, we can conclude
(Fa A Ga) — Fa. Since, a was arbitrary, we can conclude that this holds of every
object. So, we can conclude Yx((Fx A Gx) — Fx).

The reason we have to introduce an arbitrary name before universally gen-
eralizing on that name should be obvious. If we didn’t have that restriction, we
could reason from the claim that “Kermit is green” to the sentence “Everything
is green” as follows.

1 Gk prem.

2 Vx(Gx) V1 1? incorrect use of universal quantifier rule!

Our rules prevent this fallacious reasoning by making it such that, in order to
conclude Vx(Gx), you need to first introduce an arbitrary name and then uni-
versally generalize on that name, and it’s one of the restrictions on introducing
an arbitrary name that this name can’t occur in any of the premises.

It's very important that the substitution instance X["/«] with the arbitrary
name 7 from which you infer the universally quantified sentence occurs in the
same subproof as your boxed name. To see why, consider the following incorrect
proof of Vx(Fx — Yy(Fy)).



9.2. EXISTENTIAL QUANTIFIER RULES 137

N

2 Fa asm.

3 Yy(Fy) V1 1-2? incorrect use of universal quantifier rule!
4  Fa— Vy(Fy) -1 2-3

5 Vx(Fx -» Vy(Fy)) V| 14

The conclusion here says that everything is such that if it’s F then everything is
F. Clearly, we shouldn’t’ be able to prove this, so something has gone wrong.
The problem is that we assumed, on line 2, that a is F, and so in the context of that
subproof, the name a is no longer occurring arbitrarily. So, we can’t universally
generalize from something we conclude about a in the context of that subproof
given that assumption. Our rules prohibit this by making it such that, if we
want to introduce a universal quantifier in the context of a subproof, we have
to introduce a new boxed name in the context of that subproof. This ensures
that the hypothetical thing that we’re reasoning about in the context of that
subproof is genuinely arbitrary when we make a universal generalization.

9.2 Existential Quantifier Rules

As we’ve said, our universal quantifier introduction rule is known as universal
generalization, whereas our universal quantifier elimination rule is known as
universal instantation. For the existential quantifier, we rules of the same basic
form: an introduction rule of existential generalization and an elimination rule
of existential instantiation. The rule of existential generalization has none of the
restrictions that that the rule of universal generalization has. It is simply the
following rule:

Existential Introduction:
i X[l
k BM(X) d;

So, our introduction rule let’s us existentially generalize, concluding Ju(X)
from any substitution instance of X, where all free occurences of u have been
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substituted with any name n. For instance, if we want to conclude Jx(Fx), we
can do so by concluding Fa, Fb, or any other formula of the form Fn, for any
name n. The basic idea is just that if we know of any particular thing that it’s
F—beita, b, c, or what have you—we can conclude that there exists something
that’s F. In this case, n doesn’t need to be arbitrary. Moreover, unlike the case
of universal generalization, it’s perfectly permissible to leave some occurences
of the name on which we’re generalizing in the formula X. That is, when we
existentially generalize, we're not required to substitute all occurrences of n
with u—we’re permitted to substitute only some. So, for instance, if we know
that Alice loves herself, not only can we conclude that someone loves themself,
but we can also conclude that Alice loves someone and that someone loves
Alice. That is, given Laa, not only can we conclude 3x(Lxx), but we can also
conclude dx(Lax) and dx(Lxa).

The elimination rule for the existential quantifier, on the other hand, requires
that we instantate with an arbitrary name. The rule is the following:

Existential Elimination Rule:
i AuX)

ko X[/l e j[n]

If X contains another A-name m, then n depends upon

m, and an arrow is drawn from | n | to

You'll note that the additional condition under this rule is related to the restric-
tion on the universal quantifier introduction rule, but, once again, let’s ignore
this condition for the moment. The elimination rule let’s us move from Ju(X)
to X["/u] insofar as n is a new arbitrary name. The basic thought is that, if we
have an existentially quantified sentence such as dx(Fx), then we know that
there’s something that’s F, and so we can stipulate an arbitrary name n to refer
to that thing, whatever it is, that is F. You can think of application of this rule
as saying let’s call the thing that’s F “n” or let n be the thing that’s F.

This sort of step is very common in the context of mathematical proofs. For
instance, if I want to prove that there is an infinite number of primes, I suppose
that I have a list of prime numbers p1, p> . .. p3. Now, I know that, for every set of
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numbers, there exists a number that is the sum of all of those numbers plus one.
So,Icansay “Leta = p1,p2...p3+1,” and I can then go on to show that either a is
prime or there is some prime factor of 2 not in this list. It's crucial that the name
“a” here is arbitrary. For instance, I can’t say “Let 7474967 = p1,p>...p3 +1,”
and then go on to show that 7474967 is prime, since the name “7474967” is
already in use!

To see how these rules work, consider the simple proof of dx(Fx) A Ax(Gx)
from Ax(Fx A Gx):

1 Ax(Fx A Gx) prem.

2 FanGa 3, 1,[a]
3 Fa Ag 2

4  dx(Fx) 4 3

5 Ga AE 2

6  dx(Gx) 3, 5

7 dx(Fx) A Ix(Gx) A1 4,6

Our premise, dx(Fx A Gx), tells us that there’s something that’s both F and G. In
line 2, we stipulate a new arbitrary name a for this “something,” writing down
the substitution instance Fa A Ga. In order to make sure that our use of a is
genuinely arbitrary here, we need to check that a is not used in any line above
line 2, and it’s not used in the conclusion we’re trying to prove. It’s not, so
writing Fa A Ga in line 2 is a correct use of the Jg rule. It follows by conjunction
elimination that Fa, and so, in line 4, we conclude by 3 that there’s something
that’s F. Likewise, it follows by conjunction elimination that Ga, and so we
conclude in line 6 that there’s something that’s G. Putting lines 4 and 6 together
with conjunction introduction, we conclude Jx(Fx) A Ax(Gx): there’s something
that’s F and there’s something that’s G.

9.3 Some Proofs Using These Rules

Let’s now consider a few proofs that combine the universal and the existential
quantifier rules. Consider how we prove dx(Fx) — Jx(Gx) from Vx(Fx — Gx):
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1 Vx(Fx — Gx) prem.

2 dx(Fx) asm.

3 | Fa e 2,[a]
4 Fa — Ga Ve 1

5 Ga —e 3,4
6 dx(Gx) 5

7 dx(Fx) — dx(Gx) —1 2-6

Note the difference between line 3 and line 4. When we eliminate an existential
quantifier, we have to do so with an arbtrary name, since we only know there’s
something of which X is true. So, on line 3, a has to be new, which we indicate
by putting [a] as part of the justification for that line. When we eliminate a
universal quantifier, on the other hand, we can use any name, since we know
that X is true of everything. So, on line 4, we can use Vg on line 1 to conclude
Fa — Ga, even though a is already in use. Note that, if we tried to do things in
the other order, introducing Fa — Ga on line 3, we wouldn’t be able to introduce
Fa on line 4, since that name would already be in use. In general, when we
want to establish a logical relation between an existentially quantified sentence
and a universally quantified one, it’s a good strategy to existentially eliminate
first, using a new name, and then universally eliminate second, using that same
name.

Let’s now look at the proofs of the most important equivalences in PL:
negated quantifier equivalences. These tell us that —~3u(X) is equivalent to Yu—(X),
and —Yu(X) is equivalent to Ju(—X). We can prove these facts in this general
notation, but, for simplicity, let us just prove the equivalence of Yx—(Fx) and
—dx(Fx). The two proofs go as follows:

1 Vx(=Fx) prem. 1 —dx(Fx) prem.

2 Ax(Fx) asm. 2 4]

3 Fa 3k, 2,[a] 3 Fa asm.

4 —-Fa Ve 1 4 Ax(Fx) 33

5 —=dx(Fx) -1 2-4 5 —dx(Fx) reit. 1
6 —la -7 3-5

7 Vx(=Fx) Vi 2-6
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The strategy for these proofs is straightforward. For the proof on the left, we
want to prove a negation, so we start by assuming the negated sentence Jx(Fx),
and hoping to derive a contradiction. We then use dr on our assumption to
get Fa and then Vg on our premise to get =Fa. Once again, it’s important that
we use existential elimination first here, since the name we use with existential
elimination has to be arbitrary, whereas the name we use with universal elim-
ination can already be in use. For the proof on the right, we want to prove a
universally quantified sentence, so we start by stipulating an arbitrary name a.
We want to prove —Fa, so we assume Fa, hoping to derive a contradiction. To
do this, we use existential introduction to get dx(Fx), and then we reiterate our
premise to get the contradiction. The proofs of the equivalence of —Vx(Fx) and
dx—(Fx) are left as an exercise for you to do yourself. One is very simple, and
one is a bit tricky!

9.4 Dependence Among A-Names

Now that we’ve gotten a sense of how our quantifier rules work, let us return
to consider the restriction on the universal quantifier introduction rule: that,
when we conclude some substitution instance of X containing A-name 1, which
enables us to conclude Yu(X), this formula X over which our universal quantifier
ranges can’t contain 7 nor any A-name that depends upon n. The first part of this
restriction is straightforward. The fact that X cannot contain 7 simply means
that, when we universally generalize on 7 in the substitution instance X["/u],
we must replace all occurrences of n with u. We’ve already mentioned this
restriction when we introduced the rule, but let’s now see why it’s important.
Consider the attempted proof of the clearly false claim that there is some number
that is equal to every number, with the bad step marked with a hash-mark:

—_

. Every number is equal to itself.

. Now, let a be an arbitrary number.

. It follows that a is equal to a.

. # Since a was arbitrary, every number is equal to a.

. So, there’s some number that is equal to every number.
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Clearly, this is bad reasoning, and the problem is clearly with step 4: when you
universally generalize on some arbitrary name, you can’t keep any occurrences
on that name in the universally quantified formula that you conclude. So, the
only universally quantified formula you can conclude from line 3 is the one
you already have: every number is equal to itself. Formally representing this
argument, our proof system blocks the fallacious step 4:

1 Vx(Exx) prem.

2 [

3 Eaa Vel

4 Vx(Exa) V1 2-3? incorrect use of universal quantifier rule!
5  3Ay(Vx(Exy)) T 4

If one wants to apply V; to the formula on line 3, to conclude a universally
quantified formula over the variable x, one needs to replace all occurances of a
with x. Thus, the only thing one can conclude is the premise one already has:
Vx(Exx).

Let’s now turn to the the second part of the restriction—that beyond just
not containing 7, X also can’t contain any name that depends upon n. In the
last chapter, we showed that the argument with the premise Yx(dy(Ryx)) and
the conclusion Jy(Vx(Ryx)) is invalid by constructing a model in which the
premise was true and the conclusion was false. The example we considered as
an instance of this argument was a philosophical one, where Ryx was y causes
x. But let’s now switch up the example to a mathematical one, supposing our
domain is real numbers and Ryx is y is the cube root of x. Consider now the
following bad line of reasoning, with the bad step marked with a hash-mark:

1. Every number has a cube root.

2. Now, let a be an arbitrary number.

3. It follows that there exists a number that is the cube root of a.
4. Let us call this number b.
5

. # Since a is arbitrary, and b is it’s cube root, it follows that every number
has b is as its cube root.
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6. So, there’s some number that is the cube root of every number.

The name b in the above “proof” designates an arbitrary number but one whose
value depends upon the value of a. The notion of dependence here is the same
as the notion of dependence between variables that you might have learned in
grade school algebra. In an equation such as b = /a, b is the dependent variable,
whereas a is the independent variable: the value of b is defined only in relation
to a. Accordingly, if we want to universally generalize on the arbitrary name
a—moving from a claim about a to a claim not about a particular thing but about
everything—for the same reason our claim can’t contain 4, it can’t contain b
either.

Our proof system generalizes this notion of dependence, and codifies this
restriction by making us draw an arrow every time we use existential elimina-
tion on a formula containing an A-name. To see this, consider the following
attempted proof of Vx(dy(Ryx)) from Jy(Vx(Ryx)), which the problematic step
is blocked by the restriction on V; rule:

VYx(Jy(Ryx)) prem.

Fy(Rya)
Rba dg, 3, m note: b depends upon a
Vx(Rbx) Y1 2-4? incorrect use of the universal quantifier rule!

N U1 e W N -

Jy(Vx(Ryx)) a5

When we apply Jg on line 3, instantiating with the new A-name b to conclude
Rba 4, we have to check to see if this formula contains any other A-name. It
contains, the name 4, and so we have to draw an arrow from @ to[a]. Since
Rba contains b, and b depends upon a4, we can’t universally generalize on a
and conclude Vx(Rbx), as we incorrectly do in line 5. In general, in order to
universally generalize on an A-name 7 in a formula X, we need to to be sure
that X contains no A-name on which n depends. That is, there must be no arrow
(or path of arrows) going from any A-name X contains to 7. So, in the context of
this proof, we know that we can’t universally generalize on a in the context of



144 CHAPTER 9. NATURAL DEDUCTION FOR PL

the formula Rba, since Rba contains some occurrences of b, and there’s an arrow
going from b to a. If we do want to universally generalize, we have to get the
b’s out of this formula. So, for instance, we could existentially generalize first
to conclude Jdx(Rxa), and then universally generalize to conclude Yy (dx(Rxy)),
a sentence which, of course, is entailed Yx(dy(Ryx) (since it’s just the same
formula with the variables switched).

To see the contrast between the above bad case in which the V¥, rule is broken
and a good case in which the rule is followed, consider the following correct
proof of the opposite direction of entailment:

1 Jy(Vx(Ryx)) prem.

2 [

3 Vx(Rbx) 3,1, b
4  Rba Ve 3

5  3Jy(Rya) d 4

6

Vx(dy(Ryx) Vr 2-5

Here, when we introduce the A-name b in line 3, b doesn’t depend upon g, since
ais not in existentially quantified formula that is instantiated with b. Moreover,
a doesn’t depend upon b, since it’s only the context of existential elimination
that A-names can be introduced as dependent upon other A-names.

To further illustrate these notions, let’s consider a more involved proof.
Consider the proof of Yu(Jv(Vs(It(Ruwvst)))) from Yx(Iy(Vz(Fw(Rxyzw)))). Now,
we’d normally never want to prove such a thing, but, since we’re just swapping
out all of the variables with different variables, we know that if the first formula
is true, then the second formula must also be true. So, we should be able to
prove this in our system, and it will be instructive to do so. Here’s the proof,
with the arrows indicating the relations of dependence between A-names:
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1 Vx(Jy(Vz(@Qw(Rxyzw)))) prem.
2
3  Jy(Vz(Jw(Rayzw)))
4  Vz(dw(Rabzw)) de 3, @
5
6  Jw(Rabcw)
7 Racbd
8  At(Rabct) 3,7
9  Vs(3t(Rabst)) V1 5-8
10 do(VYs(3t(Ravst))) 35 9
11 VYu(Jo(Vs(It(Ruost)))) v 2-10

Let’s walk through this proof step by step. The conclusion we want to end up
with is a universally quantified sentence, and so we start by stipulating a new
arbitrary name a on line 2, hoping to conclude the substitution instance of the
universally quantified formula shown on line 10. We universally instantiate on
line 3, and then, on line 4, we existentially instantiate with a new name b. Since
the formula we're existentially instantiating on contains the name a4, we draw
an arrow from b to a to show that b depends upon a. In line 5, we introduce
a new name ¢, which doesn’t depend on any names. In line 6, we universally
instantiate with that name. In line 7, we existentially instantiate with a new
name, d. Since the formula from which we’re existentially instantiating contains
the names g, b, and ¢, it depends upon all of these names. So, we draw an arrow
from d to c and from d to b. We don’t need to draw an arrow directly from d to
a (though doing so wouldn’t hurt), since if we show that d depends on b and
that b depends on a4, we’ve thereby shown that d depends on a. In line 8, we
existentially generalize on d. In line 9, we universally generalize on the name
¢. In order to make sure we can do this, we have to check that neither of the
names in this formula, 2 or b, depend upon c. Neither of them do, so our use of
V1 here is legal. In line 10, we existentially generalize on b. Finally, in line 11,
we universally generalize on a, arriving at our conclusion.
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You’'ll almost never have to prove something with this many nested quan-
tifiers, so don’t feel overwhelmed at the prospect of constructing such a proof.
However, make sure you understand why the arrows in the above proof must
be drawn the way that they are drawn, and how they restrict the inferences
we're allowed to make. Note, for instance, that, if we wanted to universally
generalize on a rather than c in line 9, we couldn’t since the formula we’d

universally generalizing contains b, which depends upon a.

7

Historical Note:

The general sort of existential quantifier rules that we’re using were
put forward by W.V.O. Quine in 1950 and also in a popular textbook
by Irving Copi in 1954 (though Copi’s original formulation was in-
correct and it took several iterations of corrections after 1954 for the
rules to be stated correctly). The specific approach to these rules
adopted here, thinking of dependence relations between arbitrary names
and drawing arrows to indicate these relations, is owed to Kit Fine,
who systematically developed this approach to quantifi-
cation in his 1985 book Reasoning with Arbitrary Objects.
Fine actually argues in that book that there really are ar-
bitrary objects. That is, in addition to particular human
beings like Socrates or particular numbers like the num-
ber 4, there are such things as arbitrary human beings
and arbitrary numbers. That’s a bit of contentious meta-
physics that we don’t need to subscribe to in order to

make use of the formal tools Fine develops in spelling
out this idea.

9.5 Proofs, Validity, and Invalidity

As with the natural deduction system for SL, which was sound and complete
with respect to the semantics of SL, this system is sound and complete with
respect to the semantics of PL. Accordingly, as long as you follow the rules for
the quantifiers, you'll never be able to prove some conclusion from some set of
premises if the argument with those premises and that conclusion isn’t valid.
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Moreover, you'll be able to prove the conclusion of any valid argument from
its premises. It might be tricky, but, if the conclusion does follow from the
premises, there’s a way to do it. There is, however, one contrast with SL worth
reiterating.

In SL, if you're trying to prove some conclusion from some set of premises
and you're stuck, you can always construct the truth-table to be sure that the
argument really is valid, and so there really is some proof of it to be constructed.
In PL, however, if you get stuck trying to prove an conclusion from some set
of premises, and you wonder whether the argument really is valid, insofar as
the argument is relatively complex, there is no foolproof way to confirm that
it is indeed valid other than actually proving it. The best thing to do, in a case
where you really seem stuck, is to reason about whether it could possibly be
invalid, using where you’ve gotten stuck to aid you in thinking about how you
could try to construct a countermodel. For instance, if you've done a bunch
of a proof there’s one step from X to Y that you know you need but you can’t
seem to get, see if you an construct a model in which X is true and Y is false.

Let’s take a simple example to illustrate this strategy. Suppose we’re trying
to prove dx(—Px) from Yx((Px A Rx) — Qx) and dx(—Qx). We've started the
proof and gotten this far:

1 Vx((Px A Rx) = Qx) prem.

2 Ax(—Qx) prem.

3 -=Qa 3r, 2,[a]

4 (PaARa)— Qa Vg, 1

5  =(Pa A Ra) MT, 3, 4

6 ??

7 —Pa 2?7

8  Ix(—Px) want to conclude by 3; from 6

We're stuck, since we don’t have any rules that will get us from —(Pa A Ra) to
—Pa, given what we have. So, rather than banging our head against the wall to
try to get the proof to go through, let’s pause and see if we’re trying to prove
an invalid argument by trying to construct a model in which —(Pa A Ra) is true
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and Pa is false, where, once again a something that’s not Q. Of course, this is
easy to do:

Domain: {1}

Checking that this makes the premises of the argument true and the conclusion
false, we see that the reason we weren'’t able to prove the conclusion from the
premises is that the argument is invalid!

Finally, one small sidenote. You'll see that I've written “MT” in the above
proof for “Modus Tollens,” where I'ved inferred —(Pa A Ra) from (Pa ARa) — Qa
and —=Qa. We learned the trick for officially making this inference in Chapter
6: you need start a subproof with Pa A Ra, use conditional elimination (modus
ponens) to get Qa, and then reiterate =Qa into that subproof to get a contradic-
tion and conclude —(Pa A Ra) by negation introduction. In the SL proofs you
did in Chapters 5 and 6, I required that you actually do the proofs using only
the official rules for the sentential connectives. In this chapter, since our focus
in on the rules for the quantifiers, you're free to use the shortcuts for making SL
inferences from Chapter 6, as I have here. However, in the excercises I've given
you for this chapter, all of the focus is on mastering the quantifier rules, and so
you won't actually need to use any of these tricks to make the proofs shorter.

9.6 Wrapping Up

Finally, to conclude, let us consider once more the argument from the Nagarjtina
that we’ve now represented in PL as follows:

Premise 1: VxVy(Cxy — (Iyx V Eyx))
Premise 2: VxVy(Cxy — —lIyx)
Premise 3: VxVy(Cxy — —Eyx)
Conclusion: —~(dxdy(Cxy))
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The proof of this argument is straightforward (I've compressed some succes-

sively applications of quantifier elimination rules into single steps):

1
2
3
4
5
6
7
8
9

10
11
12
13

VxVy(Cxy — (Ilyx V Eyx))
YxVy(Cxy — —lyx)
VxVy(Cxy — —Eyx)

Ix(Ay(Cxy))
Tfab

Cab — (lab V Eab)

Cab — —Iab

Cab — —Eab

Iab VvV Eab

—lab

Eab

—Eab

—dx(dy(Cxy))

prem.
prem.

prem.

asm.

e e
Ve, Ve, 1

Ve, Vg, 2

Ve, Ve, 3

—r 6

—p 7

VE 9,10

—r 8

-; 4-12

We make the same basic inferences as we did before when we represented

this argument in SL, but now our proof system captures the generality that

the argument is meant to have. We suppose that there exist some two objects

that stand in a causal relation, and so we consider a pair of arbitrary objects,

a and b, which are supposed to stand in a causal relation. We then derive a

contradiction: 2 must be both extrinsic to b and not extrinsic to b. Having

concluded this about two arbitrary objects, we can conclude that there does not

exist any objects that stand in a causal relation.

9.7 Exercises

9.1 Each of the following attempted proofs contain some mistake. Identify at
which line the mistake occurs, and say what the mistake is (1pt each).

a)
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1 Ca prem.
2 Jx(Bx) prem.
3 Ba e 2,[a]
4 Ca A Ba Al 3
5 Jx(Cx A Bx) J,4
b)
1 Vx(Lxx) prem.
> (4
3 Laa Ve 1
4 Vx(Lax) Vi 2-3
0)
1 Ix(Px) prem.
2 Pa e 1,[a]
3 Vx(Px) V2
d) —
1 VxQy(Fxy A (Gy — Gx)))
2 [d]
3 Ay(Fay A (Gy — Ga))
4 Fab A (Gb — Ga)
5 Gb — Ga
6 Gb
7 Ga
8 Vz(Gz)
9 Gb — Vz(Gz)
10  Fab

11 Fab A (Gb — Yz(Gz)))
12 y(Fay A (Gy — Yz(Gz)))
13 VxQy(Fxy A (Gy — Yz(Gz))))

prem.

Vel
3:3,[b]
Ap 4
asm.
—r 5,6
Y 2-7
—; 6-8
Ae 4
A1 9,10
3, 11
v 2-12
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9.2

9.3

9.4

9.5

1 Vx(Fx A Gx) prem.

2 Vx(Fx — Jy(Lyx)) prem.
5[4

4 Fa — Jy(Lya) Ve 2

5 Fa A Ga Ve 1

6 Fa Ag 5

7 Ay(Lya) —r 4,6
8 Lba A7, @
9 Vx(Lbx) v 3-8
10 Jy(Vx(Lyx)) 3,9
11 Ga Ag 5
12 Vx(Gx) v 3-11

13 VYx(Gx) A y(Vx(Lyx)) Ar 10,12
Prove the following (2 pts each):

a) Yx(Fx V Gx) + dx(=Fx) — dx(Gx)

b) —3Ax(Fx A Gx) + Yx(Fx — —Gx)

¢) dx(Fx A Gax), Vy(Ix(Gxy) — —Hy) + Ix(Fx A —=Hx)
Prove the other negated quantifier equivalence. That is, prove the follow-
ing (2 pts each):

a) Yx(Fx) + dx(—Fx)

b) dx(—Fx) + =Vx(Fx)

Prove the following, making sure to draw arrows to indicate the relations
of dependence between A-names:

a) Yx(Jy(Vz(Rxyz))) + Yw(Ju(Vo(Rwuv)))
b) Ix(Vy(Iz(Rxyz))) + Jw(Yu(dv(Rwuv)))

The existential quantifier elimination rule we introduced is different than
the rule that Gentzen originally introduced, which you’ll find most other
introductory books (at least, ones that give you a proof system in which
each quantifier is given an introduction and an elimination rule). That
alternative rule, formulated in our notation, is the following:
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Gentzen’s rule:
i JuX)
X[n/u]

m Y gentzen, j, k-l

where n doesn’t occur in'Y

The idea is similar to the proof by cases rule for eliminating disjunctions.
If you can conclude Y from a specific substitution instance of X, where the
name substituted is arbitrary, then you can conclude Y from the existen-
tially quantified sentence which says that there is some true substitution
instance.

Using these rule makes formulating the rules a bit simpler, since, without
an existential instantiation rule, we wouldn’t need to define the relation of
dependence between A-names. However, the trade off is that our proofs
end up being much more simple and intuitive whereas, with this rule,
a lot of proofs that that should be quite simple become quite tricky and
unintuitive.

For this problem, suppose I gave you a system which contained this ex-
istential elimination rule instead of ours, and, using only this elimination
rule, along with the rest of our rules, prove the following:

a) Vx(Fx — Gx) + Jx(Fx) — dx(Gx) (2pts)
b) Bonus: Vx—(Fx) + =3x(Fx) (+2pts)
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PL with Identity

10.1 Introduction

We have now fully developed the formal language of PL. We’ve laid out its
syntax, it's semantics, and we’ve provided a deductive system that is sound
and complete with respect to that semantics. However, there is reason to feel
that PL, as it stands, is not quite complete. In this chapter, we’ll add to PL a
special 2-place predicate: the identity sign, =, which will greatly improve the
expressive power of PL.

10.2 The Need for an Identity Sign

In exercise 6.2, I asked you to try to translate the sentence “Every muppet is the
same color as some other muppet” into PL. The natural way to try to translate
this sentence is as Vx(Mx — Jy(Mx A Sxy)): for all x, if x is a Muppet, then
there is some y such that y is a muppet and x is the same color as y. This might
sound good, but it doesn’t work. The problem is that this is going to be trivially
true insofar as every muppet is the same color as itself, since, for any muppet,
there will always be some muppet that’s the same color as it, namely, that very
muppet. In order to resolve this problem, we need a way of expressing that, for
every x who's a muppet, there is some other muppet, non-identical to x, who is
the same color as x. So, let us introduce the identity sign, =, such that we can
translate this sentence as follows: Yx(Mx — Jy((Mx A =(x = y)) A Sxy)).

An identity sign is useful for much more than making statements about
muppets. For instance, having an identity sign is crucial to using the language
of PL to formulate mathematical concepts. To see this, consider first how we
can use the language of PL to define various properties that a binary relation R
might have. For instance, a relation R might be reflexive, such that everything

153
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stands in R to itself. Using PL, we can define this property as follows (where
we’re quantifying over everything over which the relation is defined):

Reflexivity: R is reflexive just in case Vx(Rxx)

Similarly, we can define the the properties of transitivity and symmetry as
follows:

Transitivity: R is transitive just in case YxVyVz((Rxy A Ryz) — Rxz)

Symmetry: R is symmetric just in case YxVy(Rxy — Ryx)

A relation that is reflexive, transitive, and symmetric is known as an equivalence
relation. Of course, the obvious equivalence relation is equality in the sense
of strict identity. For instance 3 is equivalent to 3 in the sense that these are
two ways of writing the very same number. However, there are many kinds of
equivalences other than strict identity. Take, for example, the relation of simi-
larity that might be predicated of two geometric shapes. Two similar triangles
might be different sizes, and so not be identical. Nevertheless, the similarity
relation is an equivalence relation. So, PL enables us to define some mathe-
matical concepts. Still, PL without identity is quite limited in the mathematical
concepts that we can use it to express.

Suppose we want to use PL to articulate the properties of a relation like the
less than or equal to relation, <. This relation is reflexive and transitive, but it is
not symmetric. Rather, it’s what’s called antisymmetric, where this property is
defined as follows:

Antisymmetry: A relation Risantisymmetricjustin case YxVy((RxyA
Ryx) = x=1y)

So, consider the relation <. For all x and y over which this relation is defined,
if x < yand y < x, then x = y. This is a very important concept that we might
want to be able use PL to reason about, but, without adding identity to PL, we
cannot define it. We'll consider some more examples in which identity is useful
at the end of this chapter, but that’s enough preliminary motivation for now.
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10.3 The Syntax and Semantics

Once again, a formal language consists in a vocabulary—the total set of expres-
sions of that langauge—and a grammar—a recursive set of rules that tell us how
elements of the vocabulary can be strung together to constitute formulas. So,
the one new expression of PL is just the identity sign: =. To introduce this
sign into the language, we add the following rule, to be added to the official
grammar of PL, given in Chapter 7:

If a and f§ are terms, then a = § is a formula.

Remember, a term is either a name like a or b, or a variable like x or y. So,a =b
is a formula, a = x is a formula, x = y is a formula, and so on, as is =(a = b),
—(a =b) vV x =y, Vx(Ay(x = y)), and so on. Once again, some of these formulas
are closed, containing only variables that are bound by quantifiers over those
variables, and some are open, containing variables that are free—not bound by
any quantifier over that variable. And once again, only the closed formulas are
sentences that can be evaluated for truth or falsity.

Let’s now turn to the semantics for identity. Here it’s worth being clear that,
though we supplement PL with a special symbol for identity, really, it’s just a
special 2-place predicate. So, for its semantics, we simply specify how to assign
it an extension, which, as a 2-place predicate, is a set of pairs of objects from
the domain. Unlike other predicates, whose extensions can vary from model to
model in any which way, identity gets assigned its extension in exactly the same
way in any model. In any model M with a domain {1,2,3.. .}, the extension of
=is {(1,1),(2,2),{3,3)...}. So, every object is identical to itself, and no object
is identical to any other object. Because the extension of = is determined the
same way in every model, when you specify a model, you don’t actually need
to write out the extension of identity, as you would the other 2-place predicates
to which you assign extensions, but you can think of this specification of the
extension of = as being implicitly there in any model you define.

You can think about what must be true in any model in which the identity
function is defined its characteristic extension in order to see that various facts
about identity—for instance, its reflexivity, transitivty, and symmetry. Suppose
we have a model that assigns objects to the names 4, b, and c. Clearly, no matter
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what object a is assigned, a = a is true. Suppose, for instance, a is assigned to 1.
Since (1, 1) is in the extension of =, a = a is true. Likewise for any other object
to which a might be assigned, and likewise for the names b and c. So, Vx(x = x)
is true. You can reason similarly to see that VxVyVz(x =y Ay =z) - x = z) is
true and VxVy(x = y — y = z) is true. So, the fact that identity is an equivalence
relation (as it cleary is) follows from how we’ve defined the semantics for
identity. Having specifed the semantics for identity, let us now turn to the rules
for inferring to and from identity sentences in our natural deduction system.

10.4 Natural Deduction Rules

As always, we’re going to add identity into our natural deduction system
by giving it an introduction rule and an elimination rule. Let’s consider the
introduction rule first:

Identity Introduction:

Unlike the other rules in this system, you don’t need to do establish anything
in order to write down n = n. There’s no premises, and no conditional proof
that you have to do. At any point in a proof, you can always write n = n, for
any name n. Thus, for instance, we have the following very simple proof of the
claim that everything is identical to itself:

1 [a]
2 a=a =

3 Vx(x=x) Vi

So, we consider an arbitrary object a. We conclude that a is identical to itself,
and so we can conclude that everything is identical to itself.

For the elimination rule, suppose we have some formula of X that may
have some occurrences of the name n. We'll write X["/n] to denote the result of
substituting some or all or some occurrences of n with m. The elimination rule
for identity is then the following:
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Identity Elimination:
i X

k n=m(orm=n)

1 X["/n] = jk

So, for instance, if we have Fa and a = b we can conclude Fb, and if we have Fb
and a = b, we can conclude Fa. Note that, while this is our “elimination rule”
for identity in the sense that it enables us to use an identity sentence to prove
other sentences, the term a bit misleading in this case, since, unlike our other
elimination rules, we’re not really eliminating the identity sign to get a simpler
formula. Rather, we’re just using the identity sentence with the names n and m
to substitute n and m in any formula in which they occur.

Our identity elimination rule captures what’s sometimes called the indis-
cernibility of identicals. If you have two identical things n and m, then, if n
has some property or stands in some relation, then m also has that property
or stands in that relation. We can make this explicit by proving the following
statement VxVy(x = y — (Fx — Fy))

1[4

2 |t]

3 a="b asm.

4 | Fa asm.

5 hb =r 3,4
6 Fa — Fb —14-5
7 a=b— (Fa— Fb) —13-6
8 Vy@a=y— (Fa— Fy)) Vi1 2-7
9 VaVy(x=y— (Fx—>Fy) V18

Likewise, it is easy to prove VxVyVz(x = y — (Rxz — Ryz)), and so on for any
n-place relation R.
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Note that, in the statement of the identity elimination rule, X can be any
formula containing 7, including one that contains the identity sign. So, for
instance, we have the following proof of the symmetry of identity:

1 [

2 (o]

3 b=b =

4 a=b asm.
5 h:a =r 3,4
6 a=b—ob=a -5 4-5
7 Nya=y—>y=a) Vi 2-6
8 WxVyx=y—->y=x) Vi 1-7

Note that, rather than using identity introduction in line 3 to conclude b = b,
I could have actually just assumed a = b straight away and used identity
elimination on that formula twice to conclude b = b in the context of that
subproof. So, we’ve now proven the reflexivity and symmetry of identity. In
the exercises, you’ll prove the transitivity of the identity relation, using these
rules. The proof is quite simple, but worth doing!

Let’s do one more proof using these rules. Suppose we know that the only
thing that’s F is a. That is, we know Yx(Fx — x = a) We can prove from this
claim there does not exist two distinct things that are F:
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Vx(Fx > a=x)

IxQy((Fx A Fy) A x # 1))
Ay(Fb AFy) Ab # 1)
(FbANFc)Ab #c

Fb A Fc
Fb
Fb—-a=b
a=b
b#c
a#c

Fc

—3Ax(Ay((Px A Py) A x # y))

prem.
asm.
3 2,[b]
32,
AE 4
AE 5
Ve 1
—E 6,7
AE 4
= 8,9
AE 5
Ve 1
—p 11,12
- 213
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Here, we assume that there two distinct F things, for which we stipulate the

new A-names b and c. From the fact that b is F, we can conclude thata = b, and

so, given that b # ¢, we can conclude that a # c. However, from the fact that c

is F, we can also conclude that a = c. Contradiction, so, given our premise that

every F thing is a4, we can conclude that there doesn’t exist exist two distinct F

things.

10.5 Definite Descriptions and Empty Names

We’ve now introduced identity into PL. We already saw some of its important

uses at the beginning of this chapter. Let’s now see one more important potential

use. Consider the following argument:

1. Alice’s car is black.

2. Bob’s car is gray.
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3. If something is black and something else is gray, then the first thing is
darker than the second thing.

So 4. Alice’s car is darker than Bob’s car.

This is a pretty simple argument, and we should be able represent it in PL.
Before we introduced identity, we’d presumably symbolize it by just letting a
name like a2 be “Alice’s car” and a name like b to be “Bob’s car,” symbolizing
premises (1) and (2) as the simple sentences Ba and Gb. This would be sufficient
to represent the argument in such a way that it comes out valid. However, it
seems that there are various ways in which the premises could be false that
one can’t model by representing things in this way. For instance, suppose Alice
doesn’t have a car, or that Alice has two cars, one of which is black and one of
which is sky blue.

Now, you might just say that the fact that Alice has one and only one car is
simply a presupposition of (1), and we’ll only assign truth-values to sentences
whose presuppositions are met. So, if either the existence or uniqueness pre-
supposition of (1) isn’t met (if she doesn’t have any car or if she has more than
one car), the truth-value of (1) is simply undefined. That’s surely a way to go
here. However, we might want to build in these presuppositions into what we
take to be the content of (1), such that the truth-value of (1) is defined in these
scenarios, and (1) is just false if Alice doesn’t own a car or if she owns more
than one car. This is how Bertrand Russell thought we ought to do things.
Having supplemented PL with identity, we can follow Russell and propose the
following symbolization as capturing the real logical form of (1):

Ax(((Cx A Oax) AVy((Cy A Oay) — x = y)) A Bx)

This looks pretty complicated, but, intuitively, all it says is “Alice owns just
one car and it’s black.” Let’s work through what it actually says. The main
connective is an existential quantifier, so this sentence is asserting the existence
of some object x. The formula within the scope of the existential quantifier is
a conjunction. The first conjunct says that x is a car and Alice owns x and,
for all y, if y is a car that Alice owns, then y = x. Thus, the satisfaction of
this first conjunct by some object x means that the existence and uniqueness
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presuppositions of the sentence “Alice’s car is black” is met, and the second
conjunct simply says that x is black.

Russell’s original example for this analysis was the sentence “The King of
France is bald.” Russell’s translation of this sentence (where Kx is “x is a king
of France” and Bx is “x is bald.”

Ax((Kx AVy(Ky — x = y)) A Bx)

In general, expressions like “The King of France” or “Alice’s car” are known
as definite descriptions. They’re descriptions that purport to pick out one and
just one thing by way of a certain description. If we want to make this feature
explicit in how we represent them, we can use Russell’s analysis. Any time we
have an expression of the form “The K is B,” we can translate this as “There is
a K and only one K and it’s B,” or, in symbols, the PL sentence given above.

Consider now how this approach to definite descriptions also enables us
to represent claims that certain things don’t exist in PL. Suppose, for instance,
you're arguing with your friend about whether or not Bigfoot exists. You put
forward a brilliant argument that you think deductively entails the conclusion
that Bigfoot doesn’t exist, and you want to represent this argument in PL to
show your friend that it’s valid. The sentence “Bigfoot exists” seems like an
existential sentence: dx(x = b). But now, if you consider the negation of it
—dx(x = b), you see that you won't be able to construct a model in which this
sentence is true. Since constructing a model requires you to assign an object
to each name of the langauge for which you're constructing the model, you
always have to assign some object to b. Accordingly, b = b will always be true,
and thus, Jdx(x = b) will be true, since there will be some substitution instance
of x = b that’s true. It seems, then, that you can’t possibly represent your
conclusion, “Bigfoot does not exist,” in PL and give it an interpretation such
that what you say is true.

Now, this issue might lead you to abandon PL, as we’ve developed it, and
opt for a different system known as free logic, which allows for names that aren’t
assigned any object in the domain. W.V.O. Quine, however, offers an answer
based on Russell’s theory of descriptions, that’s compatible with the classical
semantics of PL, as we’'ve developed it. The basic idea is that, when we're
arguing over whether or not Bigfoot exists, really, we're arguing over whether
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or not there is some unique object that satisfies the description associated with
the name “Bigfoot.” So, we might coin the predicate B as shorthand for this long
description, where Bx is something like “x is a large, hairy, and bipedal, ape-like
creature who inhabits the forests of North America.” The claim “Bigfoot exists”
is thus the claim that there is some one thing that satisfies this description. That
is, x(Bx A Yy(By — x = y)). Symbolizing “Bigfoot does not exist” as the
negation of this claim, it’s easy to construct a model in which this sentence is
true, and so you can maintain, in arguing with your friend, that you've given a
sound argument with this conclusion. Given this representation of the logical
form of your claim that Bigfoot does not exist, you might put your claim more
perspicuously with the sentence “No one thing bigfoots.”

7

Historical Note:

Willard Van Orman (W.V.O.) Quine was one of the
most important American philosophers of the 20™ century,
whose work spanned all areas of theoretical philosophy.
His approach to ontology—questions of existence and
non-existence—remains hugely influential in philoso-
phy today. In his 1948 paper “On What There Is,” Quine
famously puts forward a “thin” conception of existence,
according to which “to be is to be the value of a bound

variable.” Thus, to say that cats exist, is just to say that
there’s some object in our unrestricted domain of quan-
tification that makes the sentence dx(Cx) true; that is,
there is at least one cat. In this context, he proposes that the statement
“Pegasus exists” is to be understood on the same model. That is, the
sentence is true if Ax(Px A Vy(Py — x = y)) is true: that is, if there is a
unique thing that . .. pegasizes.

10.6 The Language of Set Theory

In providing the semantics for PL, we made extensive use of the mathemati-
cal notion of a set. For instance, when we specified a model, we specified a
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domain that consisted in a set of objects, and, particular, a set of natural num-
bers, and, when we specified the extensions of 1-place predicates, we specified
them as subsets of our domain. When we specified the extension of 2-place
predicates, we specified them as sets of ordered pairs, and, as I mentioned,
ordered pairs can themselves be understood as a special kind of set. For in-
stance, the ordered pair (1,2) can be understood as the set {{1}, {1,2}}, whereas
the ordered triple, (3,2, 1) can be understood as the ordered pair ((3, 2), 1); that
is, {{{3},13,2}},{{{3},{3,2}},1}}, and so on for all the ordered n-tuples. More-
over, a function can be understood as nothing but a set of ordered pairs, and
so an interpretation function I can be understood as a set like the following:
{(a,1),(b,2),(F,{1,2})...}. Indeed, a model itself can be understood as as the
ordered pair (D, I). Even the numbers in our domains can be understood as
sets: 0 is the empty set, @, whereas 1 is {0}, 2 is {1, 0}, and so on. Really, the
only things that aren’t sets in the whole semantics of PL that we provided are
the bits of language that we’re using this mathematical machinery to interpret.

Of course, this way of thinking about all of the logical machinery that we've
developed for PL is not compulsory, but it’s important to logic’s status as a
proper mathematical theory that it’s possible. All mathematical theories can be
articulated in terms of sets, and, in that sense, set-theory can be understood
as the universal language of mathematics. And set-theory is a mathematical
theory formulated in the language of PL with identity. In this theory, there
is just one primitive 2-place predicate: €. Informally, x € y means “x is an
element of y” or “x is contained in y.” However, unlike when we considered
translations of English into predicate logic, in the case of a mathematical theory,
this meaning is not stipulated, but, rather conferred by a set of axioms laid down
in which the predicate € figures. The most fundamental axiom of set-theory,
which states the basic identity condition of sets is extensionality:

Extensionality: YxVy(Vz(zex o z€ey) > x =)

This says that, for all sets x and y, if everything that’s in x is in y and vice versa,
then x = y. That is, if two sets have all the same members, then they're the
same set.

The standard formulation of set theory, developed by Ernst Zermelo and

Oth

Abraham Fraenkel in the early 20" century, contains this axiom and several
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other axioms formulated in PL. For instance, one axiom says that there is an
empty set—a set that contains no elements (y ¢ x is shorthand for —y € x):

Empty Set: dx(Vy(y ¢ x))

With axioms such as these and our deductive system for PL with identity, we
can prove various facts about the set-theoretic universe. For instance, with just
these two axioms, we can officially prove that there is one and only one empty

set:

1 VxVy(Vzzex o zey) s x=1) axiom

2 Ax(Vy(y € x)) axiom

3 Vy(yé¢a) e 2,[a]

N

5 Yy(y ¢ b) asm.

o | [

7 ce€a asm.

8 cé¢b asm.

9 c¢a Ve 3
10 c€a reit. 7
11 ceb =1, 8-10 (followed by —E)
12 ceEa—ceb -7 7-11
13 ceb asm.
14 c¢a asm.
15 cé¢b Ve 3
16 ceb ret. 13
17 cea -, 14-16 (followed by —r)
18 ceb—ocea - 13-17
19 ceEaecED o 12,18
20 Vz(z€a & z€a) Vi 6-18
21 Vz(zeaeo zea)—>a=b Vi1, Vg, 1
22 a=b —r 20,21
23 Yy(y¢b) —a=>b -1 522
24 Vz(Vy(y ¢ z) > a=1z) Vi 4-23
25 My(y ¢ a)) N (Vz(Vy(y ¢ z) — a = z)) A1 3,24
26 I((Vy(y ¢ x) A (Vz(Vy(y ¢ z) = x = 2))) J; 25
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Thus, thinking of definite descriptions along the lines proposed by Russell, we
are officially entitled to speak of the empty set, and we can use a special symbol
to pick out this one set: @.

Why, you might ask, does one need to deploy such an axiomatization in
order to precisely determine which sets exist? Why can’t we just intuitively let
any set of things that satisfies some description we can make in the language
constitute a set? To answer this, I want to return to one of the exercises from
Chapter 9. In that Chapter, I had you translate the following sentence and try
to construct a model in which it was true:

Bert cuts the hair of all and only those who don’t cut their own hair.

As you might have surmised when you did this exercise, “Bert” here is short for
“Bertrand Russell.” This is a version of Russell’s “barber paradox,” an example
to illustrate a contradiction that he discovered in set theories that contains the

following axiom:

Unrestricted Comprehension: Jy(Vx(x € y < ¢)) for any formula
@ with the free variable x definable in the language of set theory.

This says that for any formula ¢ we can define in the language of set-theory,
there exists a set y containing every x that satisfies ¢. Thus, for instance, if ¢ is
Jy(Iz((y € x Az € x) Ay # z)), there exists a set containing every x that satisfy
@. That is, there exists a set containing every set that has two or more elements.
This seems reasonable at first glance. As Russell showed, however, this leads
to contradiction. Simply let ¢ be x ¢ x. This is a predicate that we can define in
the language of set-theory. So, given Unrestricted Comprehension, we get:

Russell’s Paradox: dy(Vx(x € y & x ¢ x))

Given the axiom of unrestricted comprehension, this formula must be true.
So, there must be some substitution instance in which y is substituted with
some name such that it’s true. So, letting the name b refer to this set, we have
Vx(x ebeo x¢x),andsob eb < b ¢ b follows by universal instantiation. A

contradiction!
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Thus, at least one reason to precisely axiomatize the foundations of set-
theory, is that, insofar as we're using it as a foundation for mathematics, we
want to be sure we've formulated it in such a way that we’ve ensured the
existence of all the sets we need for mathematics, but that we’ve done so with-
out generating any contradictions such as the one discovered by Russell. The
standard axioms of set-theory avoid Russell’s paradox, and so they do not gen-
erate the contradiction we’ve just considered. And yet, as Kurt Godel famously
proved (this is his second incompleteness theorem), it’s actually impossible to
prove, within the axiomatic system itself, that it will not contain any contradic-
tions. Such results are among the most interesting in mathematical logic, and, if
you take more courses in logic, you'll come to learn them. For us, however, this
brief foray into axiomatic set-theory was intended only to give you a glimpse
of the amazing world of logic in the context of mathematics.

10.7 Exercises

10.1 Translate the following sentences, using the translation key from home-
work 5 (1pt each):

a) Every Muppet who likes themself also likes some other muppet.
b) Miss Piggy likes one and only one Muppet.
¢) There are at least two muppets who are the same color as each other.

d) The green muppet is Kermit (thinking of the definite description as
Russell proposes).

e) Jim Henson created exactly three muppets.

10.2 Translate the following argument into PL. Then construct a model to show
that it is invalid (3 pts):

P1: Clarke wrote an article about Superman.

P2: If someone writes an article about someone else, then
they’re not the same person.

C: So, Clarke and Superman are not the same person.

10.3 Consider the following model for a language with four names 4, b, ¢, and
d, 1-place predicates F, G, and H, and a 2-place predicate R.
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Domain: {1,2,3}

al b:2 ¢33 d'1
F: {2}

G: {1, 3}

H: {2, 3}

R: {(1,2), (1,3) (2, 2) (3,2), {(3,3)}

Determine whether the following sentences are true or false (1 pt each):

a)a#d

b) Ax(Gx A =(x =c V x = a))
c) Vx(Fx —» x =¢)

d) Ix(Fx AVy(Fy — x =y))

e) Yx(Rxx > (x =bV x =¢))

f) IAyFz(Gx AGY) AGZ) A((X FYAX #2) N Y # 2))
10.4 Prove the following (2 pts each):

a) VaxVyVz(x =y Ay =2z) > x =2)

b) Fa < Jx(Fx A x = a) (use your biconditional rule from exercise 5.2)

10.5 The axiom of pairing says that, for any two sets, there exists set containing

those two sets and just those two sets as members. Express this axiom in
PL. ( 2pts)

Total Points: 20
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11

The Logic of Paradox

11.1 Introduction

You now know the basics of classical logic. Of course, there’s much more that
can be said and done within the context of classical logic. For instance, I've
stated that the systems put forward here are sound and complete, but we didn’t
actually go through the proofs of those facts. Moreover, as I mentioned at the
end of last chapter, if you develop formal systems that builds in certain prin-
ciples of mathematical reasoning as axioms, you can show that those systems
must be incomplete. If you take more logic, you'll work through those proofs
and more. However, I think it’s worth concluding the course with a reminder
that logic itself isn’t tethered to the classical conception of logic that we’ve de-
veloped here; there exists a vast space of possible logics beyond classical logic,
and we can apply all the logical tools we’ve developed here in investigating
them. I want to introduce one logic known as the Logic of Paradox, or LP for
short.

11.2 Motivating LP

LP is a logic in which sentences can be both true and false. Upon hearing
that, you might be inclined to just dismiss LP outright as useless or downright
absurd. Accordingly, before getting into the nitty gritty details of how LP
works, I want to consider three ways of motivating LP.

Motivation One: Counterpossible Reasoning

Let’s start by returning to an argument that we considered at the beginning of

this course:
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Paris is in France. Paris isn’t in France. So I'm seventeen feet tall.

When you first looked at this argument, intuitively, this argument doesn’t seem
like a very good one. However, we now know, that, in the logical systems we’ve
developed, it’s valid. We can show this in two ways. First, by constructing the
truth-table:

-F

o o B B W |
o I e = B B LV

= 4 T

As you can see, there’s no row where both premises are true, since, in any
row in which first premise is true, the second premise is false, and vice versa.
Accordingly, there’s no row where both premises are true and the conclusion is
false. Thus, the argument is valid. As we’ve already explained, this is simply
a consequence of our definition of validity. An argument is valid just in case it
is not possible for the premises to be true and the conclusion to be false. Since
it’s not possible for two contradictory sentences to be true, any argument with
contradictory premises is vacuously valid. We can also show that this argument
is valid by proving the conclusion from the premises as follows:

1 F prem.
2 —F prem.
3 -S asm.

4 F reit. 1
5 -F reit. 2
6 -5 - 3-5
7 S —g6

So, it’s built into how our logical system works that, from a contradiction,
anything follows, this argument is valid.



11.2. MOTIVATING LP 173

However, suppose it were the case that Paris, somehow, was both in France
and not in France. Suppose this not in the sense of supposing that the territory
of Paris is somehow disputed, or some that some part of Paris is in France and
some part of it is not in France (in the way that Istanbul is partly in Europe
and partly not in Europe). No, suppose, per impossible, that there really is a
contradictory state of affairs in the world, such that it’s both the case and not
the case that Paris is in France. What would follow in this impossible scenario?
Perhaps it would follow that Parisians were both French and not French. But
would it really follow that I'm seventeen feet tall? Plausibly not!

Reasoning about what would happen were something impossible to be the
case is known as counterpossible reasoning, and, if we want to reason counterpos-
sibly and maintain that logical consequences still hold even in the contradictory
scenarios about which we’re reasoning, we need a non-classical logic like LP
according to which it’s not the case that everything follows from a contradic-
tion. Graham Priest, the main proponent of LP, makes this sort of need vivid
by telling a story in which the main character comes across a box, and opens it
to find, to their shock, that it is both empty and not empty. His description of
the scenario is quite compelling:

Carefully, I broke the tape and removed the lid. The sunlight
streamed through the window into the box, illuminating its con-
tents, or lack of them. For some moments I could do nothing but
gaze, mouth agape. At first, I thought that it must be a trick of the
light, but more careful inspection certified that it was no illusion.
The box was absolutely empty, but also had something init. [...]

One cannot explain to a congenitally blind person what the color red
looks like. Similarly, it is impossible to explain what the perception
of a contradiction, naked and brazen, is like. Sometimes, when
one travels on a train, one arrives at a station at the same time
as another train. If the other train moves first, it is possible to
experience a strange sensation. One’s anesthetic senses say that one
is stationary; but gazing out of the window says that one is moving.
Phenomenologically, one experiences what stationary movement is
like. Looking in the box was something like that: te experience was
one of occupied emptiness. But unlike the train, this was no illusion.
The box was really empty and occupied at the same time.
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The story ensues, various other things happen, and various other things don’t
happen. The details aren’t important. What’s important is that the story
contains a contradiction: the box is both empty and not empty. Nevertheless,
there is some determinate set of events that unfold in the story. The box, at
the end of the story, is buried. It's not shot off to the moon. If we applied
classical logic to think about the events in the story, however, we wouldn’t be
able to maintain this. Since there’s a contradiction, everything would follow!
Priest’s point, in telling this story, is not to convince you that there really are
contradictions in reality; but just to convince that we can coherently reason
about scenarios in which there are such contradictions, even if these are only
fictional scenarios. If we can reason coherently about such scenarios, then it’s
reasonable to want to codify how we ought to reason in such scenarios, and, if
we want to do that, we need a non-classical logic. The Logic of Paradox is one

such logic.

Motivation Two: the Liar Paradox

To motivate LP further, let’s look another kind of case. Recall in the exercises
for Chapter 4, I left you on the Island of Knights and Knaves, the inhabitants
of which are either knights, who only utter truths, or knaves, who only utter
falsehoods. But, in problem 4.7e, you encountered one inhabitant, Bob, who
said, perhaps puzzlingly, “I'm a knave.” You presumably saw that there was
something funky going on here. If Bob’s a knight, then he said something false,
and so he can’t be a knight, but must be a knave. But if Bob’s a knave, then he’s
said something true, and so he can’t be a knave, but must be a knight. But he
can’t be a knight! So, the only thing to conclude is that the person who gave
you this puzzle, namely me, is a knave! I wasn’t being honest when I said that
every inhabitant is either a knight, who only utters truths, or a knave, who only
utters falsehoods, since Bob can neither be a knight nor a knave without there
being a contradiction!

Now, in reality, there’s no knights or knaves, and so this paradoxical exam-
ple is not going to lead anyone to think that there are really are contradictions
in reality. However, this paradox is very closely related to what's known as the
“liar paradox,” which has led some people to that conclusion. The liar paradox
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most commonly exemplifed the following sentence, which we’ll call “the liar

sentence.”
The Liar Sentence: The liar sentence is false.

Is the liar sentence true or false? Well, if it’s true, then what it says is true, but
what it says is that it is false, and so, if that’s true, then it’s false. But if it’s
false, then, given that what it says is just that it’s false, it says something true,
and so it’s true. So, if it’s true, then it’s false, and if it’s false, then it’s true. A
paradox! Unlike Bob, the inhabitant of the Island of Knights and Knaves, the
liar sentence exists. Its right there on this page. It doesn’t seem meaningless. It
seems to say something. So, is what it says true or false? It seems like, whatever
we say, we end up contradicting ourselves.

It is worth going through, in detail, how the taking the existence of the liar
sentence at face value causes trouble for the classical systems that we’ve de-
veloped in this course. Suppose we want to supplement SL with an additional
unary connective T, where T(X) means “X is true.” How should we think about
the truth-conditions of a sentence of the form “X is true”? Intuitivly, it seems
quite clear that “X is true” is true just in case “X” is true and so we should
assign the following truth conditions for T

T-Schema: T(X) is true just in case X is true.

Accordingly, if we want to introduce T into our natural deduction system, it’s
quite clear what its introduction and elimination rules should be. For an intro-
duction rule, from any sentence X, we can infer T(X), and, for an elimination
rule, from T(X), we can infer X. These rules seem quite reasonable. Now,
suppose we add the liar sentence into our formal language, supplementing
Sentential Logic with this sentence, L, such that L is equivalent to —=T(L). If we
want to codify this equivalence in our proof system, we can add two primitive
inference rules: from —T(L), we can infer L, and from L, we can infer —T(L).
All this might seem innocuous, but our natural deduction system, supplement
with these rules, now enables us to conclude any sentence P. Here’s how:
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1 -P asm

2 | L asm

3 | | -TW)  Lg2

4 T(L) Ty, 2

5 =L - 2-4
6 T(L) asm.

7 || L Te 6

8 =L reit. 5
9 -T(L) - 6-8
10 L L;,9
11 =P -r 1-10
12 P - 11

It should be clear that, in the same way, we could conclude =P, Q, and every
other sentence.

Clearly, we’ve gone wrong somewhere. But where? It seems like there’s
three possibilities:

1. In permitting a truth connective like T.
2. In permitting the sort of self-reference exhibited by the liar sentence.

3. In permitting all of the inferences that classical logic allows us to make.

Let’s consider these three possibilities in turn. If we prohibit a truth connective
like T, claiming that it is in some way defective, this seems tantamount to
rejecting the very concept of truth with which we seem to operate. It just seems
clear that our concept of truth is such that from “Xis true” we can conclude X,
and from X we can conclude “Xis true.” Insofar as we think that this reasoning
is coherent, it seems like we should be able to introduce T into our formal
language to formally codify it. Thus, insofar as we want to maintain that our
concept of truth is coherent, we can’t say that (1) is where we went wrong. Now
consider (2). If we prohibit the sort of self-reference exhibited by the liar, then,
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on the same basis, we should rule out as in some way defective sentences like
the following:

This sentence is six words long.

There doesn’t seem anything wrong with this sentence. It seems meaningful,
and, moreover, it seems to be clearly true. However, it involves precisely the
sort of self-reference that is exhibited by the liar. It seems terribly ad hoc
to rule out such sentences on the grounds that, if we permitted them, we’d
have sentences like the liar. So, (2) doesn’t seem like where we went wrong
either. This leaves us with (3). Classical logic works on the assumption that all
sentences are either true or false and no sentences are both true and false. The
inferences it permits are only valid given this assumption. If the liar sentence
really is both true and false, and we want to be able to reason about it, we need
to weaken classical logic so that we can reason about the liar without concluding
that every sentence is true. Rejecting the classical principle that everything
follows from a contradiction is one way to go here. The Logic of Paradox
enables one to go that way.

Motivation Three: Philosophical Interpretation

A final motivation for LP comes from one of the philosophers whose argument
we’ve used as an example several times throughout this course: the 24 century
Indian philosopher Nagarjuna. Nagarjuna is the founder of the Madhyamaka
school of Buddhist thought, the core doctrine of which is that of the emptiness
of all things. In particular, all things are empty of “svabhava,” a Sanskrit
term that means “intrinsic nature” or, more literally, “own being.” Everything,
Nagarjuna claims, lacks any intrinsic nature. The positive account of emptiness
that Nagarjuna gives is that of “dependent origination.” All things are what
they are only in dependence upon other things, and so nothing is what it is in
virtue of its own being. This clearly seems to be Nagarjuna’s view. However, it
takes only a moment’s thought tol realize that there is a paradox lurking here.
On this view, reality as a whole is such that its constituents lack any intrinsic
nature, existing only in dependence upon other things. Is it not right, then, to
say that this is the nature of reality? Moreover, insofar as we are speaking of



178 CHAPTER 11. THE LOGIC OF PARADOX

the nature of reality as a whole—the nature of the fotality of things—this nature
of reality cannot be dependent, since there is nothing else but the totality on
which the nature of the totality could possibly dependent. So, this nature of
reality—that things in reality lack any intrinsic nature—must be intrinsic. Yet,
insofar as this is the nature of reality as a whole, everything must lack intrinsic
nature, including reality as a whole. Thus, it seems that reality as a whole must
both have and lack an intrinsic nature. That, it seems, is just what Nagarjuna
says: “All things have one nature, that is, no nature.”

Now, there are exegetical questions as to how Nagarjuna’s philosophy is
to be interpreted. However, at least one way to try to make clear sense of
the apparently contradictory view that he seems to have, and the apparently
contradictory things that he says, is to take it that his view really is contradictory,
and the things he says to express that view really are contradictory. If the ultimate
nature of reality really is contradictory, then, of course, the right things to
say about the ultimate nature of reality will be contradictions. Thus, this
interpretive line at least offers one way to try to charitably interpret what
Nagarjuna says, taking his apparently contradictory statements at face value,
and this interpretive line is only possible insofar as we can make sense of
there being contradictions in reality that Nagarjuna could aptly express with
contradictory statements. The Logic of Paradox enables one to do this.

Of course, Nagarjuna is not the only philosopher for whom this sort of
interpretive line might be appealing. Many philosophers throughout the course
of philosophy’s history have seemed to express contradictory views. The 19t
century German philosopher Georg Wilhelm Friedrich Hegel, for instance, says
the following about motion:

Something moves, not because at one moment it is here and another
there, but because at one and the same moment it is here and not
here, because in this “here,” it at once is and is not.

Now, Hegel is a notoriously hard philosopher to interpret, but, once again, at
least one interpretive line here would be to take Hegel’s apparent expression
of a contradiction at face value, taking it that his view on motion really is
contradictory. Or consider the 20t century French philosopher, Jean Paul Sartre.
On Sarte’s view, the self can only be characterized as a “nothingness,” because
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any moment you take it to be some determinate thing, it can always transcend
that determination, identifying itself in opposition to that determination. What,
however, about that very characterization? Sartre’s view of the self seems to have
a contradiction at its heart, and Sartre himself seems to endorse that very
contradiction, claiming “I am not what I am.” Once again, taking it that he
really is endorsing a contradiction is not the only interpretative line one might
take here, but it seems to be at least one interpretive line one could take, and LP
enables one to take it.

Historical Note:

The “Logic of Paradox” was first explicitly put for-
ward by Graham Priest in his 1979 paper by that title.
While logics tolerant of contradictions had been devel-
oped prior to Priest’s work, none had been quite this
simple and intuitive, and, moreover, no logician had
really embraced the idea that there really are contra-
dictions in reality before Priest boldly put the thought
forward and rigorously defended its intelligibility. As a
bit of terminology, a logic that tolerates contradictions in
the sense that it’s not the case that a contradiction entails

everything is said to be paraconsistent. One can endorse
a paraconsistent logic without thinking that there really
are contradictions in reality. Someone who thinks that is called a di-
aletheist. All dialethists, if they want to logically coherent, must endorse
some paraconsistent logic, but not all paraconsistent logicians need to be
dialetheists (and most are not).

11.3 Semantics for LP

Having motivated LP, let us go on to officially develop this new logic. As
always, a logic consists in a formal language, a semantics, and a deductive
system. We’ll stick on the sentential level in our development of LP, and so our
approach will be exactly analogous to our approach to SL. The vocabulary and
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grammar of LP is exactly the same as that of SL. So, our vocabulary consists in
simple sentences like A, B, P, Q, and so on, and the logical connectives —, A, V,
and —, where complex formulas can be constructed out of these expressions in
the usual way.

Like SL, we're going to provide a semantics for LP using truth-tables. Here’s
where the difference comes in. For SL, it was crucial that every sentence was
assigned exactly one of two truth-values: true or false. No sentence could be
neither true nor false, and no sentence could be both true and false. For LP, we
allow an additional truth-value. In addition to being (just) true or (just) false, a
sentence can be both true and false. So, rather than having just two truth-values,
we have three: T for (just) true, F for (just) false, and B for both true and false.
So, instead of having 2" truth-possibilities for n simple sentences, we have 3"
truth-possibilities:

Truth-Possibilities for LP: For n simple sentences, there are 3" truth-
possibilities.

As with SL, we'll provide truth-tables for the connectives that will let us specify
the truth-value of any complex sentence, relative to some truth-possiblity.

The truth-table for negation is what you’d expect. We know that if X is false,
then —X is true, and, if X is true, then =X is false. So, if X is both true and false,
=X is both true and false as well: true because X is false, and false because X is
true. We can show this with the following truth-table:

_|X
F
B
T

Truth-Table for Negation:

o |

As you can see, this simply extends the truth-table from SL with an assignment
of a truth-value to the case in which X is both true and false, and the explanation
for why we assign the truth-value we do to =X in this case follows directly from
our way of thinking about negation from SL.

We can reason this way to arrive at the truth-tables for all of the other
connectives. As we know from SL X A Y is true if X is true and Y is true, and it’s
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false if X is false or Y is false. So, if X is (just) true and Y is (just) true, then, as
before X AY is (just) true. However, if, for instance, X is (just) true and Y is both
true and false, then X A Y will be both true and false, true because X and Y are
both true, and false because Y is false. We can show all of the truth-conditions
of X A Y with the following truth-table, which is set-up a bit differently than the
truth-tables from SL.:

Truth-Table for Conjunction:

W@ A >
W H |
W | ™
s Il s Mo w Mo v!

You read this table just like you’d read a multiplication table from grade school.
So, you can think of the leftmost column as specifying the possible truth-value
of X, and the topmost row as specifying the possible truth-values for Y, and
everything in the middle—all the cells you reach from going right from some
cell in the leftmost column and down from some cell in the topmost row—as
specifying the truth-values of X A Y. Once again, as you can see, this truth-table
simply extends our truth-table from SL.

The same sort of reasoning can be applied to disjunction to yeild the follow-
ing truth-table:

Truth-Table for Disjunction:

oW H| <
= = =
@ w AW
W~

Reason through this table on your own and make sure you understand why
the truth-conditions for disjunctions are what they are in LP.

11.4 Validity in LP

In general, a valid argument is one that will never take you from premises you
should accept to a conclusion you shouldn’t accept. Spelling out this thought
in the context of classical logic, we took a valid argument to be one that can
never have true premises and a false conclusion. So, in SL, we officially defined
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such a notion of validity by saying that an argument was valid just in case there
is no truth-possibility in which all of the premises are true and the conclusion
is false. In LP, however, there can be some false sentences that you should
accept, in particular, the sentences that are not just false, but both true and false.
Accordingly, to define validity in LP, we need modify the definition of validity
from SL as follows:

Validity in LP: An argument is valid in LP just in case there is no
truth-possibility in which all of the premises are (at least) true and
the conclusion is (just) false. That is, there is no row of the truth-
table where each premise is assigned T or B and the conclusion is
assigned F.

If a sentence is at least true, then you should accept it. If, on the other hand, a
sentence is just false, then you shouldn’t accept it. Accordingly, this definition
of validity preserves the basic thought that an argument is valid just in case it
won't take you from premises you should accept to a conclusion you shouldn’t
accept.

Given this definition of validity, many classical valid arguments are valid
in LP. Consider, for instance, that =(P vV Q) £ —P:

- P|Vv|QI|~-]|P
F|T|T|T|F|T
F|T|T|B|F|T
F|T|T|F |F|T
F|B|T| T |B|B
( B/B|/B|B|B|[B )
( B/B|/B|F|[B|B )
F|F|T| T |T|F
( B|FE|B|BJ|T|F )
( TIF|E|FE|T|F )

As you can see, in every row in which the premise is at least true, the conclusion
is at least true. So, this argument is valid. However, certain arguments are not
valid. For instance, P A =P no longer entails Q. To see this, just consider the
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row of the truth table in which P is both true and false and Q is just false. In
this case, P A =P is both true and false, but Q is just false, and so the argument
is invalid.

The fact that P A =P no longer entails Q is, of course, one of the main desired
consequences of our new definition of validity. However, defining validity
in the way that we have, other arguments turn out to be invalid which we
might not have intended to invalidiate. For instance, disjunctive syllogism—
the argument with premises P V Q and —P and conclusion Q—is also now
invalid, as you can see by the following truth-table:

Plv|Q|-P|Q
T|T|T| F || T
T|T|BJ| F | B
T|T|F| F || F
( BlT|[T| BT )
( B/B|/B| B |[B )
( B/B|F| B |F )
C FlT|lTTI|T )
( FIB|/B| TI|B )
F|F|F| T | F

The one truth-possibility that invalidates disjunctive syllogism is the case in
which P is both true and false and Q is just false. Since P Vv Q is true just in case
one of the disjuncts is true, and P is true, P vV Q is true. Since P is false, =P is
true. But, in this case, Q is just false. So, though we should accept both of the
premises, since they’re both (at least) true, we shouldn’t accept the conclusion,
since it’s (just) false.

This result might feel like an unwelcome one. Disjunctive syllogism seems
like a very fundamental inference involving disjunction and negation. Indeed,
it was one of our basic natural deduction rules! However, if you think about
it a bit, it becomes clear that the only reason disjunctive syllogism orginally
seemed so plausible as a valid form of inference was that we were working
on the assumption that no sentence could be both true or false, and so, if you
know that a sentence is false, you can rule out its truth. So, we reasoned that,
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if P v Q is true, then at least one of P or Q must be true, and if =P is true, then
that means P is false, and so, given that either P or Q is true, we concluded that
Q must be true. But if P could be both true and false, then we can’t use the fact
that P is false to rule out that P is true and conclude from P Vv Q that Q must
be true. Thus, disjunctive syllogism is valid only insofar as no sentence can be
both true and false.

Still, at this point, you might think that disjunctive syllogism is such a
fundamental form of inference that any logic that invalidates it is simply too
weak to be of any use. Many philosophers and logicians have drawn this
conclusion, disregarding non-classical logics like LP on this basis. Still, I think
it's worth emphasizing the specific use cases we outlined at the beginning
of this chapter. They all involved very abnormal paradoxical circumstnaces,
and it’s reasonable to suppose that, when reasoning about such paradoxical
circumstances, we need to be much more careful in the inferences that we
draw than when we reason in almost every other circumstance, which isn’t
paradoxical. So, evenif you use LP for these cases, it’s still obviously reasonable
to use the classical systems we developed in this course, with all of the inferences
that they permit, for every case that you know isn’t paradoxical.

11.5 Natural Deduction for LP

We've now gone through the semantics for LP. Just as with SL, we’ll have
a deductive system for LP that is sound and complete with respect to this
semantics. We'll use the same style of natural deduction that we’ve used
throughout this book. However, the rules will be somewhat different. We’ll just
provide rules for conjunction, disjunction, and negation, leaving the conditional
X — Y as defined to be equivalent to =(X A =Y). Let’s go through the rules.
The conjunction rules are the same:

Conjunction Rules:

i X i XAY i XAY

k Y k X NE ] k Y NE ]

I XAY A1 gk
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The disjunction introduction rules are the same as well:

Disjunction Introduction Rules:

i X i Y

kK XVY v ko XVY  vpj

Howevever, we can’t use our same disjunction elimination rules. As we’ve
already seen, these rules constitute inferences that are invalid in LP. Moreover,
as we saw in doing the tricks from Chapter 6, these rules let us conclude
anything from a contradiction as follows:

1 X

2 =X

3 XVY Vil

4 Y VE2,3

Given that we no longer want to be able to infer this way, we need a new
elmination rule. The new rule is one you've already seen in the exercises for
Chapter 6. It is proof by cases:
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i XVY
k X asm.
New Disjunction Elimination Rule: 7
m Y asm.
n Z
o Z VE j, k1, mn

So, if you can prove Z from X and you can prove Z from Y, then you can prove
ZfromX VY.

What should the negation rules be? We can’t have our normal negation
rules, since, as we’ve already seen, they suffice to derrive any formula Y from
any contradiction of the form X and —X. In general, we can’t have a reductio
rule, since it would enable us to derrive anything from a contradiction by
assuming its opposite and reiterating the contradiction into our subproof. Thus,
our new negation rules will, like our previous negation elimination rule, both
be double negation rule:

New Negation Rules:

i X j ——=X

k —|—|X -1 ] k X —E ]

So, we can move freely between any sentence X and its double negation.
The natural deduction system we’ve introduced thus far are sound with
respect to the semantics of LP. However, it’s not yet complete. For instance, with
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these rules, we cannot yet prove =P from —(P Vv Q), which, as we’ve seen, is
valid in LP. In our previous system, we would have proven this as follows:

1 =(PVvQ) prem.
2 P asm.
3 PvQ Vi 2
4 =(PVv Q) reit. 1

5 =P -7 2-4

But this proof uses the negation introduction rule that we no longer have.
Accordingly, we need to introduce additional primitive rules for negated dis-
junctions and negated conjunctions. Since disjunction and conjunction are duals,
the rules for negated disjunctions have exactly the same form as the rules for
(non-negated) conjunctions and the rules for negated conjunctions have ex-
actly the same form as the rules for non-negated disjunctions. So, the negated
disjunction rules are the following:

Negated Disjunction Rules:

i X i (XVY) i (XVY)

k =Y k -X —Vgk k Y —Vgk

) =-(XVY) -V k
and the negated conjunction rules are the following:

Negated Conjunction Rules:



188 CHAPTER 11. THE LOGIC OF PARADOX

i =X i Y i (XAY)
kK —(XAY) SAT kK —(XAY) =V k X asm.
i Z
m =Y asm.
n Z
o Z SAE j, k-l mn

With these rules, we can prove all of De Morgan’s laws. For instance, the proof
of =X A =Y from —=(X V Y) goes as follows:

1 ~(XVY)

2 X ~vel
3 -y ~ve 1
4 -XA-Y  A23

and the proof of =(X A Y) from =X V =Y goes as follows:

1 —XV-Y
2 =X asm.
3| S(XAY) a2
4 =Y asm.
5 | -XAY -4
6 —(XAY) VE 2-5
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Still, the system we have so far is not yet complete for LP (it’s actually a sound
and complete system for a weaker logic called “FDE”). In order to be able to
prove everything that is valid in LP, we’ll add the following rule:

j X
k Y
Excluded Middle: | -X
m Y
n Y excluded middle jk, I-m

This says that if we can prove some sentence Y from both X and its negation
=X, then we can conclude Y.

It's worth noting explicitly that, because LP is strictly weaker than the
classical systems we’ve developed in this book, all of these rules are admissible
in SL and PL. That is, you can use any of the rules for LP and you won't be
able to prove anything that is invalid in SL or PL. Accordingly, if you're doing
an SL or PL proof and it seems convenient to use one of the rules from LP, you
can without any fear that you're going to conclude something invalid. The
converse, however, doesn’t hold. That is, you can’t use all of the rules of SL if
you want to prove something in LP because, as we’ve, not all of these rules are
valid in LP.

11.6 True Contradictions, but So What?

Let’s return to consider the liar sentence L. L, recall, was introduced as equiv-
alent to =T(L). What could the truth-value of L be such that this equivalence
holds. Well, we can consider all of the possibilities and see that there’s only

one:
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L|TW) | -TM)
T| T F
B| B B
F| F T

Thus, the only truth-value we can assign to L insofar as it says what it purports

to say is both true and false. So, taking L at face value, we can conclude that L

is both true and false in every truth-possibility. And, indeed, with the T rules

introduced earlier (we’ve now added negated T rules) and with the L rules, we

can prove that L is both true and false. That is, we can prove L A —L:

1
2
3
4
5
6
7
8
9

L
T
L
L A-=L
L
T
L
LA-L

L A-=L

asm.
Lg1

-Tg2

Al 2

asm.

-T; 5

L6

A15,7

excluded middle 1-8

So, L A =L is true, which means, of course, that L is both true and false. Note,

however, that we can also derrive —(L A —L):

1
2
3
4
5
6

L A-=L

=L
=(L A =L)
—|(L A —|L)

—~(L A -L)
—|(L A _|L)

asm.
Ag 1

-A12

asm.

reit 4

excluded middle 1-5

So, not only can we conclude LA—L, but we can also conclude (LA-L)A—(LA-L).

That is, not only is L both true and false, but the very sentence that states this
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contradiction, L A =L, is itself both true and false, and, as you might have
guessed (and as you can confirm for yourself), the sentence that states that
contradiction is both true and false, and so on.

So, having introduced the liar into LP, we’ve introduced an infinite number
of true (and false) contradictions. But so what? The way we’ve constructed
the logic, nothing bad happens. It doesn’t follow that I'm seventeen feet tall
or that the moon is made of cheese. The only things that do follow are the
things that should follow, given how we're thinking about contradictions. Thus,
though the system we’ve introduced is inconsistent in the sense of containing
contradictions, it’s perfectly logically coherent.

11.7 Conclusion

In the opening chapter of this book, we described logic as “the science of good
reasoning.” We’ve now seen that what “good reasoning” is may depend on
what sorts of circumstances one is reasoning about. In almost all ordinary
circumstances, inferring X from X V Y and —Y is a bit of good reasoning.
In paradoxical circumstances, however, it might be a bit of bad reasoning.
Moreover, almost all ordinary circumstances, concluding X A =X can only be
the result of a bit of bad reasoning. In certain paradoxical circumstances,
however, this might be just what one should conclude if one is reasoning well.
Now, I've picked quite a drastic example of a non-classical logic in order to
make this general point, but, regardless of what you think of this particular
example, the general point is worth emphasizing.

There is, I think, a widespread conception of logic as, in some way, constrain-
ing what you can say or think. There are the so-called “laws of logic,” things
like the Law of Non-Contradiction, and, if you break them, you're speaking
nonsense. Indeed, lots of philosophers have argue that it’s not even possible to
think that a contradiction is true; try as you might, you just can’t do it. To this,
philosophers like Graham Preist have replied “watch me.” Now, though I of-
fered some motivation for LP at the beginning of this chapter just so you would
not dismiss it from the outset, it has not been my intention in this chapter to
convince you that there really are contradictions in reality. My intention, rather,
has been to give you the formal tools so that you can think that there really are
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contradictions in reality, if you really want to, knowing that you're being per-
fectly logically coherent in doing so. So, if you're arguing with friend of yours,
and you maintain that there is some true contradiction (say, the liar sentence, of
perhaps even the ulitmate nature of reality), and your friend says “No! That’s
illogical! Incoherent! You can’t think that!” you can now reply “watch me,” and
you can explain exactly how it is that you're reasoning coherently about the
contradiction you take to obtain.

So, far from constraining what you can say or think, logic is capable of opening
up new possibilities for saying or thinking anything under the Sun that you might
want to say or think. If there is a way to coherently think about something, you
can use logic to see how it can be done. In this way, logic provides you with a set
of tools for thinking clearly about anything at all about which you might want
to think. I hope the logical tools that you've learned in this course—limited
though they are—will prove to be useful additions to your toolkit for thinking,
and I hope you go on to acquire more and more logical tools to aid you in all of

your future intellectual endevours.
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All Natural Deduction Rules:

Structural Rules:

e Assumption Rule: You can always make a new assumption, starting
a new subroof indicated with a new vertical line.

e Reiteration Rule: You can always reiterate a formula into a subor-
dinate subproof (but you can’t reiterate a formula from a subproof

into the context outside of it).

Negation Rules:
X asm.
Y
-Y

Conjunction Rules:

X XAY
Y X
XAY Al

Conditional Rules:

asm.

-]

_|_|X

XANY

AE Y

X-Y

AE
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Disjunction Rules:

Y XVvY XVvYy
X XVvY Vi =X =Y
XVvY Vi Y Ve X Vi

Arbitrary Name Rule: You can write down |# | as a line of a proof or as
part of the justification of a line of a proof only if # hasn’t occurred in any
prior line of the proof and doesn’t occur in the premises or conclusion.

Universal Quantifier Rules:

Viu(X)

X["/u] \43
X
VYuX[/s]) Vi
Where X[4/x] contains neither n nor
any A-name that depends upon n
(i.e. any name m from which there
is a path: -
Existential Quantifier Rules:
X Fu(X)
JuX[hD) 3 XUl 3

If X contains another A-name m,

then n depends upon m, and an ar-

row is drawn from|n | to
Identity Rules:

X
n =m(or m =n)

X[/n] =F

SL Shortcuts: Only to be used when doing PL proofs:
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1. Double Negation Introduction: 5. Negated Disjunction Rules:

XF ==X
a) —|(XVY) F =X

2. Disjunctive Syllogism (other ver- b) ~(XVY)r-Y

sion):
a) XV-Y,YrX 6. Negated Conjunction Rules:
b) XV-XX+rY a) (XAY),XFAY
3. Modus Tollens: X — Y, =Y r =X b) =(XAY), Y+ =X
4. Conditional Weakening: 7. Negated Conditional Rules:
a) YFX>Y a)  X->Y)rX
b) " XrX->Y b) “(X—>Y)r Y

PL Shortcuts: Only to be used when doing PL with Identity proofs:

1. Negated Quantifier Rules:

a) —Ju(X) 4+ Yu(—=X)
b) =VYu(X) 4+ Ju(=X)
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Note on Proof Systems

Most of what is contained in this book is standard for an introductory logic
book. I try to present things as clearly and systematically as possible. For both
Sentential Logic and Predicate Logic, I present the langauge, then present the
semantics, and then present a deductive system. Though there are some choice
points in presenting the grammar and semantics, especially for Predicate Logic,
for the most part nothing hangs on them. On the other hand, there is a lot of
possibility for variation in the deductive systems one chooses to use.

I think there is good reason to do natural deduction rather than sequents
or trees in the context of an introductory book. Considering just SL, while
sequents/trees are great tools in that they provide a decision procedure, for that
reason, using such a system is a purely mechanistic process, and one is not
actually reasoning in the context of the proof system, and this I believe this is
important in one’s first exposure to a proof system.

I have chosen, like many introductory books, to use a Fitch-style presenta-
tion of natural deduction. For technical purposes, there are reasons to prefer
doing natural deduction in trees as Gentzen originally proposed. A tree presen-
tation requires actually showing how many times you are using assumptions
and when you're vacously discharging assumptions. Thus, for instance, the
proofs of =(P A =P) and Q from P A =P, in a Gentzen-style presentation go as

follows:
1 1 - =/
P/\—|P/\ P/\—|P/\ P/\PP/\E P/\PP/\E
E E - 0
P -P 1 Q I
—l(P A —|P) I

In the first proof, the assumption 1 is used twice. In the second proof, the
assumption Q is not used at all, and so the discharge is vacuous, as indicated
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by the “0” when the rule is used. In proof systems for non-classical logic, one
might restrict one or both of these sorts of uses of assumptions, and a Gentzen-
style presentation lets one do that. However, for a first system in classical logic,
a Fitch-style presentation of natural deduction is much more intuitive.

As anatural deduction system, each connective is given a set of introduction
and elimination rules. For the sentential connectives, the one real choice point is
with the elimination rule for disjunction. The “proper” disjunction elimination
rule, proposed by Gentzen, is proof by cases, showin the exercise 6.3. The reason
for this is (1) because it doesn’t contain negation and (2) because it is harmonious
(in the sense explained below) with the introduction rules. However, following
many introductory books, I have opted for disjunctive syllogism over proof by
cases for a disjunction elimination rule, as it is more immediately intuitive to
students learning natural deduction for the first time. However, as mentioned,
exercise 6.3 involves proof by cases, and proof by cases is introduced again in
the final chapter.

Bracketing the disjunction rules, it’s also worth pointing out, as is well
known, that the negation rules for classical natural deduction are disharmo-
nious in that the elimination rule is too strong relative to the introduction rule.
This can be seen simply by considering the proof of Peirce’s law in exercise
6.2c. This classical tautology containing only the conditional is not provable
with just the conditional rules, but it is provable with the conditional rules
and the negation rules. Thus, like the tonk rules considered in exercise 4.2, the
negation rules are not conservative in that introducing them into a langauge
enables one to prove things in that original language that one could not have
proven before. The standard conservative natural rules for negation, used in
intuitionistic logic, are the following:

X asm. X
=X
1 L -E

A system for classical logic would then be reached by adding double negation
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elimination as a further rule. There is a case to be made for doing things this
way. However, I have stuck with the standard approach that simply gives
disharmonious introduction and elimination rules for negation.

I considered introducing a different kind of natural deduction system in
this book—a bilateral system in which formulas are positively or negatively
signed. This resolves all issues of lack of harmony, and makes proofs go a lot
smoother. However, it involves introducing twice as many primitive rules, and,
given the unorthadox nature of the proof system, I ultimately decided against
introducing it in this introductory context.

The most notable choice  have made with regard the proof system presented
here is with the quantifier rules. In order to make proofs go more smoothly, I
have opted for a system with existential instantiation as the existential quantifier
elimination rule, rather than the standard elimination rule from Gentzen (1935)
which requires the instantiation of the existential formula with a name (or
“eigenvariable”) to be isolated in a subproof. While this restriction prevents
complications in the statement of the rules, it makes the actual proofs much
less intuitive, with exercise 9.5b serving as an illustrative example.

In order to have both universal generalization and existential instantation,
I have adapted a system developed by Kit Fine (1985) for restricting the use of
these rules appropriately. There, Fine defines the notion of dependence among
arbitrary names and proposes that proofs be accompanied with a “dependence
diagram” off to the side that shows the dependence of names in the proof. The
system I give is equivalent to Fine’s system C (104-121), with the construction
of dependence diagrams built into the Fitch-style system itself. In the system
proposed here, flagging steps of the sort used in MacFarlane’s (2021) Fitch-style
system are use to indicate the introduction arbitrary names, and these also serve
as the points on the dependence diagram.

The name “C” is for “Copi,” as this system was originally put forward in
Irving Copi’s popular 1954 textbook, Symbolic Logic. Howevever, the system
presented there was unsound. A new version of the rule appears again in Copi’s
(1965) second edition of the textbook with modified restrictions. However,
shortly after the publication of this second edition, it was also shown to be
unsound. Two of the examples of incorrect proofs given in the exercises for
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Chapter 9 are the actual examples that Copi’s improperly restricted system was
shown to permit by Parry (1965).

In the 1967 third edition of Copi’s Symbolic Logic, the existential elimination
rule was replaced with the standard elimination rule from Gentzen. This es-
sentially marked the end of Copi-style systems in introductory textbooks. Fine
(1985) laments this fact:

Given the undeniable advantage of the Copi-style system over
Quine’s, it is unfortunate that not more use of it has been made
in the clasroom. Of the many logic textbooks that have appeared
over the years, several have been devoted to Quine’s system, but
none to a system in the Copi-style. Copi himself had the chance in
the third edition of Symbolic Logic; but at the last moment, he got
cold feet and opted for a system along the lines of Gentzen

Correct formulations of natural deduction systems with both existential instan-
tiation and universal generalization are first given by Kalish (1967) and Prawitz
(1967), but, by then, Copi had already transitioned to the Genzen-style rule.
Of introdctory books with a rule of existential instnatation that I have come
across include it the expense of not including a universal introduction rule of
universal generalization, either treating negated quantifier rules as primitive
(e.g. Gensler 2002) or only having a very restricted universal generalization
rule that applies only to whole proofs and cannot be applied multiple times in
a single proof (e.g. Montague and Kalish 1964, Bonevac ). I am not aware of
any introductory book other than this one that contains a properly formulated
version of the Copi-style system.

The one bit of content presented in this book that is not standard in an
introductory textbook is an exposition of the paraconsistent logic LP in the last
chapter. The natural deduction system presented for LP is based on Priest’s
(2019) but with some modifications. Rather than having primitive de Morgan’s
rules, the system presented has primitive negated disjunction and conjunction
rules, and rather than having a primitive axiom of Excluded Middle, the system
has a rule of Excluded Middle. It’s easy to see that the system is sound and
complete via inter-derrivability with Priest’s.
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